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PREFACE 

TO THE SECOND VOLUME. 

The subject-matter of this second volume differing very 
greatly from that of the first, a few words with regard to the 
manner in which I have treated it seem to be necessary. 

The reader will observe that in the Chapter dealing with 
Virtual Work, I have ventured to reject the term ‘ Generalised 
Component of Force,’ and to replace it by the term ‘ Work 
Coefficient,’ the former term being, to my mind, open to the 
objection of conveying an erroneous idea with regard to the 
nature of the thing defined. 

In the Chapter on Attractions the great object which I 
have constantly kept in view has been the fixing of a definite- 
ness of idea in the mind of the student with regard to the 
various physical magnitudes which are represented by 
symbols in our equations. To this end, I have explicitly 
adopted the C. G, S. system, and I have introduced a suffi- 
cient number of numerical illustrations in which Forces and 
Potentials are definitely presented as so many Dynes and 
so many Ergs per gramme. The C. G. S. system stands 
pre-eminent for its extreme simplicity; and when once the 
student of Mathematical Physics learns how to make a real 
working use of its units — to recognise, without mental effort 
and as a mere matter of course, that his symbol, p, for 
volume-density always means so many grammes per cubic 
centimetre ; that his symbol, X, for force-intensity means so 
many dynes per gramme ; and so on — he will never 
experience any difficulty in altering the values of funda- 
mental numerical constants to suit the units of mass, time, 
and length which are adopted in any pther system. In the 
calculation of Attractions — and especially in the domains of 
Electricity and Magnetism — the ever present notion of a 
concrete reality corresponding to every algebraic symbol is of 
immense importance. Indeed, without this definiteness of 
idea, no knowledge of the slightest value can exist. 

The result of perpetually fixing the mind on mere symbols 
and repelling the natural realities for which they stand is to 
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produce in the mind a crystallisation of ignorance ; and it is 
to prevent this that I have so persistently kept before the 
student the gramme, the dyne, the erg, &c. 

Hence in this Chapter Poisson’s equation always appears 
in the form V^r= — 471 )//), in which y is the C.G.S. constant 

of gravitation — viz. about — and a familiarity 

with its value gives the student a useful idea with regard to 
the nature of gravitation. 

In this Chapter I have also ventured to introduce the 
term ‘Laplacian’ with reference to those remarkable coeffi- 
cients which occur in the development of the reciprocal of the 
distance between two points. The general term ‘Spherical 
Harmonic ’ is, of coume, retained ; but it seems to me that the 
name of Laplace ought to be exj^licitly connected with the 
branch of Mathematical Physics which he did so much to 
develop, and which has now become of such great import- 
ance. The pure mathematicians having their ‘Jacobians,’ 
‘Hessians,’ ‘Cayleyans,’ &c., the term ‘Laplacian’ is surely 
justified. 

GEORGE M. MINCHIN. 

R. I. E. College, Cooper^s Hill, 

February f 1886. 


A new edition of the Second Volume was called for in the 
summer of 1888. It is to a very great extent a reprint of the 
previous edition ; but it treats much more fully of Conical 
Angles, contains new Articles on Line- and Surface-Integrals 
and Magnetic Shells; and, finally, an improvement in the 
method of treating some questions of Strain and Stress, for 
which I am indebted to Professor Williamson, F.T.C.D. It is 
satisfactory to know that the introduction of the gravitation 
constant has met with high approval, and has found explicit 
recognition in some recent papers by able writers. 

a M. M. 


Cooper’s Hill, October, 1888. 
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ERRATA. 


IN VOL. I. (3rd Ed.) 

P. 30, line 6, for m read n. 

P. 59, ex. 19, for Q tan a read Q cot a. 

P. 67, line iS, for (—A) read 
P. 91, line 6, for 74 read 75. 

In the example in p. 115 the value of G should be 376 kilogramme- decimetres. 
Alter the result accordingly. 

P. 130, line 12, for /SSY read / 32 X. 

P. 135, line 12, for P2 read P3, 

P, 160, line 12, for matter read manner. 

P. 170, line 20, /or oj — <w read oj — u. 


P. 299, line 9, for 


D 


- read 


IN VOL. II. 


The following corrections in Vol. II. were kindly communicated by Professor 
Hoover, Ohio University, after the sheets had gone to press : 

P. 271, in Ex. 12, omit the term 1 within the brackets | }. 

P. 281, line 19, for sin $ read cos Q. 

P. 298, line 3, for sec P'PO read sec P'QO, 

P. 299, line 25, for C read C'. 

P. 326, eq. (9), for dfx read fidfi. 

R 35 eq* for dfi read dyt!. 

P. 366, line 19, for - ^2 read ^2 • 

P. 370, lines 3 and 5, /or read aFo, 

P. 374, line 18, interchange K and E. 



STATICS. 


CHAPTER XIII. 

NON-COPLANAR FORCES. 

Article 198.] Hesultant of any Number of Forces 
applied to a Material Particle. Let a force P, represented 
in magnitude and direction by OCf (Lig. %%%\ act on a particle 
at 0 ; let Occ, and Oz^ be any three 
rectangular axes drawn through 0 ; and 
let the angles, O' Ox^ O' Oy, and" O' Ozy 
which the direction of P makes with 
the axes of reference be denoted by a, 
and y, respectively. From O' let fall 
perpendiculars, O'P, O'//, O'/), on the 
planes, yZy zXy and xy^ respectively, and 
let the parallelepiped be completed as in 
the figure. Then the force 00' may 
be replaced by the forces 01) and 00, by the parallelogram of 
forces; and OB can again be replaced by OA and OB, Hence 
the force P is equivalent to the three forces 

P cos a along Oa?, 

P cos /3 „ Oy, 

and P cos y „ Oz, 

The converse proposition is also evidently true — namely, that 
any three forces^ OAy OBy OCy along Oxy Oy, Oz (whether these 
are mutually rectangular directions or not), give a resultant 
represented in magnitude and direction by the diagonal, 00', of 
the parallelepiped determined by the forces. 

If several forces, P^, Pg, ...Pn, act at 0 and make angles 
(«i> yi)> (a 2 > •••(«♦»» ^n> Vn) with the axes, let each 

of them be replaced by its three components along Oxy Oy Oz ; 

VOL. II. B 
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and if 2Xj SF, denote the sums of the components along 
the axes, we shall have 


2X= PiCosai + P2COsa2+*.«“f ^wCOsa„, ' 

2 r= PiCOS/Sl + Pj 008^2+... +P„ cos ; 3 „, • ( 1 ) 

2^ = PiCOsyi + P2COsy2+ ... H-P„ cosy„, . 
and the whole system of forces will be replaced by the three 
forces, 2X, 2F, and along the axes of a?, y, and z. But 
the resultant of thi’ee forces in these directions is the diagonal 
of the parallelepiped determined by them. Hence, R being the 
magnitude of this resultant, 

B = V{^Xf + {'2Yf+{'S.2^^ ( 2 ) 

and if 0 , <f), \fr, be the direction-angles of B, 


cos 0 = 


2Z 

B 


cos <p = 


sr 

B 


SZ 

cos \/f = — • 


( 3 ) 


199.] Graphic Bepresentations of the Resultant. Since 
the resultant of any two forces, OA and OJ?, acting at 0 is 
obtained by drawing from A a line, Ab, parallel and equal to 
OR, and joining 0 to b, it follows that if a particle is acted on 
by n forces, OA^^, OA^, OA^, ... OA^, the resultant is obtained in 
magnitude and direction by drawing A-^ parallel and equal to 
0^2? ^2 H parallel and equal to OA^, ••• parallel and equal 

to OA^, and joining 0 to ; or, in other words, the side Oa^ 
which closes the polygon OA^a^a^. represents the resultant 
in magnitude and direction. When the sides of the polygon 
are not all coplanar, the figure is called a gauche polygon. Thus 
the second graphic representation of the resultant of a system of 
coplanar forces, which has been given in p. 19 , vol. i, is equally 
applicable to non-coplanar forces. Hence, of course, it follows 
that a particle acted on by any set of forces which are parallel 
and proportional to the sides of a gauche polygon taken in order 
is at rest. 

Again, since by the parallelogram of forces, the resultant of 
OA^ and OA^ is 2. where g^ is the middle point of A^ A ^ ; 
and since the resultant of 2 Og^ and OA^ is 3 Og^, where yg is 
determined exactly as in Art, 23 , it follows that Leibnitz’s graphic 
representation of the resultant is applicable to non-coplanar forces. 

This result follows also analytically; for if (iUj, z^), 
(^2»y2’ ^2)* ••• ^nj ^n) the co-ordinates of the extremities 
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^ 2 , ... of the forces acting on the particle, it is clear that 

27= j^i+j^2 + --+y« = 

27= + ••• = n.z; 

where J?, 5 are the co-ordinates of G, the centre of mass of 
equal masses placed at the extremities of the forces. Hence by 
equations (l) of Art, 198, 

lt=zn.OG, 


and 


cos ^ = 


coscj ) ; 


cos \j/ = 


which show that the resultant is represented in magnitude and 
direction hj n . OG. 

200.] Transformation of Couples. To what has been given 
in Chapter V on the transformation of couples it is necessary 
to add a few propositions relating to couples in different planes. 

(a) A couple acting on a rigid body may be transfeiTed to any 
plane parallel to its own. 

Let A£ (Fig. 229 ) be the arm of a couple (P, P) and let A' £' 
be any line parallel and equal to AB, At A' introduce two equal 
and opposite forces, P and P', 
parallel to AP, and at B introduce 
the same forces. The introduction 
of these forces will not disturb the 
state of the body. Draw AB' 
and A'B^ which will bisect each 
other at 0. Then the force P 
at A and the force P' at P' will 
give a resultant equal to 2 P at 0 ; and P at 5 and P' at A' 
will give a resultant equal and opposite to this at the same point. 
Hence there remain the forces P at A' and P at P'; that is, the 
couple (P, P) with arm AB has been moved to any plane parallel 
to its own. 


♦7 




Fig. 229. 


From Chapter V it is now clear that the only essential 
properties of a couple are (l) the constancy of its moment and 
( 2 ) the direction of its plane ; or, in other words, the constancy 
of the magnitude and direction of its axis; the actual position of 
the axis in space is of no consequence, but only its direction; two 
couples whose axes are of equal length and in the same direction 
are absolutely identical. 
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Hence the axis of a couple is what is called a vector^ or directed 
line of constant magnitude — but not localised — and we shall 
always, as in the representation of forces, suppose the axis to be 
marked by an arrow-head. 

(^) Convention with regard to the sense of the axis of a couple. 
The following convention for representing the magnitude and 
sense of the moment of a couple by means of an axis is adopted 
by common consent for the purpose of enabling us to compound 
and resolve couples in any planes : — Hold a watch with its 
plane parallel to the plane of the couple. Then, according 
as the motion of the hands is contrary to, or along with, the 
sense in which the couple tends to produce rotation, draw the 
axis of the couple through the face or through the 6 ach of the 
watch. 


(y) Two couples result in a single couple whose axis is found 
from the axes of the component couples by the parallelogram 
law. 

Let the planes of the couples intersect in the line AB (Kg. 230) 


and the arm of each be made 



Eig. 230. 

since the couples have a common 
to the plane QABQ and equal to 


\ by moving each couple in its 
own plane, and then suitably 
altering the forces of each 
couple (Art. 79, Chap. V). 
Let P, P be forces of one 
couple, and Q, Q those of the 
other. At B draw * Bp per- 
pendicular to the plane PABP 
and proportional to the mo- 
ment of the couple (P, P). We 
may evidently take Bp = P, 
rm. Draw Bq perpendicular 


Now evidently the forces P and Q at P compound a resultant, 
P, equal and parallel to the resultant of P and Q at A. Hence 
the two couples compound a single couple. 

Again, draw Br perpendicular to the plane BABB and equal 
to B, Bp, Bq, and Br are then the axes of the couples (P, P), 
{Qi Q)y 3.nd (P, P). But it is manifest that the figure Bprq is 


* According to the convention (i 3 ) the couples in this figure are both negative, 
and the axes Bp and Bq should be drawn downwards. This inaccuracy in the 
figure was detected too late for correction. 
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merely the figure BPRQ turned round in its own plane through 
a right angle. Hence Br is the diagonal of the parallelogram 
determined by the axes of the component couples. 

Conversely, any couple may be resolved into tw couples whose 
axes are deterihmS^dTHnTlEEe*"^^ dnEe^iven couple by the 
i^rallelogr^^"lBW"7-^il, as~ in the~^case of forces acting at a 
point, any couple may be resolved into three couples whose axes 
are determined from the axis of the given couple by the parallele- 
piped law. All this follows as in Art. 198. 

It is well to remark that the axis of a couple represents the 
moment of the forces of the couple round any line in space parallel 
to the axis. 

[h) To find the resultant of any number of couples acting in 
any planes on a rigid body. 

Let the axes of the couples be all drawn, each in its proper 
sense according to the rule (^3), at the same point, 0 (Fig. 
and let each axis be resolved into three components along 
rectangular axes Ox^ Oy^ Oz, drawn thi’ough 0, Let L = the 
sum of the axes in the direction Ox ; then L is the axis of the 
component of the resultant couple in the plane yz. Let M and 
A be the sums of the axes in the directions Oy and Oz^ re- 
spectively. Then, if G is the resultant axis, 

G = (1) 

and ii k, fJL, V are the direction angles of G, 

. L M N , . 

cosA = -^j cos/ut = -^> cosi; = -gj (2) 

equations which are exactly analogous to (2) and (3) of Art. 198. 

The axes of couples are^ therefore^ coMpoii^nded and resolved in 
the same manner as forces. There is this difference between 
forces and couples, that, while any number of couples in any 
planes whatever always result in a single couple, any number of 
forces cannot, in general, be replaced by a single force, and this 
difference results from the vectorial nature of the axis of a 
couple. 

(e) A force and a couple acting on a rigid body cannot 
produce equilibrium. 

For, let the couple be so transferred that one of its forces, P, 
acts at a point on the line of action of the force, B, Then B 
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and P at this point compound a single force which, in general, 
does not intersect the other force of the couple. Therefore, &c. 

A force and a couple acting in the same plane are, of course, 
equivalent to a single force. 

201.] Virtual Work of a Couple. Let a couple act on a 
rigid body which receives, or is imagined to receive, any small 
displacement whatever. It is required to find the work done 
by the couple in the displacement. 

It will be shown subsequently that any displacement of the 
body may be produced by a motion of translation which is 
the same for all its points, accompanied by a motion of rotation 
round an axis through an angle which is the same for all its 
points. 

Now since the forces of the couple are equal and in opposite 
senses, it is obvious that the sum of their works in any motion 
of translation is zero. 

Again, resolve the motion of rotation into one round an axis 
perpendicular to the plane of the given couple, and one round 
an axis in the plane of the couple. It is obvious that the latter 
displacement will not be productive of work done by the couple, 
since the forces constituting it may be supposed to act at the 
point? in which they intersect the axis of this component 
rotation. 

There remains only the rotation round an axis perpendicular 
to the plane of the couple. Suppose 0 (Tig. 88, Art. 79) to 
be the point in which this axis intersects the plane of the 
couple, and let b$ be the angular rotation round the axis, 
measured in the sense of the rotation of the couple. Then the 
displacements of m and n are OmxbO and OnxbO, respectively, 
so that the work done by the forces is P {Om .b9-hOn.bO)^ i. e., 

P.h,be, or G.be, 

yrhere G { ^ F. h) = the moment of the couple. 

/ Theorem. A force acting on a rigid body in a given right 

Ime^'cm always he replaced by an equal force acting at any chosen 
point together with a couple. 

Let a force F (Fig. 231) act at a point Ay and let 0 be the 
chosen point. At 0 introduce two forces, F and P', opposite 
to each other and each equal and parallel to P. Then P at 
A and P' at 0 may be taken to constitute a couple whose 
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moment is p being the perpendicular from 0 on the line 

of action of P at A. There remains, then, the force P at 0 ; 
and this force together with the couple 
may replace P at A. 

Let the axis of this couple be drawn 
at 0 ; let x, y, z be the co-ordinates of 
A with respect to a rectangular system 
of axes drawn through 0 ; and let a, y 
be the angles which the direction of P 
makes with the axes of respectively. 

X ^ z 

The direction-cosines of OA are - > - > - > where OA = r. and 

r r T ' 

it is easy to prove that the direction-cosines of the axis of the 
couple (which is at once at right angles to OA and to P) are 
y cos y—z cos jS z cos a — x cos y x cos B —y cos a 

Hence, the axis of the couple being equal to P;?, the projections 
of the axis on the axes of x^ y^ and are 
P (y cosy — cos j3), P ( 2 : cos a— cosy), P (a? cos cos a) ; 
but it is clear from (y), Art. 200, that these are the axes of the 
component couples in the planes yz^ zx, and xy^ into which the 
couple Pp can be resolved. Putting Pcosa = Z, Pcos ^ = 7, 
P cos y Z^vfQ see that the three couples are 

' Zy—Yz, Xz~-Zxy Yx—Xy. (l) 

The force P at 0 may also be replaced by its three components, 

X, Yy Z. 

There is another way in which the 
reduction is sometimes effected. 

Let P at .4 be resolved into its three 
components, X, 7, X, let the line of 
Z meet the plane (xy) in A, and let 
X at A be transferred to X. Let fall 
Nn perpendicular to Ox\ at n introduce 
two opposite forces X" and Z"\ each 
equal and parallel to Z\ and at 0 in- 
troduce two opposite forces, Z and X', 
each equal and parallel to Z* Now the 
senses of positive rotation in the planes 
xy, yz, zx being those indicated by the arrows, the forces Z at iV 
and at n form a couple whose moment is 
Zy parallel to plane yz ; 


( 2 ) 



;,Fig. 233. 
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and the forces Z' at 0 and Z" at n "form a couple whose moment is 
^Zx parallel to the plane 
and in addition to these there is the force Z at 0, 

Similarly, the force X sii A can be replaced by X at 0 together with 
two couples, Xz and — Xy, parallel to the planes zx and ccy, respect- 
ively; and the force Z at ^ can be replaced by F at (5 together 
with the couples Yx and — Yz parallel to the planes xy and yz. 

Hence P at is replaced by the forces X, Y, Z 0 and the 
couples Zy—Yzj Xz — Zx, and Yx — Xy, parallel to the planes yz, 
zx, and xy, respectively. 

203.] Parallel Porces. Suppose a rigid body to be acted on 
by any number of parallel forces applied at given points in the 
body. Take any origin, 0, of co-ordinates, and through it draw 
three rectangular axes, that of z being* parallel to the common 
direction of the forces. Then the force Pj, acting at y^, z^ 
may be replaced, as in last Art., by 

Pj at 0 along Oz, 
and tfie couple ^'Hd — P^iTi 

parallel to the planes yz and zx. 

Replacing each force in this manner, the whole system will be 
equivalent to a force 

PiH-P 2 +... + P,», or SPatO, 
together with the couple 

parallel to the plane yz, and the couple 

— PjiTi—PgaJg or — 2Pa?, 
parallel to the plane zx. 


204.] 

parallel 


These two couples compound a single 
couple whose axis is found by drawing 
OL = 2P^, on any scale, and OM (in 
the negative sense of the axis of 
= Y,Tx, on the same scale, and 
completing the parallelogram OLGM 
(Fig. ^^33). If OG, the diagonal, is 
denoted by G, 

G = y(2P^)2 + (2Pj^)2 
and P = 2P, 

P being the resultant force. 

Centre of Parallel Porces. Since the resultant of two 
forces, Pj and Pg, acting at the points and divides 
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the line ^ 1^2 ^ point g such that 




and since, by 


A 

elementary geometry (see Art. 84), the distance of g from any 


plane 




^ where and are the distances of 


and from this plane, it follows, by repeating this construction, 
that the distances, y, z, of the centre of parallel forces from the 
planes yz^ zx, and xy are given by the equations 
^ ^Px ^ ^Py 2Pz 


X = 


2P 


2P 


205.] Conditions of Equilibrium of a System of Parallel 
Forces. A system of parallel forces has been reduced (Art. 203) 
to a single force, P, and a single couple, G. Now since these 
cannot in combination produce equilibrium (c, Art. 200), we must 
have i? = 0, and 6^ = 0, separately. 

Since G cannot be = 0 unless 2Pa? = 0 and 2Py = 0, the con- 
ditions of equilibrium are 

ii!=:0, (1) 

iPx = 0, iPy = 0. (2) 

Def. The moment of a force with respect to a plane to 

which it is parallel is the product of the force and its perpen- 

dicular distance from the plane. 

Hence for the equilibrium of parallel forces — The sum of the 
forces must vanish^ and the sum of their moments with respect to 
every plane 'parallel to them, must also vanish. 


Examples. 

!• A heavy triangular table, ABC^ is supported horizontally on 
three vertical props at the vertices ; prove that the pressures on the 
props are equal. 

Let P, Q, U be the pressures at .^4, P, (7, and let a vertical plane 
through A and the centre of gravity of the table cut the side BC in a, 
its middle point. For equilibrium the sum of the moments of the 
forces P, P, and W (the weight of the table) with respect to this 
plane must = 0. But the moments of P and W are each = 0, since 
these forces lie in the plane. Hence the moments of Q and E are 
equal and opposite. Now the distance of Q from the plane =^Ba, 
sin AaB, and the distance of P = (7a. sin AaC \ and since Ba = Ca, 
these distances are equal. Therefore Q :=z E; and similarly it can be 
shown that E =1 P ; therefore, &c. 
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2. A heavy triangular plate hangs in a horizontal plane by means 
of three vertical strings attached to its vertices ; at what point in its 
area must a given weight be placed so that the system of strings may 
be least likely to break ? 

Am. Ai the centre of gravity of the board. For if TF = the 
weight of tlie board and P the sustained weight, we have 

r+p, 

or the sum of the tensions is constant, wherever P is placed. Hence 
if any one is less than ^ (TF+P), some other must be greater than 
this value. It is evident, therefore, that the best arrangement makes 
each tension = ^ ( TFh- P) ; but this happens (as proved in last 
example) when P is placed at the centre of gravity. 

3. A heavy elliptic cylinder is sustained in a vertical position by 
three props applied at three points on the circumference of its base ; 
how should the props be placed in order that the cylinder may be 
least likely to be upset % 

Let the base of the cylinder have any form, ABO{F\g. 234), and let 
0 be the projection of its centre of gravity on the plane of the base. 

Then, if the props are applied at A, P, and C, 

C tte perpendiculars from G on the sides of the 

^ \ triangle ABO must be all equal when the 

/ // \ ) equilibrium is most stable. For, suppose that 

f // 'G \ ) cylinder is about to be upset round the 

AB\ then the moment of the force re- 

^ where W is the 

^ ^ weight of the cylinder and^^ the perpendicular 

Fig. 234. from 0 on AB. Again, suppose that the 

cylinder is about to be upset about AC \ 
then the moment of the force required to upset it is W.q, where 
q is the perpendicular from 0 on AC. Hence if jr; and ^ are unequal, 
advantage will be gained by increasing the smaller of them, even 
though the greater must be consequently diminished ; and it follows 
that the maximum advantage is gained when 'p and ^ are equal. 
In the same way it can be shown that the perpendicular from C on 
BC must, in the most advantageous case, be equal to that from G 
on AB\ and therefore the perpendiculars from G on the sides ABC 
must be all equal. 

Hence the problem amounts to inscribing in a given curve a 
triangle on the sides of which the perpendiculars from a given point 
shall be equal. In the particular case in which the base is an ellipse, 
we have to find a circle concentric with the ellipse, such that a 
triangle circumscribed to the circle shall be inscribed in the ellipse. 
Now (Salmon's Conk Seetiom, p. 330, 5th edition), let the ellipse 

have for equation ^ + ^_1=0, and the circle x^+f-r^=:0; 

then the discrimbant of /5;(a!®+y*— + ^ + 1 = 0 is 
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1 

a 26 ^’ 


and the required condition being = 4 ^ . ©', we have two values 

for r, namely, r, = : and r„ = • The first value alone is 

’ ^ a + b ^ a — b 

admissible, because ^^>b, and the circle in this case either cuts 
a — b 


the ellipse or entirely encloses it. 

Since an infinite number of triangles can be inscribed in the ellipse 


and circumscribed to the circle of radius 


ab 


(Salmon, ibid,), the 


problem is capable of an infinite number of solutions. It is easy to 
see that in the cases in which it is possible to have a real system of 
in- and circum- scribed triangles for the ellipse and the circle of radius 

the centre of the ellipse is outside the area of the triangle. 


This circle is, therefore, irrelevant to our question. 

4. A heavy square board, ABCD, of uniform thickness, is hung by 
tliree vertical strings, one of which is attached to a corner, A, of the 
board. The plane of the board being horizontal, find the points, 
E and F, in the area to which the other two strings should be 
attached in order that it may be most difficult to overturn the board 
by placing a weight anywhere on it. 

It is evident that advantage is gained by taking the points E and 
F on the edges of the board. 

Assume AE to be the direction of the line joining the points of 
application of two of the strings, and suppose that a weight, F, placed 
somewhere in the area ABE is on the point of overturning the board 
about the line AE. Then the tension of the string at = 0 ; and if 
W is the weight of the board, acting at G, the weight F required to 

upset it is distance of G from AE 

w V , 

distance of F from AE 


Hence the greater the distance of F from AE, the less the requisite 
value of F, or, in other words, the more easily will the board be upset. 
It is evident, therefore, that the applied weight should be placed at B ; 
and in the same way, if the board is to be upset round the lines AF 
and FE, the applied weights should be placed at the corners jD and C, 
respectively. 

Again, in the arrangement of greatest advantage, the board is 
upset with equal ease round each of the lines AE, A F, and FE, For, 
if it be more easily upset round one of these lines than round another, 
advantage will be gained by making it a little more stable with 
regard to the first. Hence, since the weights placed at B, D, and G 
are all equal, we have 
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distance of G from AE __ distance of G from AF distance of G from EF 
distance of B from AE distance of B from AF'~~ distance of C from EF 


The angles EAB and FAD are, therefore, equal, and each 
= tan “'('/2 — 1 ). 

5. A heavy elliptic table is supported on three vertical props ; how 
must they be placed so that it may be most difficult to upset the table 
by placing a weight on it % 

Ans. The props must be placed at three points, A, B, C, on the 
circumference of the ellipse ; and if y is the eccentric angle of (7, that 
of 5 is f TT + y, and that of A is -tt 4 - y. The weight which, most 
advantageously applied, will then just upset the table is half its own 
weight. 

This may be seen as follows. Assuming any line in the area as the 
line joining two props, the least weight that will be required to upset 
the table must be placed at the point of contact of a tangent parallel 
to the assumed line, since the weight will have maximum leverage at 
this point. Also, it must be equally easy to upset the table round 
the three lines AB, BC^ CA ; that is, the requisite weights placed at 
C'y A' , B' , the points of contact of the tangents, must be all equal. 
If, then, flj, z be the perpendiculars from the centre on the lines 
BC, CAy AB^ and P, Q^R the perpendiculars on the parallel tangents, 
we must have x y z 

P-x ^ ^ R^z’^ 

or if a, /S, y be the eccentric angles of A, P, (7, 


cos 


a— /3 


cos 


/3-y 


"COS 


a-y 


^ a— /i — y a—y 

1— cos— — 1— cos — — I 4 .COS— — 


a negative sign being used in the last, since (y, a being in ascend- 


• , ct y , TT 

ing order of magnitude) is evidently >-• 


Hence ^ ^ -Jr-f y, 


4 . . X 

a = -7r-|-y; and the weight required to upset the table = W ) 

6 P — X 


or \, W, ^ Any one position of C is, therefore, as good as any other; 
and if (7 is made the extremity of either axis, the line AB is parallel 
to the other at a distance equal to of the first axis from it. 


6. A rectangular board is held with its plane horizontal by three 
vertical strings attached to three of its corners ; find the point in its 
area at which a weight must be placed so that the tensions of the 
strings shall be given multiples of the weight of the board. 

Ana* Let W be the weight of the board; let the strings be 
applied at the corners A, B,G\ let AG = 2a, AP = 26 ; and let the 
tensions of the strings at A, P, C be nW, respectively. 
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Then the weight must be placed at a point whose distances from AB 

and ia are gw-l , 2 ot-1 , 

= and 7.0. 

4 + m + 1 6H-W + 71— 1 

The magnitude of the weight is, of course, + w + 1) W, 

7. A uniform circular lamina is placed with its centre upon a 
prop ; find at what points on its circumference three weights, w^, 

Wqj must be placed that it may remain at rest in a horizontal position 
(Walton’s Mechanical FroblemSf p. 73). 

Ans. The angles which the weights subtend in pairs at the centre 
of the lamina are the supplements of the angles of a triangle whose 
sides are proportional to the weights. 


Reduction of a System of Forces acting in any 
manner on a Rigid Body. Let any origin, 0 (Fig. 232), be 
assumed arbitrarily, and let any system of rectangular axes. Ox, 
Oy, and Oz, be di'awn through it. If, then, forces P^, Pg, P3,.., 
act on the body at points whose co-ordinates are (a?j, y^, z^, 
(^2’ ^ 2 )^ ^3’ replaced by three 

components acting at 0 along the axes, together with three 
couples whose axes coincide with the co-ordinate axes. The 
force Pi, for example, is equivalent to Xj, at 0 and three 

couples, Xiyi— 7i 2^1, X^z^^Z^x^, and Y-^x^ — X^y^, Adding the 
components of the forces, and also the axes of the couples, in the 
directions Ox, Oy, and Oz, the whole system of forces is equiva- 
lent to the force 2X along Ox, 

. 27 „ Oy, 

and „ ^Z „ Oz ; 

and the system of couples is equivalent to 

the couple 2 (^— Yz), or L, in the plane yz, 

„ 2(X^— 7a?), or i/, „ zx, 

and „ 2 {Yx--Xy), or N, „ xy. 

(Of course the axes of L, M, N are drawn along the axes of 
X, y, and z, respectively.) 

Hence if R be the magnitude of the resultant of translation, 
P= y(2X)2 4-(27)2 4.(27)2; 
and if G be the magnitude of the resultant couple, 

G= 
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” 2 JT 2 Ji 2 ^ 

The direction-cosines of jB are ^ and ; and those 

L M N ^ ^ 

of (^are^, and . 

Cr Cr Cr 


Thus, any system of forces acting on a rigid body can he replaced 
by a single resultant force acting at an arbitrary origin^ the magni^ 
tude and direction of this force being the same for all origins^ and a 
single residtant couple the magnitude and direction of whose axis 
are both dependent on the origin chosen. 

It has been already remarked (Art. 200) that G is not only 
the axis of the resultant couple (corresponding* to a resultant 
force acting* at 0), but also the sum of the moments of the 
forces about a line at 0 drawn in the direction of G ; and since 
the axes of couples have been proved to follow the parallelepiped 
and parallelogram laws, it follows that the sum of the moments 
of the forces about this line is greater than the sum of their 
moments about any other line at 0 ; and also that the sum of 
the moments of the forces about any other line through 0 is the 
resolved part of G in the direction of this line. 

Bemark, The magnitude and direction of G are constant at 
all points along the same right line parallel to R. For R may 
be supposed to act at any point in this line, and the vector G 
may be moved parallel to itself to the point at which R is 
supposed to act. The axis G is called the axis of principal 
moment at 0. 


207.] Moment of a Force round any Line. Let a force of 
given magnitude act in a given direction at a given point 
and let its moment be required about a given right line passing 
through a given point P. With reference to any three rect- 
angular axes, let (a?, z) be the co-ordinates of A ; let (f, r;, () 
be those of P ; and let (X, P, Z) be the components of the force. 
Then the moment of the force round a line through A parallel 
to the axis of x is f). 


while its moments round the lines through A parallel to the 
axes of y and z are, respectively, 




Denote these component moments by P, Jf, respectively. 
Then, if the line through A about which the total moment is 
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208.] 


required makes angles whose direction-cosines with the axes of 
reference are w, the required moment is 

208 .] Poinsot^s Central A!xis. Any system of forces acting 
on a rigid hody^as been proved to be equivalent to a single 
resultant force, jB, acting at an arbitrary origin, 0, and a single 
resultant couple, Gh Let be the angle between and Gy and 
resolve G into two componen^il^OA and On (Fig. 235) along and 
perpendicular to respectively. On is the axis of a couple in 
the plane ROx^ pi^ndicular to On. 

Now let each force of this couple be 
made equal to R^ and the arm, OP *, 

is consequently equal is, 

Gsin(l> 


OP 


4R 




R 


Fig. 235- 


One of these forces may be applied 
at 0 to destroy the resultant, R, at 

this point, and there finally remains a resultant force, R, at P 
along PT (parallel to OR), together with a couple whose axis 
is OK, or G cos <^. Denoting^OA by A, we have then 

A= Gcoscf), (2) 

The axis OK may, of course, be drawn at P along PT [(a), 
Art. 200]. 

Hence the whole system offerees is equivalent to a res^dtant force 
equal to R acting along the line PT and a couple in a jplane 
jgendicular to this line. 

The line PT thus determined is called Poinsofs Central Axis. 
To construct Poinsot's Central Axis for any system offerees — 
Reduce the forces to a resultant force, OR, acting at any origin, 0 , 
and a coujgle whose axis is OG\ then on a line perjgendicular to 
the plane of OR and OG measure off a length, OPf, equal to 

— ^ > where cj) is the angle between OR and OG. A line through 

the point P parallel to OR is the required Central Axis. 


* The point JP should be represented on the production of the line xO through 
0, according to the convention of Art. 200. The inaccuracy in the figure was 
detected too late for correction. 

‘'■f The sense of OP is determined by the convention of Art. 200. 
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309.] Theorem. A given system of forces has but one Central 
Axis. 

This important proposition may be proved ex ahsurdo thus : — 

Whatever origin be chosen, the resultant force acting at it is 
constant both in magnitude and in direction. Now, if it be 
possible, let the system of forces be equivalent to a resultant R 
acting at 0 and a couple whose axis is OZ, and also to a re- 
sultant force R acting at O' and a couple whose axis is 0' K\ the 
lines OK and O'K' being, of course, in the direction of R. Then 
it is evident that the force .S at 0 and the couple OK should 
equilibrate the reversed force R and reversed couple O'AT', at O'. 
But the couples give a single couple, OK^O' K, and the forces 
give also a couple which, being in a plane perpendicular to the 
first couple, cannot with it produce equilibrium. Therefore, &c. 

Since this axis is unique, equation (2) of the last Article shows 
that for all origins the quantity G cos <^, or the projection of the 
axis of the resultant couple along the direction of the resultant force 
is constant^ and equal to Poinsofs moment, 

210.] Theorem. The sum of the moments of the forces 
round Poinsot’s Axis is less than the sum of their moments 
round any other axis of principal moment. This is, of course, 
evident from what has just been said. The deduction of the 
axis of principal moment at any point from Poinsot’s may, 
however, for clearness, be specially exhibited. 

Let Oz (Fig. '^3^) he Poinsot’s Axis and OK K) the 
moment of the forces round it. Let O' be any point in the 

body, and let it be proposed to find the 
principal moment at this point ; O' 0 is 
a line drawn through O' perpendicular 
to PoinsoFs Axis. At O' introduce two 
equal and opposite forces, O'J? and O' iJ', 
each = R. Then OR and O'R' form a 
couple, whose axis, O'n^ is perpendicular 
to the plane ROO'R and equal to 
R . 00\ Transfer the axis OK to O' K' 
(Art. 200), and draw the diagonal, O'O, 
of the rectangle determined by O'n and 
aK\ Then 0'0(= G) is the axis of 
principal moment at O', and it is evidently >CfK\ Hence 
PoinsoFs is the least principal moment. 
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212 .] 

211. ] Definition of a Wrench It has just been shown that 
any given system of forces acting on a rigid body can be reduced 
to a single force, 72 , and a single couple, such that the axis of 
the couple is coincident with the line of action of the force, and 
that this reduction, for the given force system, is unique. 

A force acting along a line and a couple whose axis coincides 
with this line constitute together what is called a wrench. 

The ratio of the moment of the couple, X, to the magnitude 
of the force, i 2 , is evidently a linear magnitude^ and is called 
pitch. 

The right line about which the wrench takes place, when 
contemplated in conjunction with the pitch, is called a screw. 

Thus, then, a screw is a definite right line in space associated 
with a definite pitch. 

The right line itself about which the wrench takes place — the 
axis of the wrench — may be denoted by the symbol a, and the 
pitch associated with it may be denoted by the symbol p^^. It is 
evident that the complete determination of a screw (pitch in- 
cluded) requires five constants, since the axis may be determined 
by two equations of the forms 

X aZ’\‘m^ y z=.hz->tn^ 

which involve the four constants a, n\ while the pitch is 
specified by another constant. 

When the force and the axis of the couple — this latter drawn 
according to the convention of Art. 200 — ai’e in the same sense 
along the axis of the wrench, the pitch is positive ; when they 
are in opposite senses, it is negative. 

The force which acts in a wrench is called by Sir R. Ball 
the intensity of the wrench. 

A force alone may be regarded as a wrench of zero pitch. 

A couple alone may be regarded as a wrench of infinite pitch. 

212. ] Wrench of Two Forces. Let it be required to find 
the wrench of which two forces, P and Q, represented in magni- 
tudes and lines of action by the two non-intersecting lines AP 
and PQ (Kg* ^37)5 equivalent. 

Let A£ be the shortest distance between the Hnes of action of 
the two given forces, and denote the length AH by h. 

Then, following the rule of Art. 208 , reduce the forces to a 
resultant acting at A together with a couple, by introducing two 
forces, Aq and Agl, equal, opposite, and parallel to Q, Com- 

VOL, II, 0 



18 


NON-COPLANAB FOEOES. 


[313- 


pounding AP and Aq, we get Ar P resultant force ; and 
drawing, in the sense determined by the convention of Art. 200 , 
An to represent Qx A, the moment of the couple (JBQ, Aq)^ 



Fig. 237. 


the force and couple for the 
origin A are Ar and An, If 
0 (on AB) is any point on 
ABy the couple correspond- 
ing to it is got by combining 
with An the axis Am which 
represents BxAO, this line 
Am being perpendicular to 
Ar and in the plane of the 
lines An, AP, Aq; and if 0 is 
Poinsot’s origin, the result- 
ant, Ac, of An and Am coin- 
cides in direction with Ar, 


Now since Acn is a right angle, 

. cn Bx AO 
cos Anc = — = -pr — ^ • 

An Qxh 

But Z Anc = Z qAr ; Qx cos Anc = Aq, 

where g is the foot of the perpendicular from q on Ar, Hence 

AO Ag 
h Ar^ 


AO ^ Ag projection of Q along R ^ 

OB gr projection of P along R ^ 

so that Poinsofs origin divides the shortest distance between P and 
Q inversely as the orthogonal projections of these forces along the 
direction of their resultant of translation. Or, again, 0 may be 
determined by drawing from g the line gO parallel to the line rB, 

The wrench to which P and Q are equivalent is represented in 
the figure by (OR, OR), 

213.] Two Intersecting Hectangular Screws. Suppose OX 
(Fig. CJ 38 ) to be the axis of a wrench the force in which is 
represented by the length OX (=X), and the moment of the 
couple by Oil, If is the pitch of this screw, the moment of 
the couple is ^ j; 

Also, let OF and OB represent the force and couple in another 
wrench intersecting OX at right angles, and let Pj, be the pitch 
of this second screw. 
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It is required to find the resultant wrench to which these two 
wrenches are equivalent. 

Replace the forces X and Y by their resultant, OD; and 
also resolve the moments, i 

OM and OL^ into compo- aL 

nents along* and perpendicu- i 

lar to OB, I 

If 0 denotes the angle BOX^ j ^ 

we shall have along OB a o’ \ 

moment, Oa-\-Oc^ equal to ^ ' '' 

P^,Xqob 6 ’\-py,Y or if 

OB — P, we have along OB ^ I> 


P(j9a..C0s2^+J5j,. J 


Fig. 238. 


Perpendicular to OP, the resultant moment is Oi — Od^ or 
P (Py—Pa) sin 0 cos 0, 

Now a force OB (= P) and a couple whose axis, Od^Od, is 
perpendicular to it are equivalent to a force equal and parallel 
to OB at a distance, OA, from OP, along the perpendicular to 
the plane of OP and the axis of the couple, such that 
PxOA—Oh-^Od—B (Py—Px) sin ^ cos ^ ; 

OA = (Py—Px) sin 6 cos 6. . (l) 

Hence the two given wrenches are equivalent to the wrench 
consisting of the force P at A and the couple whose axis 
AV—P {p^,cos'^e+py,sm^0)\ so that if p^ denotes the pitch 
of the resultant screw, 

Pe =;?a;.cos^ d+^j^.sin^ 0. (2) 

The whole process may, of course, be reversed ; i.e. starting 
with the single wrench about the screw AP, we may resolve it 
in an infinite number of ways into a pair of wrenches about two 
intersecting rectangular screws. The positions of these screws may 
be assigned by the distance OA and the angle 0 ; and when this is 
done, the component pitches, and Py, are given by (1) and (2). 

214.] The Cylindroid. Given two intersecting rectangular 
screws^ it is required to find the locus of all screws which restilt 
from wrenches of a 7 iy variable intensities about these two given 
screws. That is, given two right lines, OX and OP, and two 
linear constants, p^ and Py, associated with them, if a wrench in 
which the force is X and the couple Px*X act about OX, the 
magnitude X being anything whatever ; and if a wrench in 
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which the force is Y and the couple Py . Y act about OF, the 
magnitude Y being also anything whatever ; fiud what surface 
is traced out by the axis of the resultant wrench, as X and Y are 
separately or simultaneously varied in any manner. 

Taking OX and OY (Fig. 1238 ) as axes of x and y, and OA^ 
their common perpendicular, as axis of - 2 ^, the equations of AP 
are obviously 

z— (jOy— j»a:)sin ^cos^, ( 1 ) 

y=irtan^, (2) 

the angle 0 depending on the magnitudes X and Y, 

Hence, whatever 6 may be, we have 

^ +/) - (py-p^) xy = 0 , (a) 

which is the equation of the surface traced out by the line AP 
as X and Y are varied. This surface is called the Cylmdroid, 
215.] To construct the Cylindroid. Easy methods of con- 
structing the cylindroid at once present themselves. It is 

sufficient to give one. Taking 
two rectangular axes, Ox and 
Oy, and a perpendicular, Oz, 
to them, we are to imagine a 
right line which begins by 
lying along Ox to travel up 
along Ozy while it always 
remains parallel to the plane 
xy and rotates round Oz^ the 
angle, through which it has 
rotated, and the corresponding 
distance, through which it 
has risen being connected by 
equation ( 1 ) of last Article. 

Let PM (Fig. : 239 ) be any 
position of the moving line, 
its projection on the plane of xy being Om^ and LmOx ^ 6. 
Then, putting Py—p^, = 2 A, we have 

OP = ^ sin 2 Q. 

Draw Oa bisecting the angle xOy^ and equal to and 
describe a circle on Oa as diameter, c being its centre, and Om 
meeting it in m. From m draw the chord mpn perpendicular to 
Oa. Then sin 2 ^ = cos 2 mcp ; OP = cp. 
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When 0 asOa, OP is greatest and equal to A, and the 

moving line, zA, is then parallel to 0«, the distance Oz being 
equal to A. Hence Pz = ap. 

Thus we get a simple method of constructing the surface : — 
Divide up the whole diameter aO into any number of parts, ap, 
&c. (equal for simplicity). On the axis, Oz, take the length 
Oz ca •=i radius of circle ; beginning with the point measure 
off parts, zP^ &c., successively equal to the parts ap, &c. ; then 
through any point, P, on Oz draw two parallels, PM and PiV, to 
the lines Om and On^ joining 0 to the extremities of the corre- 
sponding chord of the circle. 

The ruled surface traced out thus by all the pairs of lines, such 
as PM and PiV, is the cylindroid. 

It is obvious, of course from the equation z = A mi 20, that 
through each point P on the axis Oz there are two generators, 
which coincide at the point z with a parallel to 0a» When P 

moves upwards from 0 along Oz, 0 runs from 0 to ^ , until z is 
reached ; when 0 increases beyond the moving point P de- 
scends from z towards 0, and in its descent gives the second 

TT 

generator PW at P, which is parallel to Ou, When ^ , P is 

at 0 and the generator is Oy. As 0 increases beyond the 

moving point P travels downwards, along Oz\ until ^ = Jtt, 
when / is reached, 0/ being equal to A, and the generator being 
z' B' , which is parallel to the tangent at 0 to the circle. As 0 
increases beyond | tt, the moving point moves up again towards 
0, which it reaches when ^ = tt, the generator then coinciding 
with Ooc, its original position. Thus all through the motion the 
generator has continuously revolved in the same sense — counter 
clockwise. 

Another way of looking at the matter is this — imagine a pair 
of scissors placed with the rivet at z and the blades closed 
and coiilciding with A'zA ; then let the rivet be gradually 
brought down along zO while the blades gradually open in such 
a way that when they are parallel to a pair of chords Om and 
On, the rivet has descended through a distance equal to ap^ 
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(A vivid figure of the cylindroid will be found in Ball’s Theory 
of Screws,) 

216. ] Angle between two Screws. In order to make our 
equations in the sequel universally applicable without ambiguity, 
it becomes necessary to give a definite meaning to the angle 
between two screws, since a priori the expression is not definite. 

The following definition of the angle between two screws will 
be found to be of universal application whether the pitches are 
both positive, or both negative, or one positive and the other 
negative : — 

Let the axis of each screw be marked with an arrow-head 
pointing in the sense in which the force acts along the screw. 
The two screws being denoted by a and place a watch with 
its back towards a and its face towards / 3 , the shortest distance 
between them passing perpendicularly through its face. Then 
the angle through which the arrow on a must be rotated, in a 
sense opposite to that of the watch-hand rotation, so that this 
arrow shall be parallel to and in the sense of the arrow on ^ 3 , is 
the angle between the screws. 

217. ] Theorem. Any two given screws determine a cylindroid. 
Let AP (Fig. ^23 8) and BQf be the axes of any two given 
screws whose pitches are, respectively, and the line AB 
being the shortest distance between them. Let AB = h. Then 
what we have to show is that it is possible to find a single 
pair of rectangular lines, OX and 0 J, such that if the wrench 
of pitch Pq about AP is resolved into two wrenches about these 
lines, and if the wrench of pitch about is also resolved 
into two wrenches about OX and OF, we shall get the same 
value in each case for the pitch about OX and also the same 
value for the pitch about OF. 

Let (*) be the angle between AP and B(^\ let AP and BQ^ 
make angles 6 and 0 with the sought line OZ, the point 0 
being on AB at a distance -2^ from B ; and assume that each 
resolution gives a pitch about OX, and a pitch jpy about OF. 
Then we have 

Pe = i?* .cos^^+jOy . sin^^, cos^0 -{-py . sin^^ ; (1) 

z + h=: sin Q cos Q, z :=^ (Py—Px) sin 0 cos 0, (2) 


♦ J5Q is not represented in the figure; but, for definiteness, B is supposed to 
lie on OA between O and A, while the projection of BQ on the plane OX Y lies 
between OX and OD, 
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where ^ = o) + Hence 

Fe+Pii>=^Pv+Px — {Py—Px) cos Q) cos (g) + 2(f)) ; 
Pe = (J^v —a) sill tw sin (co + 20) ; 

/^ = sin 0 ) cos (oj + 20) ; 

so that we have 


tan (o) + 20) = 


Pe-P6, 


Py -^Px = cot 0 ) ; 


( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 


i’j, -A = \/>^2 + {pe -P^ f cosec (o ; 
which give definite values for Px-) Py> and 0. Hence the lines 
OX and OT can be determined, and therefore also a single cylin- 
droid containing the two given screws. 

218.] Composition of Wrenches. The resultant of any two 
wrenches is a wrench about a screw on the cylinclroid determined 
by the two given wrenches. 

For, let and Pj be the pitch and intensity of one, and 
and Pg pitch and intensity of the other. Also let p^ and 
Py be the pitches of the two principal (or rectangular) screws, 
Ox and Oy, of the cylindroid. Then (Art. 213) replacing the 
first wrench by its components round Ox and Oy, we get a moment 
p^,X^ round Ox^ and a moment Py . round Oy, the components 

of Pi parallel to Ox and Oy being Xj and Ji. Similarly, re- 
placing the second wrench by its components, we have finally 
the moments + X,) and (Z, + 7,) 

round Ox and Oy, respectively. But if we take the resultant 
of the forces and Pg , as if they acted at a point, and if its 
components parallel to Ox and Oy are X and F, we know that 
X = Xi+X^, and Y = Therefore round Ox and Oy we 

have simply wrenches of intensities X and X, which (Art. 213 ) 
give a single wrench about that screw on the cylindroid which 
is parallel to the direction of the resultant of translation of the 
given forces P^ and Pg. 

Hence the proposition of the parallelogram of forces for forces 
acting at a point becomes simply a proposition of the parallelogram 
of screws for the composition of wrenches. 

Hence also three wrenches will be in equilibrium if they take 
place about three screws on the same cylindroid, whose directions 
are so related that the intensity of the wrench on any one screw 
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is proportional to the sine of the angle between the directions 
of the other two screws — the well-known law of Sines. 

And, generally, the resultant of any number of wrenches 
about screws situated on the same cylindroid may be found 
by transferring all the forces in the wrenches to a single point, 
finding the resultant of these forces, and taking the screw on 
the cylindroid which is parallel to the direction of this resultant. 
A wrench about this screw with intensity equal to the resultant 
force is the resultant wrench sought. 

Cor. a wrench about any given screw on a cylindroid can 
be resolved into wrenches about any two assigned screws on 
the same cylindroid. For, a force acting along any given line 
can be resolved into two components along any two lines which 
meet it if they all lie in the same plane. In this way the in- 
tensities of the two component wrenches along the two assigned 
screws are determined. 

219.] Distribution of Pitch. The pitches belonging to the 
various screws on a cylindroid may be graphically represented 
thus. 

Taking the two principal screws of the cylindroid as axes, 
construct the conic whose equation is 

( 1 ) 

where k is any constant length. If r is the radius of this conic 
making an angle 0 with the axis of a? (i. e., the screw of pitch 
we have 

k^ 

^ Py.BinH = ( 2 ) 

But by ( 2 ) of Art. 213 the left-hand side is the pitch of the 
screw whose axis is parallel to r. Hence 

iz 

(3) 

which graphically represents pe in precisely the same way as 
the moment of inertia of the lamina is represented. 

The conic (1) is called the pitch conic of the cylindroid. It 
is an ellipse if the principal pitches have the same sign, and 
a hyperbola if they have opposite signs. 

In the latter case there will be two screws of zero pitchy viz., 
those parallel to the asymptotes of the pitch hyberbola. In 
every case there will be two screws having a given pitch, and 
they are parallel to two equal diameters of the pitch conic. 
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This conic possesses the following noteworthy property. If 
the wrench on any screw of the cylindroid is replaced by a force 
and a couple at the centre of the pitch conic (centre of the cylin^ 
droid)^ the axis of this couple will lie along the perpendicular to 
the diameter of the pitch conic which is conjugate to the direction 
of the force — or, in other words, the plane of the couple will 
be that of the axis of the cylindroid and this conjugate 
diameter. 

For, let the axis of the given wrench make an angle Q with 
the axis of x at the centre, 0, of the cylindroid, and let P 
be the intensity of the wrench. Then the component wrenches 
at 0 to which the given one is equivalent are (P cos d, Fp^ cos 0) 
and (P sin 0, Ppy sin 6). The two couples, Pp^ cos 6 and Ppy sin 0, 
at 0 compound into a couple, G, making with Ox an angle 

such that cot xl/ cot 0. Hence 

Vv 

tan d tan ^ , 

2 P)y 

which is the well-known equation connecting the directions 
of two conjugate diameters of the conic, the square of whose 

.^xes are — and — ? so that the line perpendicular to G is the 

Px Py 

diameter conjugate to the direction of the given screw (0), 

22v^.] Screw Motion of a Rigid Body. It will be shown 
in a subsequent chapter that if a rigid body occupying a position 
which we may denote by (a(), be displaced in any manner so 
as to occupy another position (P), the change from (A) to (B) 
could have been effected by rotating the body round a certain 
axis, and then giving it a motion of translation along this axis; 
in other woids, PoinsoFs result for a system of forces holds 
for the displacements of the individual points of a rigid body — 
viz., the displacement can he produced by giving the body a twist^ 
about a screw. 

The ratio of thV motion of translation along the axis of the 

* Sir R. Ball uses this term twist to denote a rigid-body motion which consists 
of a translation along, accompanied by a rotation aboyt, a line. The term twist 
is, however, so generally used to signify a strain of a naturaf solid — which is 
wholly distinct from a rigid-body motion — ^that it is advisable to caU the atten- 
tion of the student to its technical signification in Sir R. Ball’s theory. Except 
in connection with the theory of Screws, we shall use this word subsequently 
(in discussing bent and twisted wires, &c.) to denote strain. 
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screw to the circular measure of the angle of rotation about 
it is called the ])itch of the screw; so that, as in the case of 
forces and couples, the pitch is still a linear magnitude, 

A motion of translation alone may be regarded as a twist 
of infinite pitch. 

A motion of rotation alone may be regarded as a twist of 
zero pitch. 

221.] Reciprocal Screws. If a rigid body is acted upon 
by a wrench about a screw a, what is the work done by giving 
the body a small twist about another screw /3 ? 

Let AP and Ox (Kg. ^^3^) represent the screws a and /3, 
respectively, their pitches being and p^. Let the force in 
the wrench be P, and the angle of rotation about be co, while 
B is the angle (Art. 216) between the screws. 

Replace the force P and the couple P.jt?a by their components 
at the point A parallel and perpendicular to Ox, The com- 
ponents of the couple are P./?aCOS0 and P./?aSia0; and these 
we may suppose transferred to the point 0, The components 
of the force are P cos B and P sin B, Transfer these to 0, intro- 
ducing (Art. 202) the couples whose axes along Og and Ox 
are Phco^B and — P/^sind, where h = OA = shortest distance 
between the screws. Hence the given wrench is replaced by 
a force P cos B acting along Ox^ a force P sin B acting along 
Og, a couple P . cos ^ — P/4 sin d whose axis is along Ox, and 
a couple P,paSmB + P/4 cos ^ whose axis is along Og, For the 
displacement of translation co ,p^ along Ox the only work done 
is Pcosdxco.^^, which is due to the first component force; 
and for the rotation co round Ox the only work done (Art. 201) 
is [P,paGOS B---Ph sin B) (o, which is due to the first component 
couple. , Hence the whole work done is 

P. CO [{p a "h Pp) cos B—h sin B'l, (a) 

The expression in brackets is called the virtual coefficient of the 
two given screws 

This virtual coeflScient will in the sequel be denoted by 

It is obvious from symmetry that if the body were acted 
upon by a wrench with force P about /3, and it were displaced 
by a screw motion about a, with spin co, the same amount of 
work would be done as before. If the virtual coeificient vanishes, 
the two screws are said to be reciprocal — i.e., two screws are 
reciprocal when, if a body receive a twist of any amplitude 
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(with, of course, a given constant pitch) about one of them, 
no work will be done against a wrench acting on the body 
along the other screw ; or, again, if it were acted on by a wrench 
on one, it would not move at all if only free to twist about the 
other. 

The following results follow at once from the relation of 
reciprocity of two screws. 

Two intersecting screws {A = O) will be reciprocal either if 
they are at right angles, or if the sum of their pitches = 0. 

Two screws at right angles will be reciprocal if they intersect. 
If they do not intersect, the condition of reciprocity will be 
fulfilled if either pitch = oo. Put into ordinary language this 
is as follows — if two rectangular lines intersect, a body free 
only to twist round one of them would not move if acted 
upon by any wrench on the other. If they do not intersect, 
a body free only to twist about one of them will not move if 
acted upon solely by a couple about the other — which is evident 
from first principles. A body free only to twist about a line 
will not move if acted upon solely by a force along the line — 
the equivalent of which, in the language of screws, is that a 
screw is its own reciprocal if its pitch is zero, or infinite. 

Again, if a screw is reciprocal to two given screws^ it is red-- 
procal to every screw on the cylinclroicl determined by these two 
screws. Let 0 and <jf> be any two screws of pitches p^^ and 
let 7) he a screw of pitch p^, which is reciprocal to the first 
two. Then if a body is acted on by a wrench {P, Ppe) of any 
intensity, P, on the screw 0, no work is done by giving the 
body a twist (co, w p^ of any amplitude, o), about t]. The same 
holds for the screws </> and r). But a wrench of any intensity 
on any other screw, yfr, on the cylindroid (S, (p) can be replaced 
by component wrenches of certain intensities (Art. 218) on B 
and (j ) ; and since no work is done against these component 
wrenches by a twist on rj, no work will be done against the 
wrench on xj / ; therefore xj/ and rj are reciprocal. We may there- 
fore speak of the screw rj as being reciprocal to the cylindroid 
(0, <f)). 

322.] Eeciprooal Screws on a Cylindroid. Two screws 
on a cylindroid are reciprocal if they are parallel to a pair of 
conjugate diameters of the Pitch Conic, 

Let a, be any two screws on a cylindi'oid making angles 
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e and d' with the axis of a?. Suppose O' >6. Then the shortest 
distance, between them is (Art. 217) 

i?*) (sin 2d'— sin 2^), or (i?y— a) cos (d'4 d) sin (d'— d). 
Hence their virtual coefficient is 
[a +A + ( A— i? J cos (d' + d) cos (d'- d)] cos (d'- d) 

+ (A““A) (d'— d), 

or (^^ cos (d'- d) + (a— a) 

or 2 ( ^^ cos d cos d' + Py sin d sin d'), 

and the vanishing* of this is the condition that the directions 
d and d' should be conjugate in the conic os^Px "^y^Py = 

For another proof see Ball’s Theory of Screws, p. 37. 

323.] Theorem. A cylindroid can he constructed so as to he 
reciprocal to any four given screws. This theorem is thus proved 
by Sir Robert Ball [Theory of Screws, Art. 26). 

The determination of a screw requhes five conditions (Art. 
211); therefore if a screw is reciprocal to five given screws, 
it will be completely determined, since we shall have five 
equations of the form 

(A+A)cosd— sind = 0, (ez) 

rj being the required screw. But if a screw is reciprocal to 
four given screws, it will not be completely determinate : it 
must describe a certain surface-locus. This locus is a cylindroid. 
For, let a, /3, y, b be the four given screws, and, if possible, 
let there be three screws, A, fx, v, reciprocal to these four and 
not lying on one cylindroid. Then, by last Art., every screw, 
d, on the cylindroid (A, f) is reciprocal to the four given screws; 
so is every screw, <^, on the cylindroid (jx, v) ; and so is every 
screw on the cylindroid (d, <^). Thus the sought screw does 
not describe a surface-locus, but a family of surfaces, which is 
impossible. Hence A, /x, v must be co-cylindroidal, and their 
cylindroid is reciprocal to the four given screws. 

To show how this cylindroid may be constructed, we proceed 
thus. 

Arrange the four given screws in the descending order of 
their pitches ; let this order be A 5 A j A » A • ^ be a mag- 

nitude intermediate to p^ and Py . Then on the cylindroid (a, y) 
find the two screws (A, A') whose pitches are each k ; also on 
the cylindroid (^, 5) find the two (|ui, y!) whose pitches are 
each k. Draw the two lines (Art. 241) which intersect the foun 
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screws A, A', /x, /x' ; let these lines (o-, < t ') be made screws each 
with pitch — k. 

Then the screw a- is reciprocal to the screw A, because 
0 and the two screws intersect. 

Similarly o- is reciprocal to A' ; therefore (Art. 221) e is reci- 
procal to the cylindroid (A, A'), i.e., to the cylindroid (a, y). In 
the same way o- is reciprocal to the cylindroid (^, 8) ; and 
similarly o-' is reciprocal to both cylindi’oids. Hence the cylin- 
droid (cr, a') is the required cylindroid, since every screw on it 
is thus proved to be reciprocal to all the screws a, y, 8. 

224. ] Problem. To construct the screw which is reciprocal to 
any jive given screws. Let the five given screws be a, y, 8, € ; 
construct the cylindroid reciprocal to the first four and also 
that reciprocal to the last four ; these two cylindroids must 
intersect in the screw reciprocal to all five. Moreover there 
can be only one solution ; for, since there are five equations 
given to determine the (five) unknown quantities which define 
the required screw, there must be a definite number of solu- 
tions (proceeding, possibly, from some algebraical equation 
obtained by eliminating four of the unknowns from the five 
equations of reciprocity) ; and if two screws could be found reci- 
procal to the given set of five, an infinite number could be 
found — viz., all those on the cylindroid of these two. There 
can be, therefore, only one screw reciprocal to five given screws. 

225. ] Theorem. On any cylindroid can he found one^ and 
only one, screw reciprocal to any given screw. 

Let 6 be the given screw. Find any four screws reci- 
procal to the cylindroid. Find (last Ai-t.) the single screw 
reciprocal to € and these four. This last screw must lie on 
the cylindroid, since every screw reciprocal to the four lies on 
the cylindroid. 

226. ] Theorem. Given seven screws placed in any manner in 
space ; then there is one determinate system of eguilibrating wrenches 
on this system of screws. 

Since the pitches are all supposed given, we have to show 
that the several forces (or intensities) of the wrenches are fully 
determinate— at least their mutual ratios are so, just as it is 
the mutual ratios of three equilibrating forces acting along 
three given coplanar concurrent lines which are determinate. 

Let the given screws be a, jS, y, 8, c, C, >?. Construct the 
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single screw, \|r, which is reciprocal to the last five. The five 
wrenches on these give a resultant wrench reciprocal to \l / ; and 
since the resultant of the wrenches on a and is equal and 
opposite to the resultant of the five, the resultant of the 
wrenches on a and /3 is reciprocal to yj/. But the resultant of 
these two is a wrench on some screw on the cylindroid (a, / 9 ) ; 
this screw (^) must therefore be reciprocal to yjr, and is there- 
fore known (last Art.). The law of sines, or parallelogram of 
wrenches (Art. 218 ) for the three given screws a, / 3 , deter- 
mines the ratio of the forces (or intensities) of the wrenches 
on a and Similarly for every other pair of the given seven. 

The problem of this Article may, of course, be put in this 
way — Given, completely a wrench on a screw rj, to resolve it into 
sim wrenches on six given screws^ i. e., to find the intensities of 
these six component wrenches. 

Sir R.iBall points out that this is the generalisation of the 
ordinary statical process of reducing a given force to three 
component forces and three couples. 

The actual determination of the six component intensities of 
the wrenches on six given screws, Pj) /O25 P3 » ••• 5 P6> eq^ valent to 
a given wrench on a given screw, /o, can be effected as follows. 

Let (iS, Rp^ be the wrench on p ; let the component wrench 
on Pi be (jBj, R^ p^ where R^ is the intensity (to be determined) 
and the (given) pitch of p^. Similarly let (^Rg* 
be the other component wrenches. 

Now the work done by the wrench (J 2 , Rp^ in twisting a 
body about any screw through any angle is equal to the sum 
of the works done by the component wrenches in the same 
twist. 

Let the body be twisted about the screw p itself through 
an angle o). Then the work done by the wrench (i?, Rp^ is 
2 Rpf, . 0) (Art. 221). The work done by the component wrench 
(J?i, jt?i) is R^ ^ppi . ; and so on for the others. Hence 

2 Wpp, + . . . + ^ ) 

Now consider a twist of any amplitude, co, about the screw p^, 
and equate the work done in it by the wrench (22, Rp^ to the 
sum of the works of the component wrenches. Thus we get 

^'®^ppi = 2 RxP\ + -®2®’piP2"b • * • (^) 

Similarly, considering twists round the other screws, pg, ...,po, 
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in succession, we obtain five more equations like (2); so that 
we have a system of linear equations with known coeflicients, 

for the required forces in terms 

of the given force R, 

Substituting the values of Wpp,, , Wpp, given by (2) and 

the similar equations in (1), we have 

R^ Pf, — + ••• ■b-®i-®2®^(>iPj"b ••• 

= S R-^ Pi + 2 RiR^ (3) 

which is analogous to the expression for the resultant of any 
number of forces. 

The six screws of reference can be chosen with such relations 
among themselves as will greatly simplify the values of the 
component wrenches — just as a choice of rectangular axes sim- 
plifies the components of a force. 

Let Pi be any screw ; any screw reciprocal to ; pg any 
screw reciprocal to pj and pg ; p^ any screw reciprocal to p^, pg, pg ; 
Ps any screw reciprocal to Pi , pg, Pg, P4 ; and pg the single screw 
(Art. 224) reciprocal to the remaining five. Thus (2) becomes 

R Wpp, = 2 RiPi, 

since Wp,pj = 0, ..., Wp^p, = 0. This determines Ri; and similarly 
.Swpp, = 2 R3P2, &c. ; moreover (3) becomes 

R^p,= SRi^Pi. 

Such a system of screws, viz., one in which every pair of screws 
is reciprocal, is called a system of co-reciprocal screws. 

227.] Degrees of Freedom of a Rigid Body. The position 
of a rigid body in space is completely defined by six independent 
variables, viz., the three co-ordinates of some point in it with 
reference to assumed rectangular axes, and the three angles 
(see Routh’s Rigid Dynamics^ Chap. IX) which in the weU- 
known theory of the motion of a rigid body about a fixed point 
determine the positions of all points in the body relatively to 
this fixed point. The body may, however, be so hampered in 
any case that these six variables are not all independent. If 
each of them may be anything whatever independently of any 
of the others, the body is perfectly free or has freedom of the 
sixth order ^ or six degrees of freedom. If the variables are con- 
nected by one equation, so that virtually only five are inde- 
pendent (the sixth being known as soon as any five are assumed), 
the body has freedom cf the fifth order, or five degrees of freedom. 
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If they are connected by two equations, or, in other words, if 
the position of the body depends on only three independent 
variables, the body has freedom of the third order ^ or three degrees 
of freedom ; and SiO on. 

A rigid body occupying any position can be brought into 
an indefinitely near position by giving it a small motion of 
translation whose components parallel to fixed rectangular axes 
are ( 5 <35, 65 , be), which are the components of the translation 
of any point. A, in the body, and rotating it round axes of 
reference at A parallel to the fixed axes through angles 
b 02, b ^3). See Chap. XV, or Routh, ibid. 

The component absolute motions of any point in the body 
are expressed by the equations 

hcc = ba + (z — o)b02 — {g — 5)6^3, &c., 

(a, 5 , c) being the co-ordinates of A with reference to the axes 
through the fixed origin. 

^ the only motion possible for the body is a twist {of any amplu 
tude) about a given screw, the body has one degree of freedom. 
For, the only variable on which its motion depends is the 
amplitude, co, of the twist about the given line, a, the transla- 
tion being co . pa, which (since is given) is known when co 
is ^sumed. The value of 6a? is \lpa'\’m{z — c) — n{y — b)'\,(jii, 
where {I, m, n) are the direction-cosines of the axis of the screw. 
Since, then, the adjacent position of the body depends on only 
one variable, the body has one degree of freedom. 

Jf the constraints of a rigid body are such that every position 
adjacent to the one which it occupies can be obtained by some com- 
bination of twists {of variable amplitudes') about two given screws, 
it has two degrees of freedom, and it can likewise twist about every 
screw on the cylindroid determined by these two, 

, For, an adjacent position now depends on two independent 
variables, viz., two twists of amplitudes od and co' abput the 
two given screws a, ^ ; and the value of 6 a? will be the sum 
of the previous expression and one exactly similar referring to 
/ 3 . Moreover, since two twists on a and always compound 
a twist on some screw of their cylindroid, the last part of the 
proposition is evident. 

In the same way, three degrees of freedom are equivalent 
to the possibility of attaining all consecutive positions by twist- 
ing about three given screws, and, mutatis mutandis^ the above 
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enunciation holds for this case, except that the other screws 
about which twisting may take place do not lie on any cylin- 
droid. 

And so on for the remaining degrees of freedom. 

That besides three given (non-cocylindroidal) screws there 
will be an infinite number of screws about which the body can 
twist is evident, because the resultant of any three twists is 
a twist about some screw whose position depends on the ampli- 
tudes of the three ; and since these may be varied in any manner, 
their resultants will give an infinite number of twists about 
an infinite number of screws. 

Just as the screws of possible twist coming from two given 
screws are infinite in number, but yet very specially related — 
forming a cylindroid — so those of possible twist coming from 
three given screws, although infinite, are related, and their 
assemblage in space is called a screw compleoo of the third orders 
A screw complex of the second order is a cylindroid. 

Similarly for screw complexes of the fourth and fifth orders. 
What is a screw complex of the sixth order ? It is the assem- 
blage of screws about which a body could twist if every conse- 
cutive position of the body can be attained by twisting about six 
given screws. But such a body is perfectly free ; therefore it 
could twist about every line in space. Hence the assemblage 
of all lines in space is the screw complex of the sixth order. 

We may formally define a screw complex of any order, ;/e, 
thus — A screw complex (f the order is an assemblage of screws 

in space such that any one screw of the assemblage can he determined 
from any m of them and cannot he determined hy any smaller 
number; that is, a twist of any assumed amplitude, or a wrench 
of any assumed intensity on the one screw in question, can 
always be exhibited as compounded of twists of proper ampli- 
tudes, or wrenches of proper intensifies, on the m screws 
selected. 

Thus, in the complex of the second order (cylindroid) a wrench 
of any intensity on any one screw of the complex can, by the 
law of sines (Art. 2 1 8), be resolved into two wrenches, of appro* 
priate intensities, about any two selected screws of the complex. 

238.] Examples of Degrees of Freedom. The following are 
some very simple instances of the various degrees of freedom of 
a rigid body, 
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One degree of freedom. (Every position, consecutive to a given 
one, that can be attained by the body is producible by a twist of 
variable amplitude about one fixed screw.) A nut moving on a 
fixed axis with a thread cut on it. A body sliding along a fixed 
axis, but guided so as to prevent rotation (screw of infinite 
pitch). A body capable of rotating on a fixed axis, but pre- 
vented from moving along it (screw of zero pitch ; e.g. a 
compound pendulum). 

Two degrees of freedom. (Every position, consecutive to a 
given one, that can be attained by the body is producible by 
some combination of twists of variable amplitudes about tw(J 
fixed screws.) A nut moving on an axis having a thread cut on 
it, and this axis itself rigidly attached to another nut which can 
move on a fixed axis with a thread cut on it. A body with a 
fixed axis (spindle) stuck through it, so that the body can move 
along and rotate about the axis, the rotation and translation 
being quite independent. A rigid body with one fixed point, 0 
(ball and socket joint), a string of given length being attached 
to another point, P, in the body and to a point fixed in space •, 
or, instead of being thus held by the string, the point P may be 
constrained to any fixed curve on a sphere. 

To find the cylindroid corresponding to any given case of 
freedom of the second order, all we have to do is to find any two 
screws about which twists may be given, and these two determine 
the whole cylindroid. 

Three degrees of freedom. (Every position consecutive to a 
given one attainable by some combination of twists of variable 
amplitudes about three fixed screws.) A body moveable on a 
spindle which has a nut rigidly attached to it, this nut being 
capable of moving on an axis fixed in space with a thread cut on 
it. A body moveable round a fixed point (ball and socket joint) 
— the well-known example in the theory of Precession and 
Nutation. 

To find the complex corresponding to any given case of 
freedom of the third order, find any three screws about which 
twisting may take place, and these determine the whole complex. 

Four degrees of freedom. Body on spindle which is capable 
itself of spindle motion on an axis fixed in space. 

Five degrees of freedom. Body on spindle which has a ball and 
socket motion round a fixed point. 
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229. ] Determination of Screws on a Complex. Consider 
two screws, a, (3, which determine a cylindroid. All the other 
screws of the complex are simply axes of wrenches which are 
the resultants of all possible wrenches on a and /B. Now (Art. 
218), if wrenches of any intensities, P, Q, act on a and the 
position of the resultant screw (and therefore its pitch) depends 
only on the ratio of P to Q, 

Hence the position of any screw on the cylindroid which is 
determined by the given screws, a, depends on only one 
variable. 

Similarly the position of any screw on the complex of the 
third order determined by three given screws, a, 13, y, depends on 
only two variables, viz. the ratios of the three (variable) inten- 
sities of wrenches on these screws. And, generally, the position 
of a screw on a complex of the order determined by m 
given screws depends on m—1 variables — ratios of intensities of 
wrenches on the given screws. 

230. ] Screws Beciprocal to a given Complex. All screws 
which are reciprocal to a gwen complex of the order m form them- 
selves a complex of the order Q — m. 

Fii’stly, they form a complex, i.e. an assemblage specially 
related. For, consider all the screws reciprocal to a given cylin- 
droid. A rigid body which is free to twist about any of these 
screws would not do so if it were acted upon by wrenches on 
any of the screws on the cylindroid ; hence twisting solely about 
the screws in this reciprocal assemblage must be equivalent to 
a certain limitation in the freedom of the body, so that the 
assemblage is a complex. 

Secondly, the order of the complex is 6 — m. For, any screw 
of this reciprocal complex, being reciprocal to m screws (viz. any 
m determining the given complex), satisfies by its determining 
constants m equations with known coefficients, such as (a). Art. 
223. This screw would therefore require 5 — m further con- 
ditions for its complete determination. But (last Art.) the 
number of these conditions is one less than the degree of the 
complex to which it belongs ; therefore the degree of this re- 
ciprocal complex is 

It is, of course, obvious that if a rigid body has m degrees of 
freedom, so that it is capable of twisting about any screw on a 
certain complex of order m, any system of forces acting on it and 
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reducing to a wrench on any screw of the reciprocal complex will 
be in equilibrium with the constraints of the body ; and con- 
versely, when a rigid body acted on by any system of forces has a 
certain specified degree of freedom^ the condition of its equilibrium 
is that the gwen force system must reduce to a wrench on some screw 
of the complex which is reciprocal to the complex of screws about 
which the body can twist. This, as Sir R. Ball observes (Theory of 
Screws, p. 41), is the most general equilibrium theorem for a 
rigid body. 

231.] Number of Conditions determining a Complex of 
given Order. In order to determine completely a quadric surface 
we know that nine conditions are necessary ; and to determine, 
in the same sense, a cylindroid we shall show that eight con- 
ditions are necessary ; and, generally, to determine a complex 
of any order, m, we shall show that m(f — m) conditions are 
necessary. 

For simplicity begin with a cylindroid. If its centre and axes 
are unknown, taking any origin and rectangular axes, we must 
in equation (a) of Art. 214 assume an expression of the form 
^ cos a + y cos /3 + cos y + ^ 

for X, with similar expressions for y and z, and also an unknown 
quantity for Py—Px* This gives us ten independent constants ; 
but the conditions of rectangularity of the new planes of reference 
reduces this to eight — which is the proper number of unknown 
coefficients in the general equation of a cylindroid. 

Generally, a complex of order m is determined if m screws are 
given ; and since each screw requires 5 constants for its complete 
determination, we have thus hm constants given. Now these 
will give us more information ‘than we want — we want merely 
the complex, and, in addition, we know completely m special 
screws in it. We must therefore diminish the number by 
the number of conditions required to specialize the m screws. 
Now (Art. 229) each screw is specialized by m—l data, there- 
fore the data which specialize m of them are m(m^l)m number. 
Hence the conditions required to determine the complex, without 
informing us of particular screws in it, are Qm-^m (m^l), ox 
m(6—m) in number. 

Coe, The number of conditions which deteimine any complex 
and the number which determine its reciprocal complex are the 
same. Consequently the most general complex of the fifth order 
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is the reciprocal of a single screw, and the most general complex 
6 f the fourth order is the reciprocal of a cylindroid. 

282.] Beciprocal of a Single Screw. Let any line be the 
axis of a screw of pitch Then every line in space can be the 
axis of a screw reciprocal to the given one ; for if co is the angle 
between the given line and any other line OL, and if h is the 
shortest distance between the lines, we have merely to give the 
pitch, to the screw on Oi, such that 

PK^Pa.'=-h tan ft). 


Consider the screws reciprocal to a given screw that can be 
drawn through a given point, 0 . 

Through 0 (Fig. 240 ) draw a line OA parallel to the axis of 
the given screw, a ; let OP be the perpendicular from 0 on 
a. Then the shortest 
distance, between 
OL and a is the per- 
pendicular from P on 
the plane of OZ and 
OA, Let OP = p, 
and with 0 as centre 
and OP (or any other 
length) as radius de- 
scribe a sphere. (The 
axis of the screw a is 
the line through P 
parallel to OA,) 

At 0 draw OZ at right angles to OA and OP ; produce the 
great circle AL to meet the great circle PZ in a. Then the 
shortest distance between a and 'OL is p sin Pa ; and ft) LA. 



Hence 4 -jo^ = p , sin Pa cot aL. 

But by Napier’s Analogies applied to the triangle PaL^ 
sin Pa = cot a PL . tan aZ, 

therefore +i^a = • tan LPA^ (a) 

which determines the pitch of the screw on OL. 

All screws of the same pitch at 0 lie in a plane. For if p^ is 
constant, the angle LPA is constant, i.e. the line OL moves in 
the plane POL which makes a constant angle with the plane 
POA, (For a different proof see Ball’s Theory of Screws^ p. 85.) 
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283.] Beoiprooal of a Oylindroid. Every right line, in 
general, meets a eylindroid in three points, through each of 
which passes a screw on the surface. If the right line is the axis 
of a screw reciprocal to the eylindroid, this screw (A) is reciprocal 
to the three screws which it thus meets. But when two reci- 
procal screws intersect, we must have (Art. 221) either the sum 
of their pitches equal to zero, or the angle between them a right 
angle. Now it is impossible that the pitches of all three screws 
on the eylindroid should be equal, because from Art. 219 we see 
that there are only two screws on the surface which have the 
same pitch. Hence the screw A must be perpendicular to one of 
the screws which it meets. 

Now consider all the screws that can be drawn from a given 
point, 0, reciprocal to the eylindroid. It will (Art. 221) be 
sufficient to make these screws from 0 reciprocal to any two 
screws on the surface. Through 0 draw a plane perpendicular 
to the axis of the eylindroid, and let the two screws at the 
point where it cuts the axis be a and Through 0 (Fig. 240) 
draw OA and 0£ parallel to a and 13, and OZ parallel to the axis 
of the eylindroid, OF and OQ being the directions of perpen- 
diculars from 0 on a and ^8, respectively. 

Then if OL is the axis of a screw reciprocal to a and to /3, we 
have by last Art. 

Pa tan LFA, 
qtanZQA, 

where p and q are the lengths of the perpendiculars from 0 on 
a and )3. 

Hence we have 


p tan LFA - ^ tan i = Pa—Pp, (a) 

so that the line OL moves subject to this condition. 

The problem of the locus of OL is therefore this — given two 
intersecting lines, OP and OQ, if two planes are drawn through 
these lines making angles 0 and with the plane of OP and OQ, 
such that tan ^ — 2 ’ tan (j3) 

where p, q, h are constants, what is the surface-locus of the line 
of intersection of the planes ? 

It is at once obvious that it is ^ cone of the second degree. 
Hence all the screws reciprocal to a given eylindroid that can be 
drawn through a given point lie on a cone of the second degree. 
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(A simple geometrical proof of this theorem is given by 
Sir R, Ball, Theory of Screws^^, 23. We have thought it advisable 
to present the matter in a different light, as there is an advantage 
in looking at the subject from different points of view.) 

We may remark that if the two planes are drawn through 
the two lines so as to satisfy the equation 
jp cot 6 — g' cot (#>=/&, 

the surface-locus of their line of intersection will be a plane, and 
we have thus the extension of the useful * cotangent formula* of 
Art. 35, vol. i. 

By what precedes, it is evident that this cone is the locus of 
the feet of perpendiculars from 0 on the generators of the cylin- 
droid, because every screw reciprocal to the cylindroid intersects 
the surface in two screws of pitch equal and opposite to its own, 
and one screw at right angles. 

Hence the parallel to the nodal line (axis of z) of the cylin- 
droid drawn through any point 0, since it is perpendicular to 
a generator, must belong to the reciprocal cone drawn from 0. 
Moreover the pitch of the screw whose axis is this line is ao ; 
for it is at right angles to every screw of the cylindroid, and 

TT 

when <*) = - while h is not zero (Art. 221) the condition of reci- 
procity requires the sum of the pitches = oo ; hence the pitch of 
the screw through 0 parallel to the nodal line = oo. 

It follows that on the reciprocal cone can be found screws of 
all pitches from — oo to + oo (while, of course, the pitches on 
the cylindroid itself range from Py to the principal pitches, 
Art. 219). For, every two screws of the same pitch on the 
cylindroid are intersected by some generator of the cone, the 
pitch of which is equal and opposite to the common pitch of 
these two screws. Hence the two screws of zero pitch (when 
they exist, Art. 219) are intersected by a generator of zero pitch 
on the cone and we have just seen that this cone has also a 
generator of infinite pitch. 

234.] Reciprocal to Complex of Third Order. We shall 
notice, finally, the screws reciprocal to a complex of the third 
order which can be drawn through any point, 0. This number 
is three, as is thus shown. It is sufficient to take any three 
screws, a, y, of the given complex, and to find the reciprocals 
to these. Draw the cylindroid (a, j8); then all the screws 
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through 0 reciprocal to a and ^ form a cone of the second 
degree ; and observe that one generator of- this cone is the per- 
pendicular from 0 on Again, draw the cylindi'oid (/3, y); 
then all the screws through 0 reciprocal to and y form another 
cone of the second degree, and one generator of it also is the 
perpendicular from 0 on These cones, having the same 
vertex, intersect in four right lines, one of which we know — 
viz. the perpendicular from 0 on The screws reciprocal to 
a, and y must lie on these common lines of intersection. 
But it is easy to see that the common generator, which is the 
perpendicular from 0 on is not relevant. For, whatever screw 
y may be, the pitch of the screw on this perpendicular is fixed, 
viz. (see Art. 233) a pitch equal and opposite to the pitches of 
the two screws on the eylindroid (a, ^), other than which it 
intersects. Since, then, y may be any screw whatever, it cannot 
be restricted to being reciprocal to the screw on the perpendicular 
from 0 on /3. 

For a different proof that only three screws reciprocal to a 
complex of the third order can be drawn from a given point see 
Ball's Theory of Screws^ p, 122. 

Examples. 

1. The sum of the pitches of the two screws which pass through 
any point on the axis of a eylindroid is constant. 

2. A cubical block (represented by Fig. 228) is free to twist about 
its diagonal OC/ ) determine a wrench — 

(a) about AB^ 

(d) about A I), 

so that the block may be in equilibrium. 

Ans, In (a) the wrench is one of infinite pitch, i.e. a couple about 
AB. In if) the pitch of the screw on <?(7 being jo, that of the screw on 
AD is a— jp, where a is the length of an edge of the block, so that 
the wrench is [F, {a--p) P], where P is a force of any magnitude. 

3. A right cone is capable of twisting about a screw coincident 
with one of its generating lines; find the wrench about a given 
diameter of its base which will keep it in equilibrium. 

Ans, If the axis of the given screw of twist (pitch p) is BA, 
where B is the vertex and A a point on the circumference of the base, 
0 the centre of the base, OF the radius of the base about which the 
wrench is to take place, P being on the circumference of the base, 
AFOA ss 9, c zz. height of cone, the required wrench is 
[P, — (p + ctan^)P]. 
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4. A body which has freedom of the second order is acted upon — • 

(a) by a single force, 

(b) by a single couple ; 
what is the condition of equilibrium ? 

Ans, In case (a) the line of action of the force must intersect 
both the screws of zero pitch on the cylindroid which defines the 
possible motions of the body ; and in (6) the axis of the couple must 
be parallel to the nodal line of the cylindroid. 

6. At a given point, 0, are compounded three wrenches of fixed 
pitches, a, 6, c, along three fixed rectangular lines. Ox, Oy, Oz ; the 
intensities of these wrenches being all varied in any manner, find the 
surface-locus traced out by the Poinsot centre. 

Ans, Its equation is 

h — c c — a a — b^ a — b.b — c.c—a . 

1 I L- -= 0. 

y^ ^ xyz 

The section of this surface by any plane through any axis of co- 
ordinates is an ellipse (and the axis itself). The force and the 
principal couple at O are always related thus — the force being a 
central radius vector of a fixed ellipsoid, the axis of the principal 
couple coincides in direction with the central perpendicular on the 
tangent plane to this ellipsoid at the extremity of the radius vector, 
and varies inversely as this perpendicular. 

6. The axes of three coplanar screws of pitches Pa) JPfii Py ^ 
triangle whose sides are a, b, c, respectively ; prove that the pitches 
of the two screws (other than that perpendicular to their plane) 
which can be drawn through any point, 0, in their plane and reci- 
procal to them are the roots of the equation 

ap hq cr 

— ^ ^ — Q 

where p, g, r are the perpendiculars from 0 on the sides a, h, c (all 
reckoned positive when 0 is inside the triangle). 

(It is, of course, evident that any screw of infinite pitch per- 
pendicular to their plane is reciprocal to all three.) 

7. Find the directions of the two reciprocal screws at 0 in the 
last problem. 

8. In a screw complex of the fourth order show that all screws of 
given pitch must intersect two fixed right lines. 

(Consider the reciprocal cylindroid; take the two screws on it 
whose pitches have the given value with contrary sign.) 

9. Show that in a screw complex of the fourth order the locus of 
those screws which are parallel to a given line is a plane. (Ball, 
Theory of Screws, p. 1 46.) 

(Take the one screw on the reciprocal cylindroid which is per- 
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pendicular to the given direction ; then the plane through this screw 
parallel to the given direction is the locus.) 

10. Construct the cylindroid reciprocal to four screws of zero 
pitch. 

[Draw the two lines which, as we shall see a little farther on, can 
be drawn to intersect all the four given screws ; attribute zero pitch 
to these two, and construct their cylindroid.] 

11. A perfectly free body is acted upon by five given forces, show 
how it can be moved in a particular manner in such a way that no 
work is done by or against the forces. (Ball, Theory of Screws, 
p. 152.) 

[Draw the cylindroid, as in last example, for any four; on this 
cylindroid find the screw reciprocal to the fifth ; this is the single 
screw (Art. 224) which is reciprocal to all five ; and any twist on 
this will be unaccompanied by work.] 

12. A perfectly free rigid body is acted upon by three screws; 
what are the conditions of equilibrium 1 

Ans, As to the situations of the screws, they must be co-cylin- 
droidal ; and as to the intensities of the wrenches on them, they 
must satisfy the law of sines (Art. 218). 

13. For the same case what are the conditions of equilibrium of 
six screws and of seven screws, respectively 1 

Ans. For six, the screw reciprocal to five must be reciprocal to 
the sixth, and the intensities must be related. For seven, there is 
no condition as to the positions of the screws — the only condition is 
a relation between the intensities of their wrenches (see Art. 226). 


235.] Theorem. A system of forces can be reduced to two 
forces in an infinite number of ways. For they can be reduced 
to a resultant force, JS, acting at any point, together with a 
couple. Now the forces of the couple can be made of any mag- 
nitude by varying its arm ; and one of them can be combined 
with R, There will then remain the resultant of R and this 
force together with the remaining force of the couple. There- 
fore, &c. 

Of course the wrench to which all pairs of forces equivalent 
to a given force system reduce is unique ; and since we have 
shown (Art. 221) that the wrench of two forces takes place 
about a screw which intersects the shortest distance between 
the lines of action of the two forces, we see that — Poinsofs axis 
intersects the shortest distance between the lines of action of every 
pair offerees to which the given force system can he reduced. 

Suppose that AP and J5Q (Fig. ^ 37 , p. 18) are a pair of forces 
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to which a given force system can he reduced, and let jt? ^ 

= the pitch of the Poinsot screw to which they are equivalents 
Then the distance (OA) of either line {AP) from the Poinsot 
axis is the product of the pitch and the cotangent of the in- 
clination of the other line (PQ) to the Poinsot axis. 

For if 0 = PAr, ^ = qAr, since Ac represents K and An 
represents QA, we have K = p . E = QA sin (f>. But 

AO _ Qcos <f> ^ AO _ Qcosij}^ 

OB"^ P^e' h ^ R ^ 

/. AOxB = QA cos (J ) ; 

AO = p cot cf>. 

Similarly -BO = jt? cot 

The two lines of action, AP, RQ, of any pair of forces equi- 
valent to a given wrench are sometimes called reciprocal lines. 

They possess the following property — if any point, be 
taken on either line {AP)y the axis of principal moment at 
this point is the perpendicular to the plane containing 8 and 
the other line (jBQ). 

This property is at once obvious, since to get G, the axis of 
principal moment at 8 (supposed on AP), we introduce at 8 
two forces equal and opposite to Q ; then the couple Q at -B 
and — Q at ^ is in the plane of 8 and RQ, and its axis, G, is, 
of course, perpendicular to this plane. 

The relation between the two lines is thus reciprocal, so that 
either line is the envelope of the planes of principal couples at 
all points on the other line. 

The two forces P and Q along AP and AQ may, of course, 
be regarded as two wrenches each of zero pitch, and therefore as 
determining a cylindroid. If in Article 217 we put = 0, 

we find Py = A cot p^ = —A tan ^ ; also the origin of the 

a 4 

cylindroid bisects the distance A, and its axes are parallel to 
the internal and external bisectors of the angle between AP 
RQ. The equation of the cylindroid is 

cosec o) = 0. 

The two principal pitches have opposite signs, and the given 
forces act along the two screws of zero pitch of this cylindroid. 
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236. ] Theorem. When a system of forces is reduced to 
a pair of forces represented in magnitudes and lines of action 
hy two right lines, the volume of the tetrahedron formed by 

these lines is constant, however the re- 
duction is made. 

Let the system of forces be reduced 
to P and Q, and let these be supposed 
to act at the extremities, A and P, of 
the shortest distance between them. 
Now to get the force and couple cor- 
responding to the origin introduce 
at this point two opposite forces, AQ 
and AQ\ each equal and parallel to Q. 

Compounding P and Q we get the resultant force, R ; and 
taking the forces Q at P and Q' at A we get a couple whose axis, 
AGy is at right angles to the plane QBA Q' and equal to Q . AB, 
Since AB is perpendicular to both P and Q, it is clear that AG 
is in the plane QAP and at right angles to AQ, 

Now since (Art. 208) G cos cf) = Z, we have 
Q . AB . sin QAB = K. 

But sin QAR = . sinP^Q. Hence 

P. Q . AB . sinP^Q = Z. P. 

Now the volume of the tetrahedron formed by the lines AB 
and PQ 

= i area ABQ x perpendicular from P on the plane ABQ ; 

= ^ BQ , AB X AB . sin BAQ ; 

^B , Q, AB . sin BAQ, 

Hence if A denotes the volume of the tetrahedron, 

A = |Z.P. 

This theorem has been proved in various ways. For an 
elegant demonstration by Mobius, see Crelle's Journal^ vol. iv, 
p. 179, or Jullien’s BroUemes de Mecanique Rationnelle^ vol. i, 
p. 71. 

237. ] Symmetrical Beduotion of a System of Forces. *^A 
system of forces can be reduced to two forces equal in magni- 
tude, equally inclined at opposite sides to Poinsot’s Axis, and 
equally distant from this axis. 



Fig. 241. 
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Suppose the forces replaced by B. acting along Poinsot’s Axis, 
Oz, and a couple, K. Take any point, (/ (Fig. 236) ; draw O' 0 
perpendicular to Oz and produce it to 0" so that O' 0 = 00".' 
Let B acting at 0 be replaced by acting at O' and acting 
at 0". Also let the forces of the couple act at O' and 0" ; for 

K. 

this purpose these forces must each be made = — j ii? being (?(/. 

K ^ ^ 

Now the resultant of i 5 and — at 0' is a force 



acting towards the right, and the resultant oi ^ B and — at 0" 

is a force of the same magnitude acting towards the left of the 
figure. 

If CO is the angle made with Poinsot’s Axis by these new 
forces at 0' and 

tana> = ^. 


If we choose os so that — = each of the two symmetrical 

forces is equal to R, and they are inclined at an angle of 60® to 
Poinsot’s Axis. 

238.] Anal 3 rtical Condition for a Single Besultant. We 
have just seen that a system of forces acting on a rigid body is, 
in general, equivalent to two forces. Let the forces be replaced 
by a single resultant force, jB, acting at an arbitrary origin, 0, 
and a couple (?. Now the direction-cosines of R referred to axes 


Ox, Oy, and Oz, are 

(Art. 206), 




2X 

sr 

and 

sx 


B ’ 

B ’ 

B 

and those of G are 

L 

M 

and 

N 


0 ’ 

6* 

o' 


Hence, if </> is the angle between G and iZ, 

, L^X^M^T^N^Z 

= gj 


( 1 ) 


Now if the resultant couple is in a plane containing Bj; one 
of its forces can be made to destroy B, and there will remain 
a single force j but if Q and B are not at right angles to eactv 
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other, the system of forces cannot be equivalent to a single force. 
The required condition is, therefore, cos (^ = 0, or 

XSX+ilfD r^N^Z = 0, (2) 

provided that SX, 2 X, a 7 id do not all vanish ; for if they do, 
R will also vanish, and </> will be illusory. In fact, in this case, 
since i/, XT, and N alone exist, the system of forces is equivalent 
to a couple. 

239.] Theorem. The quantity i/2X+J!f2X+ iV2 Z has the 
same value for all systems of rectangular axes assumed anywhere 
in space. 

From (1) of the last Art., it = jB . cos </>, or 72 . X, where K 
is Poinsot’s moment (Art. 208). 

Hence, if this quantity vanishes for any one set of axes, the 
force and the axis of the accompanying couple corresponding to 
any origin are at right angles. 

The value of this quantity can be exhibited in another form, 
which also shows that it is independent of any particular set of 
axes. 

Substituting for 7/, if, and N the values (Art. 206), 
^[Zy— Yz\ &c., the expression becomes 

+ (Xj Z^-^Z-yX^ + X2^2 ^2^2 ■!■•••) (X 2 +X 2 + .*.) 

— -^1^1 "b ^2^2 -^2^2 "b •••)(^l'b^2'l“ •••) ’ 

or, substituting for X^, ^1, in terms of the forces Pj, ... 

and their direction-cosines, 

[Pj (^1 cos 71 ~ Z^ cos ^1) 4- Pi (^2 <^OS y2-“'^2 ^<>8 ^2)+ 

X (Pi cos ai 4- Pg cos Og 4- . . .) 4- &c 

It is clear at once that the terms Pi^, Pg^, . . . disappear, and the 
products PiPg, P1P3, ... alone remain. 

Collecting the coefficient of PiPg as a typical term, we have 

^2 [(^1 ^2) 72 — cos 7i cos jSg) 

+ {^1 ^2^2) Vl 72) 

4- {l^i — Z2) (cos Uj cos ^2)]* * 

Now (see Salmon’s Geometry of Three Dimensions^ p. 31, third 
edition, or Frost’s Solid Geometry^ p. 39) if (Pj, Pg) denotes the 
angle between the directions of the forces Pj and Pj, the 
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quantity in brackets = A)) ^12 shortest 

distance between the lines of action of the forces. 

Hence 

i/2X+i/2r+iV2^= SPjPg •^i2‘ sin(Pj, P^)- (1) 

Again (Art. 236), the term involving P^P^ on the right side 
of (1) denotes six times the tetrahedron formed by P^ and PgJ 
therefore the quantity on the left side is equal to sios times the 

sum {with their proper eigne) of the - — — - tetrahedra which can he 

formed out of the pairs of lines representing the n forces 

P P P 

This sum has, of course, no reference to any set of axes, and 
hence the necessarily invariant nature of i/2Z+ JlfS Y’\-N'2Z, 
With regard to the sign to be given to any tetrahedron of the 
system, we define that — 

The moment of a force with regard to a line is the component of 
the force perpendicular to the line multiplied hy the shortest distance 
between the force and the line. 

Hence P^ . d^,^ . sin (P^ , Pg) is the moment of Pj about the line 
of action of Pg, Now to determine the sign which must be 
given to any tetrahedron, let a watch be placed so that the 
direction in which either force acts passes perpendicularly from 
the back up through the face of the watch. If then the other 
force tends to produce rotation in the sense in which the 
hands rotate, the tetrahedron is to receive a negative sign, and 
if the rotation is the other way, a positive sign. 

240.] Conditions of Equilibrium of a Rigid Body acted on 
by any Forces. The forces having been reduced to a resultant 
of translation, P, acting at any point, together with a corre- 
sponding couple, Gy since a force and a couple cannot conjointly 
produce equilibrium ((<), Art. 200) it is necessary that 
P = 0 and (? = 0. 

Substituting the values of P and G given in Art. 206, we see 
that these two are equivalent to the following six conditions : 

SX=:0, sr=:0, 2^=0, 

P =x 0, if = 0, = 0, ^ 

which are the analytical expressions of the fact that the forces 
must have no component along any line and no moment about any 
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241.] Particular Cases of Equilibrium, {a) Equilibrium of 
three forces. When three forces keep a body in equilibrium^ their 
lines of action must he cojplanar and concurrent (or parallel). 

For, let the forces be P, P. Then the sum of their 
moments about every right line = 0. Take any point, j?, on P, 
and from it draw' a line meeting Q — in suppose. 

Since the sum of moments about the line pq must be zero, and 
since the moments of P and Q about it are separately zero, this 
line must intersect P — in r, suppose. 

Draw another line through meeting Q in q'; then, as before, 
this line must meet P — in suppose. Now, since two points 
on each of the lines Q and P lie in the plane determined by the 
lines pqr and pfr\ the lines Q and P must each lie wholly in 
this plane. Again, drawing any two lines whatever across Q 
and P, these must both be intersected by P; that is, P must lie 
in the plane of Q and P ; hence all the forces are coplanar. 

Finally, taking moments about the point (Art. 77) of inter- 
section of Q and P, we see that P must pass through this point, 
and be equal and opposite to their resultant. If Q and P are 
parallel, P must be parallel to them, and equal and opposite to 
their resultant. 

The case of Art. 19 is therefore the only case of equilibrium 
of three forces, 

(f) Equilibrium of four forces. If four forces keep a body in 
equilibrium^ they must all lie on the same hyperboloid of one sheet. 

Any three non-intersecting right lines determine a hyperbo- 
loid of one sheet, because a surface of the second degree requires, 
in general, nine conditions for its determination, and the con- 
ditions that any one given right line (x az-^m^ y bz-j-n) 
should lie wholly on the surface are three in number ; hence 
among the nine unknown coefficients in the equation of the sur- 
face there will be established nine (linear) equations if three given 
non-intersecting lines aU lie on it. The sm*face is therefore 
determined. 

Describe the hyperboloid determined by three of the forces, P, 
Q, P ; then an infinite number of right lines can be drawn to 
intersect these three, and all such lines lie on the hyperboloid and 
constitute one system of its generators, while P, Q, P belong 
to the other system of generators (see Salmon’s Geometry of 
Three Dimensions^ Chap. VI). Every line intersecting P, Q, M 
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must, since the sum of the moments of the four forces about it 
= 0, also intersect the fourth force S ; hence S passes through 
an infinite number of points lying on the hyperboloid, which is 
impossible unless S lies wholly on the surface. 

The given forces, therefore, act along lines which are all 
generators of the same system of the same hyperboloid, 

(c) Equilibrium of five forces. If five forces keep a body in 
equilibrium^ their lines of action must intersect two right lines. If 
a right line could be drawn so as to intersect four of the forces, 
it would have to intersect the fifth, on account of the vanishing 
of the sum of the moments about it. 

Now two right lines can, in general, be drawn to intersect 
any four non-intersecting right lines. For, let the four lines 
be denoted by P, Q, P, S. Construct the hyperboloid deter- 
mined by (P, P), and also the hyperboloid determined by 

(P, Q, /S'). These hyperboloids having two right lines for a part 
of their curve of intersection will have two other right lines for 
the remainder of the curve. For, let the equations of the line 
P be (i?? = 0, y = 0), and those of Q be (-e = 0, = 0) ; then 

the equation of any hyperboloid containing these lines is 
X (mz+pw) +y(lz-hqw) = 0 ; 
another hyperboloid containing the same lines is 
X (m! z 4 - w) 4 -^ 4 - fro) = 0 . 

Now at all points of intersection of these two hyperboloids, for 
which X and y do not both vanish, and for which z and w do not 
both vanish — i. e. at all points of their curve of intersection, 
excluding the points on the two common genei’ators — we have 
mz+pw ^ lz-\-qw 
m^z 4 - p^w ^ fw 

This equation, being homogeneous in z and denotes two 
planes passing through the line Q ; but any plane through a 
generator must intersect the surface again in a right line ; 
therefore these two planes cut the surface in two right lines, 
which are the remaining part of the curve of intersection of the 
two hyperboloids; and each of them intersects the generators 
(P, Q, P) and the generators (P, Q, S) ; i. e. each intersects the 
four lines P, Q, P, & Each must, therefore, intersect the fifth 
force. Q.E.D. 
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Examples* 


1. A rigid body is acted on by forces represented in magnitudes 
and lines of action by the sides of a gauche polygon taken in order ; 
prove that the forces are equivalent to a couple, and that the sum of 
their moments about any line is represented by double the area of the 
projection of the polygon on a plane perpendicular to the line. 

Let the forces be represented by the lines AB^ BG, (7i>, ...(Fig. 242), 


and let OQ be any axis. 

On the axis take any point, 0, and reduce the forces to a resultant, 
of translation at this point, together with a couple, G (Art. 206). 

This is done by introducing at 0 two forces 
parallel and equal to in opposed direc- 
tions, two equal and opposite to BG^ &c. 
Now (Art. 199) the resultant of translation 
vanishes, and the component couples are 
represented by double the areas of the tri- 
angles OAB^ OBGy &c. If the axes of these 
couples are drawn at 0, the sum of the 
moments of the forces about OQ will be 
represented by the sum of the components of 
the axes along OQ ; but this is the same as 
double the sum of the projections of the 
areas of the triangles on a plane perpendicular to OQ; that is, the 
moment about OQ is represented by double the area of the projection 
of the polygon on a plane perpendicular to OQ, 

Again, since G is the greatest moment round any axis through 0 
(Art. 206), it follows that the axis of the resultant couple is the line 
perpendicular to the plane on which the projected area of the polygon 
is a maximum. 



2. When the resultant of translation vanishes, the forces will be 
in complete equilibrium if the sums of their moments round any three 
non-coplanar axes are separately equal to nothing. 

For if L be the moment round the axis of cr, the moment L\ round 
a parallel axis through the point (a, /3, y) is Z + y2 Hence 

Z, Jtf'sr if, W ; and since the moment round an axis 

through (a, y) making angles A, fx, v with the axis of co-ordinates is 
Z' cos A -f Af' cos + W' cos v, it follows that the moments round all 
parallel axes are equal. For the three axes of moments we may take, 
therefore, three lines through the origin making angles (A^, /Xj, Vj), 
(A^, ftg, i/j), and (Ag, /utg, z^g) with the axes of co-ordinates. Suppose 
then that 

ZcosAi + Af cosjuq + i^cosi'i = 0, 

Z cos Ag + if cos fXg + Wcos 1^2= 

Z cos A, + if cos cos 0. 


and 
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These require either that Z = Jlf = -ZT = 0, or 

COsAj, COS/Xj, cosz/j 
COsAg, COS/Xg, 008 1^2 =0. 

cos Ag , cos (jLq , cos z/g 

The latter condition requires that the three axes of moments be in one 
plane. If they are not coplanar, we must have Z = = iV' = 0, i.e. 

the forces are in equilibrium. 

3. A tetrahedron is acted on by forces applied perpendicularly to 
the faces at their respective centroids. If the force applied to 
each face is proportional to the area of that face, prove that the 
tetrahedron is in equilibrium, the forces being supposed to act all 
inwards or all outwards. 

Let Ay By O, D be the vertices of the tetrahedron, and denote the 
areas of the faces opposite these vertices by respectively. 

Denote also the angle between the faces A^ and B^ by A^B^, Then 
evidently ^ ^ 

A^:=z cos A^B^ -{- Cj cos A^G^ + Dj cos A^ ; 

or, if the forces perpendicular to the faces are denoted by P, Q, P, Sy 
P—Q, cos FQ—E. cos Pi?— cosPaS'= 0, 

which shows that there is no resultant force in a direction perpen- 
dicular to the face A ^ ; similarly there is no resultant force in direc- 
tions perpendicular to the other faces; therefore the resultant of 
translation vanishes. 

To show that there is no resultant couple, let each force be replaced by 
three equal forces acting at the angles of the corresponding face. Thus 
the force P is to be replaced by three forces each equal to ^P acting 
at the points B, C, D perpendicularly to the face BCD. Let us 
calculate the sum of the moments of the forces about the edge BC. 
For this purpose, let the forces ^ Q and ^ P at P be each resolved in 
the direction of the force at this point, i.e. perpendicularly to the 
face BCD. Supposing the forces to act outwards, the components of 

J Q and ^ E are . cos FQ and —^E . cos FE ; therefore the sum 

of the moments of the forces at D about BC is proportional to 

(il 1 — Pj . cos A^B^ — Cj . cos A iCj)p^, 

or D ^ . j^/ . cos A j D^y 

or, again, D^. p .coiA^D^, 

p' being the perpendicular from D on BCy and the perpendicular 
from D on the base ABC. But this last expression is three times the 

XV 

volume of the tetrahedron multiplied by cot A^D^. In the same way, 
the sum of the moments of the forces at A is represented by three 

times the volume of the tetrahedron multiplied by cot AJ )^ ; and as 
these moments are in opposite senses, the forces have no moment round 

E 2, 
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the edge BCy and similarly no moment round any of the edges. Hence 
by the last example they are in equilibrium. 

For another simple method of proof see Collignon's Statique^ p. 354. 

4. Prove that a solid body of any shape is in equilibrium if it is 
acted on throughout its surface by normal forces, each force being 
proportional to the superficial element on which it acts. 

One very simple method of proof consists in imagining a surface 
precisely equal and similar to that of the given body to be traced out 
in a weightless fluid which is subject to any pressure. 

5. If a curved surface whose edge is a plane curve is acted on all 
over its surface by normal forces, each proportional to the element of 
surface on which it acts, prove that these forces have a single resultant 
if they all act towards the same side of the surface. 

6. Forces perpendicular and proportional to the areas of the faces 
act at the centres of the circles circumscribing the faces of a tetrahe- 
dron ; prove that they are in equilibrium, if they all act inwards or 
outwards. 

They meet in the centre of the circumscribed sphere. The proposi- 
tion is evidently true also for any polyhedron bounded by triangular 
faces. 

Taking the results of this example and example 3 together, we see 
that forces proportional to the areas and perpendicular to them are in 
equilibrium if they act at the orthocentres of the triangular faces of 
any polyhedron. 

7. Find the force necessary to keep a heavy door in a given position, 
the hinge line being inclined to the vertical and the hinges smooth. 

Let % be the inclination of the hinge line to the vertical, and a the 
given inclination of the plane of the door to the vertical plane con- 
taining the hinge line. Then if W is the weight of the door, a the 
distance of its centre of gravity from the hinge line, and d the angle 
between the normal to the plane of the door and the vertical, the 
moment of the weight about the hinge line is 

JFa cos d. 



Fig. 243. 

rz = i, IDLV:= 

triangle F!Z>Z, 


This is the moment of the required force. To 
find d, let lines parallel to the hinge line and the 
vertical be drawn through any point, 0, and 
through this point let a plane be drawn parallel 
to the plane of the door. Kound 0 let any sphere 
be described; let Y and L (Fig. 243) be the 
points where these lines meet the sphere; DL 
the circle in which the plane of the door inter- 
sects the sphere, and N the point in which the 
normal, ON^ to the door intersects it. Then 
a, and NV 6, and we have from the spherical 
sin VB = sin i sin a, 
cos d = sin i sin a, 


or 
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since iV is the pole of DL. Hence the moment of the required force is 

Wa sin t sin a, 

and when its point of application and direction are known, its magni- 
tude is therefore known. 

8 . A beam can turn in every direction about one end which is 
fixed; the other end rests on a rough inclined plane. Find the 
limiting position of equilibrium. (See Walton's Mechanical Problems, 
p. 191, third edition.) 

Let AB (Fig. 244 ) be the beam, A the fixed end, DPR the rough 
inclined plane, PH the intersection of this plane with a horizontal 
plane through A , APD the vertical plane 
through A perpendicular to the inclined 
plane, BD a line parallel to PH, AO a, 
perpendicular from A on the inclined 
plane, DQ a perpendicular on the hori- 
zontal plane, i the inclination of the 
plane, a the angle, ABO, between the 
beam and this plane, and /a the coefficient 
of friction. 

Now su'ppose first that the beam is 
perfectly inelastic. Then the end B describes on the inclined plane a 
circle whose centre is 0 , and if it is about to slip, the force of friction 
assumes a direction perpendicular to OB in the inclined plane. The 
extreme position of the beam will be denoted by the angle, 6 or 
BOB, between the plane, AOB, through the beam normal to the 
inclined plane and the vertical plane, A OB, 

The forces acting on the beam are its weight, the reaction of the 
smooth joint at A, and the total resistance of the inclined plane at B, 
This last force we shall consider as composed of a normal reaction, E, 
and a force of friction, \xR, acting perpendicularly to BO, For the 
equilibrium of the beam take moments about a vertical axis through 
A . The moment of the normal reaction at 5 is i? sin i x BB, or 
R sin i . BO sin 6, or again, R&mi. A B cos a sin 6, To find the 
moment of pR, resolve it into [xR cos 0 along BB and pRsinB 
parallel to OB ; and resolve this latter again into a horizontal 
component, \xR sin 6 cos i, and a vertical component, pR sin 6 sin i. 
The moment of fiR is then equal to the sum of the moments of 
[xR cos 0 and fxR sin 0 cos i ; that is, it is equal to 

fxR cos 0 xAQ 4“ H'R Bin dcos ixBB, 

Hence the equation of moments is 

R (sinf — fx cos i sin 0) BB = fxR cos 0 , AQ, 

AO 

But = AP + P^ = ^4•(Oi>-^>P)cos^ 

A5 .sina . „ . /I i . I . . 

= - — ; — j [.AB cos i cos a cos 0— AB sin a cot % cos t 

smt 

= AB (sin t sin a + cos i cos a cos 0) ; 



Fig. 244. 



S4 


NON-COPLANAB POBOES. 


therefore 

(sint— jutcosismfl)cosaBin0 = /i cos 0 (sin ^ sin a + cost cos a cos 0 ), 

or eintcos a sin0 = /x cost cos a -f M sint sin a cos 0, 

or sin 0— /x tan a cos 0 = jixcot t. 

Putting fxtana = tan/3, we have 0 from the equation 

sin(0— /3) = /utcottcos/3. (1) 

If there is no horizontal plane through A obstnicting the beam, it 
will be possible for the end B to describe a complete circle round 0. 
Let us inquire the condition that the beam should rest in all possible 
positions. For this there must be no limiting position of equilibrium, 
or, in other words, the value of 0 in (1) must be imaginary. 

The required condition is, then, fx cot f cos/3 > 1, 


that is, 


V 1 — tan^ttan^a 


Let us next sujyposQ that the beam is elastic^ or that, in virtue of a 
compression of the beam, B is not constrained to move in the circle 
whose centre is 0 , Supposing, then, that the beam has been jammed 
against the plane, if the coefficient of friction is gradually diminished, 
B will begin to move in some other direction than that perpendicular 
to OB, and this direction will be exactly opposite to that in which the 
force of friction acts. Now the reaction at A, the total resistance at 
B, and the weight of the beam lie in one plane which must, therefore, 
be the vertical 'plane through the beam. The total resistance at B 
must, moreover, lie inside or on the cone of friction described round 
B. Hence if the position of the beam is such that the vertical plane 
through it touches this cone, equilibrium will be at its lirnit, since the 
line of action of the total resistance is the line of contact of the 
vertical plane with the cone. 

Let the lines and planes of the figure be projected on a sphere 
described about B as centre with arbitrary radius. Then the cone of 
friction will appear as a small circle of an- 

r V gular radius, NC (Fig. 245), equal to A, the 

angle of friction. Let N be the point in 
which the normal to the inclined plane at B 
meets the sphere ; A, the point representing 
the beam, and ACV the vertical plane through 
the beam touching the cone of friction. Now 
the vertical line at B lies in the vertical 
plane, AC 7 , through the beam, and it makes 
Fig. 245. an angle equal to i with the normal to the 

inclined plane. Hence, take a point V in 
AG V so that NV = i, and we have NV, the circle answering to 
the vertical plane through B normal to the inclined plane (a plane 
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which is parallel to the plane APD, Fig. 244). In the spherical 
triangle NYG we have, then, 

sin iVF . sin NVG = sin NGy 
or sin i sin ^ = sin A ; 

. ^ sin A 


This second solution supposes that the only condition to which the 
total resistance is subject is that of making with tJw normal an angle 
not greater than the angle of friction. The supposition of perfect 
rigidity, on the contrary, restricts the direction of the force of friction 
in the inclined plane, making it perpendicular to the line OB, 

9. A heavy elastic beam rests on two rough inclined planes whose 
intersection is a horizontal line. Show that every position of the 
beam may be one of equilibrium if the inclination 

of each plane is less than the angle of friction for / 

that plane and the beam. V ‘V ^ 

Let A (Fig. 246) be one end of the beam, AN ) 

the normal to the plane on which A rests, and ^ 

AV the vertical at A, Then if the beam is suf- / 

ficiently elastic, it may be jammed against the ( 

planes, and the only condition to which the total ^ 

resistances at its ends are subject are the conditions Fig. 246. 

of making with the normals angles not greater than 

the corresponding angles of friction. Hence in the extreme position 

in which the end A is about to slip, the vertical plane through the 

beam must touch the cone of friction 

described round the normal, AN, But jZ 

this is manifestly impossible, since the 

angle A is > FA A; for the vertical line q 

is included within the cone, and through ^ Z- \ 

this line no plane can be drawn to touch I ij 

the cone. There can, therefore, be no \ il 

limiting equilibrium at either end in jl :i 

any position of the beam. i\ 1 

10. A ladder, ABGD (Fig. 247), Ij jl 

whose centre of gravity divides it into 1 j 1 1 

two given segments, rests with one end, 1 

A By on the ground, the upper end, GDy A' 

resting symmetrically against two equal y \1 

rough vertical planes which include a / \ 

given angle; find its limiting inclination / ^ 

to the ground. / 

On account of the equal roughness of 
the vertical walls and the symmetrical ^47* 

position of the ladder, the total resist- 
ances at G and B are equal ; moreover they have a single resultant 
passing through the middle point of GBy since the two normal 
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pressures and the two forces of friction* have resultants passing 
through this point. 

At each of the points A and B the total resistance makes the angle 
of friction with the normal, and the resultant of these forces acts at 
the middle point of A^,*making the angle of friction with the vertical. 
The resultant resistance above and that below must meet in the 
vertical through the centre of gravity of the ladder. 

Let X he the angle of friction at the ground ; X'= that for each 
wall ; a = lower and ^ = upper segment of ladder made by its 
centre of gravity ; 0 = limiting inclination of ladder ; (/> = angle 
made with vertical by the resultant of the total resistances at C and 
D. Then, by the ‘ cotangent formula ^ of Art. 35, we have 


(a + 5)tand = bcoi(f>y (1) 

where yi = tan X. ^ 

The angle (f) may, of course, he found by the ordinary method of 
determining the magnitude and direction of the resultant of forces 
from their several components ; hut we prefer to employ for the 
purpose the method of spherical projection^ which is more simple, and 
which will be frequently employed in the sequel. The method con- 
sists in constructing a sphere of any radius, and drawing through its 
centre lines and planes parallel to the lines and planes in our figure ; 
these will intersect the surface of the sphere in points and circles, 
respectively, — as illustrated in examples 7, 8, 9 already. 

Let 0 (Fig. 248) be the centre of the sphere ; OZ a parallel to the 
vertical ; ON and ON' parallels to the normals to the planes zy and 

zx, respectively; ZC and ZB 
planes parallel to these planes 
respectively; OR and OR' 
lines in the planes ZN and 
ZN'^ each inclined at the 
angle, X', of friction to the 
corresponding normal; then 
OR and OR' represent the 
lines of action of the total 
resistances at G and B, If S 
is the middle point of the arc 
J?A', the resultant of the resistances acts in OS^ and the arc ZS = <^. 
If a is the angle between the walls, BC = a, and NN' ; there- 
fore the angle RZS = ; and applying Napier's Analogies to the 

triangle RZS^ we have 
Hence (1) gives cot,#, = /cosec 

(a+6)tanfl = -— 6/*'co8ec^, (2) 

which determines the limiting inclination. 
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11. If the vertical walls are unequally rough, show that the initial 
motion of the ladder cannot be one in which the line CD moves down 
parallel to its original position. 

12. If the walls are unequally rough, show that the initial motion 
cannot be one in which one corner (i)) is for the moment at rest, 
while slipping takes place at two other comers (G and B), 

13 . A solid rectangular block is placed with one of its faces on 
an inclined plane so rough as to prevent slipping, while tumbling 
is possible ; to investigate the positions of equilibrium. 

Let A BC (Fig. 249) 
be the face on the in- 
clined plane. All the / 

different positions may / 

be obtained by turn- 

ing the block round / 

the edge, AI, through .•' \ yA / 

any comer of the base, \ / 

which is perpendicular \ / \ / 

to the inclined plane. y A ; V. \ / 

Draw the horizontal /\ y' " \ / 

line A cc in the inclined / \ \ \ / 

plane. Let G be the / ^ / 

centre of gravity of / / 

the block ; 0 that of / / 

the face A (rPthe / / 

vertical line through / 

G meeting the face iaq 

ABC in P. Since 
is perpendicular to the 

inclined plane, Z PGK) = t = inclination of plane, so that the sides 
of the triangle OGP are all constant whatever be the position of the 
block ; therefore if the successive positions of P are marked on the 
face ABC, they trace out in it a circle with centre 0 . 

Again, since Zee is the line of intersection of the inclined plane and 
a horizontal plane, it is at right angles to the plane of two intersecting 
normals to these planes; it is therefore at 
right angles to the plane of GO and GP^ 
and hence to OP in all positions of the 
block. 

Therefore if Fig. 250 represents the base 
of the block and the circle traced out in 
it by the motion of P, the points in which 
the circle intersects the sides of the face 
being 2 )^ Ps, we see that if we turn 
the block round Z / so that any one of the 250. 

lines Op^, Opj, 0^>g, is at right angles 

to Zaj, we obtain a position in which the block is about to tumble ; 
in other words, make a perpendicular to any of the lines Op^, ... 




Fig. 250. 
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(drawn in the plane of the base) horizontal, and we obtain a limiting 
position. 

If 2a and 2 ft are the lengths of the edges AB and AG^ and c is the 
distance of G from the base, the conditions that the circle should 
intersect all the edges of the base are c tan i '> a and c tant >6, where 
f is the inclination of the plane. 

Obviously if the block be any solid body having a base of any 
form, the solution is the same. If 0 is the projection of G on the 
base, and OG = c, describe a circle round 0 with radius c tan i ; let 
P be any point of intersection of this circle with the contour of the 
base; then make a perpendicular to Op horizontal, and we obtain 
a limiting position. 

14. A heavy uniform bar rests with its extremities on two rough 
inclined planes whose line of intersection is horizontal ; supposing 
that the bar is slightly elastic and can be jammed between the planes, 
investigate its positions of limiting equilibrium. 

We may evidently consider the centre of the bar to be restricted 
to a fixed vertical plane which is perpendicular to both of the in- 
clined planes. Take this plane as that of yz^ the axis of x being the 
line of intersection of the inclined planes, and the axis of « a vertical 
line. Let (y, z) be the co-ordinates of the centre of gravity of the bar ; 
2a = length of the bar; 6 = angle between the bar and a vertical 
line ; </) = angle between vertical plane through the bar and the plane 
yz ; i and the inclinations of the given planes ; X and Xf the angles 
of friction between them, respectively, and the bar. 

Then the co-ordinates of the extremities of the bar are 

a sin 6 sin(/) ; y sin 0 cos <p; z-i-a cos 0 for one extremity, A, 

~a sin d sin (f) ; y^—a sin 0 cos <f) ; a cos $ for the other, B, 

Since these lie on the inclined planes, we have 

«+ a cos d = (y + a sin d cos cj)) tan i, (1) 

z—a cos d = (y—a sin d cos 0) tan V. (2) 

Now, as in Example 9, if the first end is going to slip, 

sin f son <^ = sin A, (3) 

since the vertical plane through the beam touches the cone of 
friction at this end. If the other end were about to slip, we should 
sin sin = sin A' ; (4) 

so that both ends cannot slip at once unless 

sin A _ sin A' 
sin i sin i' 

Let t and if stand for tan i and tan V ; then, eliminating d from 
(1) and (2), we have 

[2;?— (<— ^2/psec® + 

Hence the positions in which either end is about to slip are such 
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that the centre of gravity lies on a certain ellipse — ^any position of 
this point on the ellipse being admissible — ^the corresponding value of 
(f> being given by (3) or (4), and that of ^ by (1) or (2). 

We have now to determine, however, whether both ellipses are 
admissible or not — i. e. whether there are positions in which the 
end A is about to slip, while B remains at rest, and also positions 
in which B is about to slip while A remains at rest. 

Assuming that A is about to slip, the vertical plane through the 
bar touches the cone of friction described around the normal at A 
to the inclined plane (i ) ; but at the same time this vertical plane 
must not lie wholly outside the cone of friction at B, i.e. it must 
intersect this latter in two real right lines. Now if, for simplicity, 
we transfer the origin to B, the axes remaining unchanged in direction, 
the equation of the vertical plane through the bar is 

x~-y tan ^ = 0, 
and the cone of friction at B is 


{y sin i -I- z cos i'Y — cos^ hf {x^ + -f = 0 ; 

and these will intersect in a pair of real lines if 
sin i' sin (/> < sin 

, . . sin X sin V 

or by (3), -T— r< 


sin i 


sin ^ 


If this inequality is satisfied, it is only the end A that can slip ; if 
the reverse holds, it is the end B that can slip. Thus both values 
of (f> are not admissible. 

15. If at any point, P, a plane, -dt, be drawn perpendicular to the 
axis of principal moment at the point, find the envelope of 'cj as P 
moves along a given curve. 

Simplicity will be gained by taking Poinsot’s Axis, Oz (Fig. 236, 
p. 16), as axis of z. Let (a, /3, y) be the co-ordinates of P with refer- 
ence to Oz and any two axes of x and y. Then, introducing two forces 
equal and opposite to E at P, we shall have the whole force system 
equivalent to E at P, Poinsot's couple iT, and a couple Ep, where p 
is the perpendicular from P on Oz. We may replace the couple Ep 
by two components parallel to Ox and Oy, and these will be — P/3 
and Pa; so that the component axes of the principal couple O 
at P are (—PA Pa, JC). Hence the equation of the plane tsr is 

— P^ (cc— a) + Pa(y— A + ^(^“"y) ~ 

or ^a,_ay— — (»— y) = 0. (1) 

If the equations of the curve along which P moves are 
a = <#>(7). 

Substitute these values of a and /3 in (1), and eliminate y from the 
resulting equation and its derived with respect to y. 

Verify, in particular, the result of Art. 235, that if P moves a 
right line, «r, will turn round another right line ; that Poinsot’s Axis 
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intersects the shortest distance between these two lines, dividing it in 

the ratio (Art. 212). 
cot 9 ' ' 

16. Find the surface traced out by the axes of principal moment 
at points taken along a light line intersecting Poinsot’s Axis per- 
pendicularly. 

Let Ox (Fig. 236) be the assumed line, and let it be taken as axis 
of Poinsot's Axis, OA, being that of z. Let 00'= aj, and let {y, z) 
be the co-ordinates of any point on Then, if (f> = /, GO' K\ 

we have ^ ^ ^ Gn K 

y On 

K 

or xz — -~.y, 

li 




an equation which denotes a hyperbolic paraboloid. As the point 
0' moves out from 0 along Oxy the axes (such as O'G) of principal 
moment revolve towards the right ; as O' moves in towards 0, they 
revolve towards the left, and, after coincidence with Poinsot’s Axis at 
0, they still revolve towards the left. At an infinite distance from 0 
they are at right angles to PoinsoPs Axis. 

17. Find the surface traced out by the axes of principal moment 
at points taken all along any arbitrary curve. 

From Example 15, the equations of the principal axis at the point 
(a, /3, y) with reference to PoinsoPs Axis as axis of Zy and any two 
rectangular axes of x and y are 

x—a /3 z—y 
—13 ^ a ^ p ' 

where p is the pitch of the wrench to which the given forces are 
equivalent. From these we have 

2 >x + y{z-y) ^ jyy-xjz-y) ^ 

^ (« — yf+P^ ’ ^ ' {z—yy+p‘ ’ 

and if the point (a, 13, y) moves along the curve whose equations are 
A y) = 0, fiay /3, y) = 0, 

substitute the above values of a and /3 in these equations and then 
eliminate y. The resulting equation in a?, y, z is that of the surface 
traced out. 


18. A plank, AB, laid on a rough inclined plane, has attached to 
its upper extremity, A, a cord which lies along the plane in the 
direction of the plank and is pulled with a constant force, P ; find 
the limiting position of equilibrium of the plank. 

Am. Let W = weight of plank, i = inclination of the plane, 
A = angle of friction, and 0 = inclination of the plank to a horizontal 
line drawn in the inclined plane ; then 

P® -f — cos® i sec® A) 


sind 


2P If feint 
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19. Show that the initial motion of the plank will be one of trans- 
lation simply, in a direction making with a horizontal line in the 
inclined plane an angle (p determined by the equation 

, , Psind— TTsint 

tan (p = — 1 

Pcosd 

where 0 has the value found in last example. 

20. If P = 0, explain the values of 0 in the cases 

i>\, z<\f z = \, 

21. Find the value of P so that the direction of slipping shall be 
at right angles to the direction of the plank, and find 0. 

Ans, P = W Vl — cos^ i sec^ A, and cosd = 

tan ^ 

[This case is the same as that in which the cord is replaced by a 
smooth pivot at the extremity A.] 

22. A triangular prism is placed with its triangular face on a 
rough inclined plane, which is rough enough to prevent slipping ; 
find the greatest height of the prism so that there may be at least 
one position of equilibrium. 

Ans, If i = inclination of plane, and if the sides of the tri- 
angular face are a, b, c, in descending order of magnitude, the 
greatest height is 

I \/2a‘'*H-26‘‘^— c^.cot i, 

23. A heavy plate of any form rests on two rough fixed pegs A 
and P, the line joining which is not horizontal ; the plate can turn 
round a pivot, without friction, at a point C ; if (7 is raised so that 
the plate turns gradually about the fixed line AB, find the inclination 
of the plane ABC to the horizon when the plate begins to slip on 
the pegs. 

24. A particle is acted on by any number of given forces, P^, 
Pg,... ; prove that if P is their resultant, 

= S (P^) + 2 S (P, . P, cos P'T’,), 

where P 1 P 2 denotes the angle between the directions of Pj and Pg. 

25. Prove that a system of forces acting on a rigid body may be 
replaced by two equal forces whose lines of action are perpendicular 
to each other, and each inclined at an angle of 45® to PoiusoPs Axis : 
the forces act at the ends of a line bisected by this axis ; the length 

2K R 

of this line is and each force is-- 7 =,P being the resultant of 
R V2 

translation, and K Poinsot’s moment. 

26. Prove that the distance between the lines of action of the two 
rectangular forces which equivalently replace a given b> stem of forces 
is a minimum when the forces are equal. 
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27. A BCD is a tetrahedron ; forces P, Q, R act along the edges 
P(7, GAj AB in order, and forces P', R' act along AD^ BDy CD ; 
prove that the condition for a single resultant is 

PP- . QQf RR' 

BC .AD’^ CA.BD'^ AB.CD^ 


28. A rough heavy body, hounded by a curved surface, rests upon 
two others which themselves rest on a rough horizontal plane ; show 
that the three centres of gravity and the four points of contact lie in 
one plane. 

29. A heavy beam rests on two smooth inclined planes ; show that 
their line of intersection must be perpendicular to the beam and 
parallel to the horizon. 

30. Prove that the moment of a force represented by the right line 
PQ, about a right line AB is six times the volume of the tetrahedron 
ABPQ divided by AB, 

31. Three equal heavy spheres hang in contact from a fixed point 
by strings of equal length ; find the weight of a sphere of given radius 
which when placed upon the other three will just cause them to 
separate. 

Ans, If W and a be the weight and radius of each of the three 
spheres, W' and r the weight and radius of the superincumbent 
sphere, and I the length of each string. 


W' 




3r^-i“ 6ar— 


3 P + 6 a? — a* 

32. Three spheres are placed in contact on a rough horizontal plane, 
and a fourth sphere is placed upon them, there being no friction 
between the spheres themselves. Show that equilibrium is impossible. 

33. Three equal spheres are placed in contact on a rough horizontal 
plane, and a fourth sphere is placed upon them, there being friction 
between the spheres themselves. Find the least coefficient of friction 
between the s])heres which will allow of equilibrium. 

Am. If a is the radius of each of the equal spheres and r that of 
the superincumbent sphere, the least value of A, the angle of friction, 
is given by the equation 

sin 2A = ^ . 

(The total resistance between the upper sphere and any one of the 
lower spheres must be capable of acting through the point of contact 
of the latter and the ground.) 


34. Three forces whose lines of action are given, but not their 
magnitudes, have a single resultant. Prove that the surface traced 
out by the line of action of the resultant is a hyperboloid of one sheet. 

(Draw any three lines across the given lines of action. Then the 
line of action of the resultant must always intersect these three.) 

35. A heavy triangular plate of uniform thickness is suspended 
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from a fixed point by means of three strings attached to the point 
and to the vertices of the plate ; prove that the tension in each string 
is proportional to the length of the string. 

(Let 0 be the fixed point, B, C the vertices of the plate, and G 
its centre of gravity. 

Then G must lie vertically under 0. Take 3 OG to represent the 
weight of the plate. Then, by Leibnitz’s graphic representation 
[Art. 199], the force 3 O^may be resolved into the forces OA, OB, OC. 
But a given force can have only one set of components along three 
given concurrent lines. Therefore, &c.) 

36. At points on any ri^ht line the axes of principal moment of a 
given system of forces are drawn ; prove that their extremities trace out 
another right line. (Wolstenholme^s Problems, p. 387, 2nd edition.) 

(At any point 0 on the given line draw R and G. Take as axes of 
X, y, and z the given line, the line OG, and a line at 0 perpendicular 
to R and the given line. Then at any point P on the given line at a 
distance x from 0 if the axis of principal moment be drawn, the 
co-ordinates of its extremity will be x, G, and Rx sin a, where a is the 
angle which R makes with the given line. Hence the extremities lie 
on the line y •=. G, Rx sin a.) 

37. Prove that the axes of principal moment at points along any 
right line whatever trace out a hyperbolic paraboloid. 

(With the same axes as in last example, the surface has for 

equation xy = ^ ) 

^ it sin a 

38. Find the condition that a given right line should intersect 
Poinsot’s Axis. 

Ans, If the equations of the line are x ^ mz-\’p, y =^nz-\-q, the 
required condition is 

R\rnL-\-nM+N+q(,X-mZ)-p{,Y-nZ)'\ = K{mX+nY+Z), 
where X is used for &c. 

(It will be found that the equations of Poinsot’s Axis can be put 
into the forms 

X KY-MR Y KX---LR 

Rz ~' — R^ 

the origin being anywhere.) 

39. A given system of forces is to be reduced to two inclined at "Ae 
angle a ; prove that the shortest distance between their lines of action 

cannot be less than cot (Wolstenholme^s Pro6., 

R 2 

p. 387, second ed.) 

40. Given any system of forces, find the point on a given right line 

at which the axis of principal moment is least inclined to the , 

Ans, The foot of the shortest distance between Poinsot’s Axis 
and the given line. 
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[Most easily seen by spherical projection. Let 0 be any point on 
the given right line ; round 0 as centre describe a sphere of any 
radius; let the given right line, OL^ cut the sphere in L\ let the 
resultant of translation at 0 and the axis, 6^, of principal moment at 
0 cut the sphere in R and 6r, respectively. Draw the great circle 
arcs LR^ LG, Then at any distance, cc, along OL from 0, the axis 
of principal moment is the resultant of an axis equal and parallel to 

and an axis Rx perpendicular to the plane LOR, Let a line, OQ, 
drawn through 0 parallel to this latter meet the sphere in Q, Draw 
the great circle arc, QGy meeting LR in ZT, suppose. Then the re- 
sultant of G and Rx is an axis somewhere in the plane QG ; but, Q 
being the pole of LR, the arc LH is perpendicular to QGy and there- 
fore is the least arc that can be drawn from L to QG, Hence when 
Rx and G give a resultant along OHy the axis of principal moment is 
least inclined to OL, Poinsot’s centre being always sought on a line 
perpendicular to R and to the axis of principal moment at any point, 
the rest follows.] 

41. The first case considered in example 8 is, equally with the 
second, a geometrico-statical problem. Solve it without any mention 
of force. 

(Express the condition that the vertical through the extremity 
A of AB is intersected by a line inclined at the angle A. to the normal 
at By this line lying in the plane of the normal and a perpendicular 
to OB,) 

42. AQB is any unclosed curve in space, A and B its extremities, 
and Q any variable point on the curve ; P is any fixed point in space, 
PQ = r, ds^ element of length at Q, 0=: angle between FQ and ds. 


If each element ds is acted upon by a force k 


sin^ . ds 


perpendicular 


to the plane of PQ and dSy k being a constant, find the resultant force 
and couple of this force system. 

Ana, Let (a, jSy y), (x^, y^y (x^y y^, z^ be the co-ordinates of 
Py Ay B\ let PA = r^y PB = r^y Ly if, N the component moments 
round axes through P ; and let 




Then 


x^Hf. 

^dy 


dHy 

dl3 


), with similar values of T, 


L z=:k ^ — - — ~)y with similar values of if, iV'. 

^2 ^1 

The axis of resultant moment is the external bisector of BP A, and 
=ikBm^BPA, 

Hence if the curve is closed, the force system has a single resultant, 
which passes through P, 
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ASTATIC EQUILIBRIUM. 

242.] Definition:. When a body is in equilibrium under 
the action of forces applied at given points in the body, with 
fixed magnitudes, and directions fixed in space, it will, under 
certain conditions to be satisfied by the forces, continue in 
equilibrium when it is displaced in any manner. Each force, 
then, while continuing to act at the same point in the body and 
retaining its direction in space, alters, of course, its actual line 
of action. 

Equilibrium which thus subsists in all positions of the body 
is called Astatic Equilibrium. Some results connected with the 
astatic equilibrium of coplanar forces for displacements in their 
plane have been given in Chap. V, Vol. I. 

The astatic conditions of a rigid body acted on by any forces 
have been investigated at great length in Moigno’s Statique 
(Dixieme Legon), and also in a memoir by M. Darboux (Bordeaux, 
1877). Treated by the ordinary Cartesian method, the theory of 
Astatic Equilibrium is somewhat cumbrous. For this reason the 
method here adopted is of a different nature, viz. one which 
involves the elementary processes of Quaternions, with which 
the student is assumed to be familiar. This method is one 
which possesses great advantages in every respect over the 
Cartesian method, and, in particular, has a power of suggesting 
results which the older method would fail to suggest, and 
could demonstrate only by long and painful analysis. 

The equilibrium of a rigid body is preserved by two condi- 
tions — namely, the vanishing of the Eesultant of Translation of 
the acting forces, and the vanishing of the Principal Moment 
calculated for any origin. 

The general displacement of a rigid body can always be pro- 
duced by a motion of translation, together with a motion of 
rotation about some axis, and such is the displacement which 

VOL. IT. ^ 
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must be contemplated in discussing the Astatic Conditions. It 
is obvious, however, that a motion of translation can alter 
nothing in the equilibrium of the forces, so that we may confine 
our attention to a displacement produced by the rotation of the 
body about an axis. 

243.] Alteration of a Vector by rotation. Suppose that a 
body is rotated about an axis drawn through an origin 0 in the 
direction of a unit vector <r, what does any vector, a, drawn 
from 0 to a fixed point in the body, become ? 

Let a sphere, described with 0 as centre, meet the directions 
of cr, a, and Fa a in points represented in the figure by these 
letters. Suppose that after rotation the vector a takes the 

direction denoted by ; let the 
angle between Oa and Ocr, be 6, 
and let the body rotate through an 
angle yj/. Assume 

a = sca-^-ya + zFaa ; 

Saaf =: +ySacri 

S (To! = ad'^-y 

SaVaa = z(Facr)^ = — ^s^a^sin^^. 

Now Saa^ (cos ^ $ 4- sin ^ 0 cos \j/), since Ta = Ta ; 

also Saa a, Sa^Facr^ .sin^^ sin\(/. 

Hence we have 



X = cos\/^; y=(l cos\/f) ya.cos0 = — (1 — cos\/^) Sa(T\ — sinv/^; 

a'= acos>/^ — (l — cos\/^)orASao--- sin\/r Faa, {^A) 
which determines the vector into which a is transformed by 
rotation. 

244.] General Astatic Conditions. Let a^, a 2 i ... be 
the vectors from a fixed origin to the points in the body at 
which forces represented in magnitudes and directions by the 
vectors erg, 'SJ’s? ... are applied. Then the resultant of trans- 
lation is erj-j- erg + erg + ..., or 2er; and if 6^ is the vector axis 
of the resultant couple for the assumed origin, 

(?= 7 (ai®! + 02^2 +...). {$) 

The conditions of equilibrium are, then, 

Sts’ = 0, 

2 F am = 0 . 


{B) 

in) 
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Now by the rotation of the body about any axis through 0, each 
vector, Oj, Og, ... becomes altered according to {A)\ and suV 
stituting the altered value for each in (^), the couple, 6\ is 
given by the equation 

co&yj/'S Va'ST+ 2sin^ ^ ^ (V'UT<rSacr) + sin\f/^ {V, Fa<r). {() 

Sot, of course, remains unchanged. This expression must vanish 
independently of and a ; hence we must have 

S (V'GTcrSaa) = 0, (l) 

S (F.ot Fao-) = 0. (2) 

Equation (2) at full length is 

^(iSa^OTi 4-^a2^2“b •••) = ai^OTj(T-f a25OT20*-f , 

or A<r = (l)(r, (3) 

where </)<r is the linear vector function 2 a -S oto- at the right side, 
and h is the scalar multiplier of o* at the left. 

Now <^'<r, the conjugate function (Tait’s Quaternions^ Chap. V.), 
is OTj O' -f- OTg o- + . , or Sot /iSao* ; and we can now show that 
0 and (f)' are identical — i.e. <!> is self-conjugate — in virtue of {rj)» 
For, operating on (77) with F, p, we have 

OT^/Saip -f 'sr2^'a2p4* ••• = -|- ag-SOTgpq- , 

i.e. </)'p = <^p, 

where p is any vector. Hence when S Tuot = Q, the function 
or ^aS'STp, is self ’•conjugate. 

Equation (l) is merely 

F(l>(r,cr=: 0 ^ (4) 

Now, by supposition, (3) and (4) must be satisfied by aE values 
of <T, This requires = 0, and <jb o- = 0. The quantity h is the 
Virial of the given forces. 

We can show that both the conditions ^ = 0 and S Fuot = 0 
are included in the identical vanishing of ^ o*. For, let 
O’ = xi+yj where (^, J, k) are a rectangular system of unit 
vectors ; then <^<7 = 0 must be satisfied by all values ©f y, z. 
Hence we have 

Sa/S^OT = 0, Sux^'ot = 0, Sa/S^OT = Oi {$) 

Multiplying these by /, k^ respectively, and adding, we have 

SttOT =: 0, 

which, of course, gives 24S'aOT = 0 and S Foot = e.. 

P % 
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Hence the two equations 

Sar = 0, (A) 

'2aS‘Sf<r = 0, or (pa — 0, (f^) 

include all the necessary astatic conditions. 

The vanishing of the linear vector function </> <r for all values 
of a is guaranteed by its vanishing when the unit vectors i, j, k 
are substituted for <r ; so that we may take (A.) and the three 
equations (^) as completely expressing the astatic conditions. 

Coe. If a body in equilibrium under the action of any forces 
is displaced round any axis, cr, the moment of the forces in the 
new position is given by the equation 

6 '=— 2 sin^^ F(T<f>a‘+ sin \{/ (k or-- <p(T). (^) 

2 

245.] Equation of Poinsot’s Axis. For any assumed origin, 
0' (Fig. ^ 36 , p. 16), let G(=:0'G) be the vector axis of the 
principal couple, and let n (or S-cj) be the Resultant of Trans- 
lation. 

TG 

Then the distance O'O is ^ sin 0 , where <#> is the angle Rff G ; 


therefore the vector (XO is TJVU.G^ which is 

hence the equation of the line OK (Poinsot’s Axis) is 


„ ruG 
p — a?n+ * 


ruG 
j2n ^ 


246. ] Vector to Centre of Parallel Forces. If at the ex- 
tremities of two vectors, a^, Cg, two parallel forces of magnitudes 
Pj and act, the vector to their centre is 

Pi Cl 4* P 2 ^2 . 

, and for any number of parallel forces of magnitudes, Pisrg,... 
the vector to their centre is 

SaPisr 
IT'UT * 

247. ] One Force. To find the conditions that a system of 
forces should he astatically equivalent to a single force. 

Suppose that a force ITi, acting at the extremity of a vector 
A-^ drawn to a point fixed in the body, astatically equilibrates the 
given system. 
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Denote Sot by IT, and ^aSinr, SojiS'^ot, by I, J, K 

respectively. Then we have, by {$) and (\), 

A^SiU = I, Aj_Sjn = J, A^ Skn = K, 

which give the conditions 

_L -J-- ^ 

Sin ~ Sjn ~ Skn' 

These conditions are always satisfied when the given forces form 

I ^aT'sr 

a parallel system, since obviously becomes j which is 


also the common value of 
centre of parallel forces. 

In general, the vectors 


J K. 

-^rr= and 07— > and the vector to the 

Sjn Skn 


j 


K 


/Sin’ sjn' Skn 


are those drawn 


from the origin to the points of application, ij, ij, of three 
systems of parallel forces which are obtained by resolving each 
force into three rectangular components in the directions e, j, k. 
Denote these vectors, respectively, by a^*, a^, 

In the present case, then, the ^points i^, ij , nfiust coincide. 

.248.] Tlie Centres of three component parallel systems. 
It is essential to have a clear idea of the points whose vectors 
from any origin we have just denoted by a^, a^, Resolve, 
in any position of the body, the force at the point into 
three components parallel to any three rectangular fixed-space 
directions, i, y, h ; and similarly resolve all the other forces. In 
all positions of the body these components of Wj are each abso- 
lutely constant in magnitude and in direction, since we assume 
each force of the system to retain the same direction in fixed 
space. And since these forces act each at one and the same 
point (or particle) of the body in aU positions of the body, it 
follows that the set of components parallel to i, for example, 
constitute a system exactly the same as the weights of a number 
of particles forming a rigid body, or rigidly connected together 
even if they do not form a continuous solid. It is quite clear, 
then, that their centre (the point ij) muet he an invariable point 
in the body (or in rigid connection with it) however the body 
may be displaced, whether by translation, or by rotation, or both. 

Similarly the other centres (of components parallel to y, and 
of those parallel to k\ are both fixed points in the body. 
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So long, then, as the chosen fixed -space directions are the same, 
the points ij. are the same ; but when all the forces, 

-cji, 'CTgj are resolved into a parallel set in any other direction, 
the centre of this parallel system will be a different point in the 
body. 

We shall now prove that, whatever this new direction may he, 
the centre of components parallel to it lies in the plane of the points 
ij, ij, ij, corresponding to any three chosen directions. 

Let the new direction be that of the unit vector xi^^^yj ^zk, 
where x, y, z are its direction-cosines. Let p be the vector to 
the new centre. Then 


_ ax^{xi’^yj-\-zh)v7^’3r ... 

^ S(xi+yJ-\-zk)'UTj^+ ... , 

__ x2aSi'ST+y'2aSJvy-^z2aSk'Sj‘ 
x^Sizsr-j-y^SJ'GT + z'2Skw‘ 

denote or by— S/Sy-srand ^Sk'srhy and — c, 

respectively, so that a, h, c are the components of the resultant 
of translation in the directions of i,j, k. Then 

a^rr &c.; 
a 


hence 


axai’\-hya^-\-cz(ij^ 
ax by cz 


which proves that the extremity of p lies in the plane of the 
points ij, Fj, J^, since (Tait’s (Quaternions, § 30) the extremities 
of four vectors p^, p^, pg, p^ drawn from the origin will be 


coplanar if 


i^lPl +i?2/^2’bi^3P3 “bi^4p4 — 


and 


i?l+i^2+i^3+A = 0. 


This plane, which is therefore absolutely fixed in the body, 
we shall call the plane of centres. It depends simply on the 
magnitudes and directions of the forces and the points at which 
they are applied. 


A special centre of parallel forces deserves to be noticed. It 
is that obtained by resolving all the forces parallel to their 
resultant of translation, IT. The vector to this point, which we 
shall call the principal centre of the plane of centres^ is 


cF c^ 

+ + 
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249.] Two Forces. To find the conditions that a system of forces 
should he astatically equivalent to two forces. 

Let the two forces be and ITg at points whose vectors are 
and 


Hence 

Hi + Hgq- n = 0 , 

(1) 


A^8iU^-{- A 28 iU 2 = — 

(2) 


d-i rii 4" A 2 8j IT 2 = — «/} 

(3) 


^1 8 k Hi + ^2 Hg = — K, 

(4) 


The last three equations show that /, /, K must be coplanar 
with A^ and A^. Hence 8IJK =0. (a) 

But there is another condition to be satisfied ; for if lI-\‘mJ 
-\‘nK = 0, when /, n are given scalars, by multiplying (2), 
(3), and (4) by ly Uy adding, and equating to zero the coeffi- 
cients of A^ and A^ (for no such equation as pA^^ + qA^ = 0 is 
possible, p and q being scalars) we have 

ISiU-j^-^rnSjUj^ + nShn-^^:^ Oy ( 5 ) 

lSiU2’\-niSJU2 + nShn2 ^ 0 , ( 6 ) 

which, from (l), give by addition this second condition, 

ISiU-^rnSjU + nSkH = 0 . (jS) 

Now it is easy to see that (a) and (/3) signify that the three 
centres y F^y F^y of parallel forces are in one right line. For 
we have assumed ISiVl, . aj + nShU . ~ 0 ; and we 

know that the extremities of three vectors will be collinear 
(Tait’s (Quaternions y § 30) if the sum of their multipliers in 
this equation is zero — which is asserted in (/3), We shall call 
this the Line of Centres. Moreover, the points of application of 
rij and must also lie on this line. For (2) can be written 

A^8inj^ + A2Sin2 + SiYl , = 0 ; 

and since, by (1), Sin^ + SiI ]2 + 8in = 0, this equation shows 
that the points at which Hi and Ug act lie on a right line 
through ; similarly, they lie on a right line through Fj ; 
therefore, &c. 

Again, the forces ITi and ITg are obviously known in magni- 
tudes and directions from equations (1) ... (4) as soon as their 
points of application are assumed ; and in all cases they are hoik 
parallel to a given plane ; for (5) gives 

8(li‘{’mj -\^nk)UT^ = 0, 
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and a similar equation in ITg, which show that ITi and Fig are 
both perpendicular to the vector as is also the 

Resultant of Translation of the given system, by {^). 

Now/ = — e7 = — K=i^caj^. 

Assume the vectors A-j^ and Jg* Let 


= “i + » («< - O'j) ; ^2 = «i +y («< - «i)- 
Then equations (2), (3), (4) give 

°'y . C.-rr _ 


8in^=:- 


-y 




x-y 




cny + Im 
n{m-y)' 


8iU^ = 


ax 
a?— y 


^yrij = 


x—y 


/S/in2= 


cm + hm 
n{x-y)’ 


which, of course, determine and ITg. 

If we take and at right angles to each other, we have 

/Sini5m2+/Syni5yn2+/S>?:ni/S^n2= o, 

which gives 

{a^ + xy + bn {cm — bn) (x+y)-^ b^ (m^ + n^) = 0. 

Now it is obvious that the distance of the extremity of 
from is and the distance of the extremity of A^ from 

ij is y ,P^Pj\ and this last equation shows that these distances 
(fi and ^ 2 ) connected by an equation of the form 

^1^2 +i^ (ii + ^ 2 ) + ? = Oj 

and that, therefore, the points at which 17^ and are applied 
are conjugate points of an involution system on the line of 
centres PiPjIj^. 

The distance of the centre of this involution system from is 




bjbn^cm) 
n {a^ + 

so that the vector, X2, to this centre is 

b(bn--cm) . . 


or 




a 


n (a^ + 6^ + c^) 
d^a^ + b^aj-^c^aj^ 


(0 


which is (Art. 248) the vector to the centre of a system of 
parallel forces whose common direction is that of the Resultant 
of Translation of the given system — i,e, the principal centre. 

Hence, when a syetem of forcec can be astatically equilibrated by 
two rectangular forcee^ the points of application of these latter must 
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lie on the line of centres^ and he conjugate points of an involution 
system whose centre is the centre of a system parallel to the Result- 
ant of Translation, 

It remains to be proved that the line of centres is unique. 
For this purpose we shall show that, if the given forces are each 
resolved in the direction of any vector, the centre of this system 
will lie on the line 

If i' is the assumed vector, let i' = £ci -hyj + zh ; then the vector 
to the centre of forces parallel to i' is 

a-^8i''Gx-^-\‘a^8i''UT2’^ ocl+yj ’\-zK 
8i''UT-^ -f- 8i''GT^ 4- . .. ^ ax-^- by ^cz 

If r is this vector, we have 

{ax + Jy + cz) r —ax . a^’-hy .a^-’Cz , \ 

and since the sum of the multipliers of I\ aj, aj^ is zero, and 
the extremities of the latter three are collinear, the extremity of 
r must lie on the line of centres. 

The relations between the vectors A-^ and and the forces 
Hi and will, perhaps, be better seen if we use 0 for the unit 
vector in the direction of the line of centres. 

Clearly, then, we may put, when Hi and are rectangular. 


Al ^h’\'X0y ^ 



I —a H’—sd^ J^—i^l — s^O, K z=z -^c Q.~-s''0y 

where s, /, s" are all given constants, and x any variable 
scalar. 

Equations (2), (3), (4) then determine 17^ and Ilg, and give 


^ _ h^U-bxS _ x^n — x& 


( 9 ) 


where © = si+sy + s^'h, so that © is a given vector parallel to 
the platie to which O, n^, and Ilg are all parallel. 

It is easy to prove in different ways that the vectors 11 and © 
are perpendicular to each other. One simple method consists in 
the fact that /Sriillg must be zero independently of the value of x. 
It may be seen otherwise thus : 

aI-{~bJ-\^cK= —{a^ + b^ + c^)£l — {as+bs' + c/') 0 
and this gives, by (7), a 5 + S/ + c/'= 0, which is the condition 
that © and n should be perpendicular. 
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The condition /S^IT^TTg = 0 further gives 

= 0 , 

or, if E he m, T® = hE. 

Corresponding to different values of x we can represent the 
magnitudes and directions of ITj and Hg. Since they equilibrate 
n, they must, of course, be represented by the two sides of a 
right-angled triangle described, in a plane fixed in space, on FI 
as hypotenuse. 

Draw from any origin, 0, two right lines, OA and OB, in the 
directions of IT and 0 respectively. Then, if the components of 
rii along OA and OB are and we have 

■y _ X'E hEx 

therefore, if FIi = OPj, we have 


tan OA = ~ , 


which determines the direction of ITi . 

Again, we can prove the following theorem : — 

As their points of application along the line of centres vary, the 
two rectangular forces which astatically equilibrate the system trace 
out a hyperbolic 'paraboloid. 

Tor if p is the vector to any point on the surface traced out 


by Oj, 


p = Q, + a;d + y 


Pn + aj© 
A2 + a;2 ' 


where x and y are any variable scalars ; or, if the centre of the 
line of centres is taken as origin of vectors, 


p = X0 + 




n + 


xy 

h^-hx^ 


0. 


The Cartesian equation of this surface, referred to the line of 
centres as axis of x, and those of 11 and 0 as axes of y and z, 
respectively, is 

Since the two forces and Ilg are equivalent to the given 
system, the discussion of these forces may replace the discussion 
of the system. For example, to find Poinsot’s Axis, we have, 
from (8) and (9), 

-F(f2n+fl0). 
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Hence, from Art. 245, Poinsot’s Axis is 

p = ir n + J^O&TI y 

or, if the centre of the line of centres is taken as origin of vectors, 
P = a!n-~Fd0n, 

SO that Poinsot’s Axis will coincide with the Resultant of Trans- 
lation at the centre of the line of centres if Fd0n = 0, or, in 
other words, if the line of centres is perpendicular to the plane 
(of © and n) to which the forces Hi, ITg, and 11 are parallel. 
The body may, of course, be turned round so that this perpen- 
dicularity occurs. 

A By stem of forces can 6e astatically equilibrated by two forces 
when all the forces of the system are parallel to one plane. 

For, let the unit vector perpendicular to this plane be taken 

as h. Then = 0, Sk^sr^ = 0, ; therefore A = 0, and 

the equations reduce to 

+ = 0 , ( 10 ) 

Ay^SiIl^ + A2 8012 + Sin, =: 0^ 

A^Sjn, + A2SJU2 + Sjn,aj=0. ( 12 ) 

The second shows that the extremities of the vectors 9 

and are collinear, since by (10) the sum of their multipliers is 
zero. Similarly (12) shows that the extremities of A^, A29 and 
aj are collinear ; therefore the points of application of Hi and Ug 
lie on the line of centres. 

A system of forces may be astatic for displacements about a 'par-- 
ticular axis without being astatic for displacements about other axes. 

If or is the unit vector in the direction of the axis of displace- 
ment, the conditions of continuous equilibrium are 

= 0 , 

cos xjrl FazT+ 2 a Sa(r) + &m\ff 2 KisrFacr = 0; 

the latter, holding for all values of \/r, gives 

"2 FaiJT SI 0, ^{FTSTcrSaa) sz Oy 2 F.-sr = 0. 

Consider the case in which all the forces lie in one plane, and 
let the axis of displacement be any axis perpendicular to this 
plane. Also take the origin of vectors in the plane. 
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Then these conditions, since 

Sa^c s=: Sa^a = = 0 , S'sr-^cr = Sw^cr = •••••» = 0 , 

become 2®- = 0, SFow = 0, SS'awssO. 

It has been shown (Vol. I, pp. 130, 131) how these conditions 
are otherwise deduced, it being observed that 2 5a tar is obviously 
the Virial of the forces. 

Such a system of forces as this can always be equilibrated (for 
the displacements considered) by a single force. For, let the 
force be Hi at the extremity of a vector Then the conditions 

ni + n=0, -4jni + 2atzr = 0 ; 


Ill = — n, 


the expression for being evidently a vector, since a^, -ctj, ... 
and n are all coplanar. 

We thus arrive at the ‘ Centre* of the system, and it is very 
easy to prove that (see Vol. I, p. 130) this point is characterised 
by the vanishing of the sum of the moments and of the Virial 
of the forces about it. 

250.] Three Forces. To investigate the astatical equivalence of 
a system of forces to three forces. 

Let the forces be Hi, ITg, and Ilg at the extremities of vectors 

Then = -H, (l) 

A-^SiU^ + +A^SiIl^ = — ( 2 ) 

A^SJU^ + A^SJU^-^A.Sjn^ = (3) 

A^SmT^ + A^SkU^-hA^Shn^ = -JT. (4) 

Now, Sm being still denoted by —a, &c., (2) can be written 


A^8 inj^ + A2SiU2 + A^8in^--a Ui = 0 , 

while (1) gives 801^ + 8iU2 + 8iUQ—a = 0, 

Hence (Art. 248) the extremities of A^^, and A^ lie in a 
plane containing the point which has been shown to be the 
centre of a system of parallel forces obtained by resolving each 
force parallel to i. 

The remaining equations show in the same way that these 
extremities lie in a plane containing Pj and i^. 

Hence the points of application of the three forces which astatic 
eally equilibrate the system lie in the plane of the three centres 
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Pj, that is, the plane containing the extremities of the 
vectors a^, a^-, a^. This plane we have called the Plane of Centres, 
The astatic reduction to three forces is therefore always possible. 
The equation of the plane of centres is, of course, 

S{Faja^+ FajO,+ Va^aj) p z^—Sa^aja^. ( 5 ) 

Operating on ( 2 ), ( 3 ), ( 4 ) with S . we have 

Si III . SA^A^A^ = —SIVA^A^, 

SjU^ . SA^A^A^ ^^SJFA^A^, 

8k Qi . SA^A^A^ = ^SKVA^A ^ ; 

which give 

Hi =^j^{iSIFJ^A^+jSJrA^A, + MKrA^J ^) ; 

12 3 

and in the same way we obtain ITg and ITg, so that, when their 
points of application are assumed, the forces Hj, Dg, rig, are thus 
completely known. 

It may be observed that the origin of vectors can always be 
so chosen that the vectors a^, ay, shall be a rectangular system, 
the vectors i,j\ k, remaining the same. For the points P^, Pj, Pj^ 
depend only on the vectors i, /, k, and not on the origin of 
vectors; and, given three points Pj, Pj, 9 two other points, 
Q and O', can be found such that the lines QiJ, QPj, and QP^ are 
a rectangular system, 'as are also the lines Q'Pa Q'Pj^ and Q,'Pj^> 
The points Q and Q' are the points common to three spheres 
described on the sides of the triangle iy ij, as diameters ; 
they are equidistant from this plane on opposite sides, and lie on 
the perpendicular to it drawn through the orthocentre of the 
triangle. 

We may suppose either of these points taken as origin of vectors, 
and treat /, /, JST as a rectangular system. 

For simplicity, denoting the vectors VA^A^^ FA^A^, ^7 

+jsj(i + ( 6 ) 

V “-^€162^3 

ITg = • y — - ■ {iSl€2^J S^J kSKf^^ ( 7 ) 

rig = = : (iSI^^'^j 8J €^ + kSK€^, (8) 
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It may be noticed that, for different systems of rectangular 
vectors i',/, k\ the vectors to the centres of the corresponding 
systems of parallel forces are in the directions of conjugate 
diameters of a certain ellipsoid. For if 

a? i 4-^y '{‘zk, /= x^i + z^k, U = x'% 
it is obvious that K' are 

xI^yJ^zK, 

respectively. And since xx^ ^-yy'+zz' = 0, &c., it follows that 

Sir Sir Sir Sir SKrsrr 

— J4— + — 

showing that the vectors to the new centres are in the directions 
of conjugate diameters of the ellipsoid 
S^Ip , S^Jp ^ S^Kp 

i^ ^ r 

The origin of vectors is now a fixed point in the body, and the 
points P^y Pjy Pj^y aro, of course, fixed points in the body; and, 
by the nature of astatic equilibrium, we may consider the body 
as being placed in any position whatever. Suppose, then, that 
it is so turned round the origin of vectors that /, /, and K 
coincide in directions with i, /, k respectively. This may be 
regarded as a sort of initial position of the body. Let the tensors 
of ly ly and A be t^y t^y and respectively. Then 
iSI^^^-jSJt^^-kSK^^ 

becomes tiiSi^^ + t^j Sj^^ + t^kSke^y that is, a self-conjugate 
linear vector function of €^. Denote it by Then (6), (7), 
and (8) give 

n FT— ^^2 pr ^^3 , . 

But in the ellipsoid /S'/)</)p = 1 , the normal at the extremity of 
a vector a is parallel to 0 a (Tait’s QnaternionSy Chap. VIII). 

Hence we have the following theorem : — 

The body being placed in the initial positiony the forces applied at 
the extremities of any three vectorsy AiyA^^ A^y drawn from the 
origin to points in the plane of centreSy are in the directions of 
normals to the ellipsoid Sp<l)p = 1 at the points where its surface is 
intersected by the vectors FA^A^y VA^A^y FA^A^. 

If we wish the forces U-^y Ilg, Ilg to be a mutually rectangular 
set, we must take /S' 06 i 0 e 2 = 0, &c., from which it is evident 
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that the directions of fj, 63 , and ^3 must be conjugate diameters 
of the ellipsoid Sp(j>^ p = 1 . 

Of course the centres Pj, I may be taken as those at 
which the forces are applied* The forces will then be in the 
directions i,/, ^ respectively, and in the initial position they will 
meet in a point. Their magnitudes are obviously a, 5, c— by the 
very nature of a resolution of the given system of forces into 
three component parallel sets (Art. 248). 

What we have just called the initial poBiiion of the body 
requires a few words to render its nature more clear. Any three 
directions % y, fixed in space, being chosen, and the centres 
P^^P^ corresponding to them J)eing taken, join these centres 
to one of the two points, Q, at which they subtend right angles in 
pairs. When the body has a position given to it at random the 
lines QPi^ Qiy, QP^. are not parallel to the con^esponding 
directions i,y, k ; but {Q being obviously a point in rigid con- 
nection with the body) if the body is moved so that these lines 
OPi^ &c., are parallel to i, y, the system offerees will have in 
this position a single resultant. 

For it is obvious from elementary principles (see Art. 248) 
that the given force system could always be replaced by a force 
at parallel to i and equal to the sum of the components of 
all forces parallel to % together with forces at iy and equal to 
the sums of components parallel toy and k. Hence these forces 
would act in the lines QiJ, Q,Pj^ QP^ if these lines were placed 
parallel to i, y, k, and there would, therefore, be a single 
resultant. 

Since any directions may be chosen for i, y, k^ there will be 
an infinite number of tria^ of centres ij., iy, — all lying in a 
plane fixed in the body — and of lines QP ^ , &c., and therefore of 
initial positions. Hence an initial position is simply any one in 
which the forces have a single resultant. 

If the vectors Oj, Og, ... are measured from a Q-point (i. e. a 
point at which ij, iy, ij, subtend right angles in pairs), the 
function 'laSt^p will be self-conjugate in the initial position in 
which the single resultant passes through this point (Art. 244). 
Generally, in all questions relating to the equilibrium of a given 
force system, we may substitute for the system three forces, viz. 
those which are astatically equivalent to the system at any 
triad of centres, ij, i}, 
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251.] Grouping of the Centres round the Principal 
Centre. Simplicity will be gained by taking the principal 
centre as origin of vectors, and supposing that all positions of 
the body are obtained by rotation round this point as a fixed 
point in space. Further, of the three fixed-space vectors i, J, 
we shall take i in the (invariable) direction of the Resultant of 
Translation of the forces. This latter assumption will make 
i = 0, ^? = 0, since the sums of the components of the forces 
perpendicular to the direction of their Resultant of Translation 
are necessarily zero. The constant a becomes then the magnitude 
of this resultant. Moreover, since 12, the vector from the origin 
to the principal centre, is zero, we must have (Art. 249) 7=0. 

The vectors J and K, of course, remain. Let C be the 
principal centre ; then J and K are vectors at C in the plane of 
centres, and we can easily see that the fixed-space directions 
j and k can be so chosen as to make J and K at right angles to 
each other. For, let f and U be any two rectangular unit 
vectors in the plane of jk^ let Q be the angle between 
/ andy. Then 

y'=y cos ^ sin d ; — y sin ^ cos Q ; 

and if eT and K are the vectors corresponding to f and k\ 
^aSk'w ; therefore 

J cos ^ -f Asin ^ ; A'= — /sin 0 + A cos 9 ; 
so that /' and K' will be rectangular if 


tan 2 ^ = 


2SJK 


We shall suppose, then, that j and k have been chosen so 
that / and K are rectangular ; and these latter we shall call the 
principal vectors in the plane of centres ; the axes of i, y, k thus 
chosen may be called the principal fixed space axes. 

Now let + + be a unit vector, p, in any direction at C, 

its direction-cosines being /, n. The vector to the centre, P, 
which corresponds to this vector is 

la ^ ^ 

If the vectors / and K are taken as axes of y and respec- 
tively, and if their tensors are t and t\ the co-ordinates of P 
being (y, z\ we have 

mt nif 




la^ 


z = 


la 


( 2 ) 
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a being, as before said, the magnitude of the Resultant of Trans- 
lation of the given forces. 

If p is any vector in a given plane, px-^qy^rTz = 0, we have 
= 0, so that the locus of P is the right line 

= («) 

If p is any vector making a constant angle, 0, with the 
direction of the Resultant of Translation, we have 

+ = sin^^; 

therefore the locus of P is the ellipse 

z^ tan^^ 

¥ 7^ ~ ~a^ ' 

And if we wish to astatically equilibrate the given system by 
three forces at the three centres, P, P', P", corresponding to 
any three rectangular directions, 

the magnitudes of these forces will be, respectively, la, 

and they will be parallel to the assumed directions li ’\'mj nk, 

&c. (p. 79). 

It is to be noted that, with the origin of vectors as now chosen, 
the general values (6) &c., of Art. 250 for U^j Efg, all 

assume the indeterminate form since the vectors ^3 

are coplanar, the operations S. FA^A^, &c., by which they were 
obtained from (2), (3), (4) being illusory. But the student 
will have no difficulty in obtaining the result just given (which 
is obvious from first principles) from the general equations 
referred to. 

A given system of forces can always be replaced, with complete 
astatical equivalence, by three equal and mutually rectangular 
forces. For we have only to choose the directions li + mj + nk^ 
&c., parallel to which all the forces are resolved, so that 

Vs 

that is, the three equivalent forces are all inclined to the direction 
of the Resultant of Translation at cos“^-4=> and each force 

V'3* 

VOL. II, a 
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The corresponding centres (all lying, of course, on the ellipse 
( 4 ) ) form a triangle of which the centre of the ellipse is the 
centroid (‘ centre of gravity ’). 

252. ] Principal Moment at the Principal Centre. Keplace 
the system by three mutually rectangular forces at any three 
centres, P, P', P", whose vectors are 

mJ + nK wfJ 4- n'K m"J + n"K 

Va ' 

the principal fixed space axes being those of reference. The 
corresponding forces are la (li nk)^ &c. Then Gy the axis 

of principal moment at C (the principal centre), being liVamy 
we have G = V{Jj-^ Kk). (1) 

Also, i being the direction of It, the Resultant of Translation, 
the condition for a single resultant is yS'G'i = 0, or 

SJk = SKjy (2) 

that is, the body must be turned round C until the body- vectors 
J and K satisfy this condition. 

The position of the body being any whatever, Poinsot’s 
moment is S{Jk^Kj)y (3) 

since it is /SII G. 

253. ] Wrench of Maximum Pitch. Poinsot’s moment is 
evidently a numerical maximum in some position or positions of 
the body, since when there is a single resultant it is zero. When 
it is a maximum its difierential must vanish for any small change 
of position of the body — i.e. for a rotation through any small 
angle Ai/r round any axis. Equating to zero the difierential of (3), 

S{kdJ^jdK)^0. (1) 

Now, if (T is a unit vector in the direction of any axis by small 
rotation round which the new position of the body is attained, it 
is obvious either from first principles, or from {A) of Art. 243, 
that dJ = — A\/r. VJ (Ty and dK = — A\/^. VK(r. (2) 

Hence substituting in (1) we have 

S{kJ^jK)<T:=zOy (3) 

which must hold for every value of a-. But this is impossible 
^iiless r{kJ-^jK) = 0, (4) 

which obviously requires jy ky J and K to be coplanar. 

Hence the principal body- vectors must be placed in the plane 
of the principal fixed-space vectors/, k. 
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If, then, 0 is the angle between J and j, Poinsot’s moment 
= SJk—SKj sin which is a maximum when ^ ^ ; 

A 

i.e. the body must be turned round the principal centre so as to 
make J coincide with k and K with — and the maximum 
pitch is 

When J coincides with ^k and K with the pitch is — (^ + ^), 
an algebraic minimum. 

254.] Minding’s Theorem. Whenever the body is so jplaced 
that the forces have a single resultant^ its line of action intersects 
two conics faced in the body. The equation of Poinsot’s axis is 

p = aGn+ (Art. 245). Substituting ai for and the value 

of G from Art. 252, this becomes 


p = aosi + -{j8iJ+kSiK). 


( 1 ) 


We shall now by means of (2) of Art. 252 express J and k in 
terms of J, and K. Putting V ij for k^ this condition gives 
SKj^S.JVij^O, 

or SKJ^SJiJ = 0, or SKj—’S, VJi*j = 0, 
or, finally, 8{K+ TiJ)j == 0, 

i.e. j is perpendicular to K-^^YiJ \ and it is also perpendicular 
to iy so that it must be proportional to Vi[K-^ FiJ), Assume, 
yj = V{iK‘\-iViJ), 
where y is a scalar. This is the same as 

yj = YiK—d—iSiJ^ (2) 

since (Tait’s Quaternions, Art. 90) Y. a Ypy = ySa^-^-^Say, 
Now by squaring (2), denoting the tensors of J and K, as 
before, by t and and the unit vector perpendicular to J and K 
(i.e. to the plane of centres), by v, we have 

y^ = P' sin2 Q ^ _ 2 tP Si v, (3) 

where d and are the angles between i and J, and between 
i and JT, respectively. 

In exactly the same way, if in (2) of Art. 252 we put Yki for 
y, we find /k=r{ iViK ) ; 

and treating this as above, we find the same value for f as for y, 
yk '=> ^YiJ — K — iSiK* ^4) 


so that 
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Substituting the values of j and h from (2) and (4) in (1), we 
have ay^ = j^i^JSiJ^KSiK^SiJTiK-^SiKViJ, (5) 

where jo is a scalar. The last two terms of this are easily proved 
to be of the form bi + cv\ for SJiViK’^ 8iKVJi\ and 

if q and r are any quaternions, SqFr-^SrFq^zFqr — F.FqFr; 
hence these two terms are equal to — FJK — F^FJiFiK, But 
the vectors FJi and FiK are each perpendicular to therefore 
the vector of their product is parallel to while for FJK we can 
use tFv, Hence (5) becomes 

ayp = zi^JSiJ --KSiK^U\v^ 

where z is simply a scalar. We may denote the linear vector 
function --’JSJa—KSKa by so that 

ayp = + Vi 

= (x + ^)^ — 

To find the point in which this line intersects the body-plane 
Kv^ put SJp = 0. Now SJ xi = — J^SJ i = t^SJ i ; 

therefore + z) SJ i = 0, 

which gives z=:^t^. Hence for the point of intersection 

a^p = ( 6 ) 

therefore ay (x—i^)~^p = i—ii' {x—i^)~^t>, (7) 

Now if for simplicity we use A and ix for unit vectors in the 
directions J and K, so that J z=: K = ffjt,, 

X<r= —t^XSXcr — f^fjLSfjicr; 

also ^ 0 -= (\S\ar fxS jXG’ + vS V (t), 

/. (x — t^)o’ = (t^ — f^fjLSfx(T + t^vSj;(T, ( 8 ) 

and from this we find at once 


(x-^V<r= 


ll8lX(T 




v8v(t 

+ 


( 9 ) 


if 8\(t=0^ i.e. if cr is coplanar with [x and as p in (6) is sup- 
posed to be. [To invert the function X““^^ assume 

where A and J? are unknown scalars ; then operate on both sides 
with X "~^^5 ^ ^ once.] 

From (9) we have (x— (^) t>ecomes 

f 


( 10 ) 
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From (6) and (10), by taking the scalar of the product, 

(X— = ^•(*+ 

= if2 sin2 e + sin2 -2U' Siv, 

(remembering that, since A, /ot, v are rectangular unit vectors, 
{SiX.y + {SiixY + {Siv)^= 1, or (SivY = 1 — cos^^— cos^6'). 
Hence we have i 

Sp(x-n-^p = ^, ( 11 ) 

for the point in which the line of the single resultant intersects 
the body-plane K v. But if the lines A, /a, v are taken, respectively, 
as axes of a?, y, and and the quadric 

I ^2 ^ ^2 ^ ^ 

^ + ^2 + ^+^2 - 1 

is constructed, equation (11) denotes the focal conic 

j 1 

in the plane yz^ so that this conic is the locus of points in which 
the single resultant intersects the plane. Similarly the points 
in which it intersects the plane xz lie on the focal conic 

z^ __ 

Thus the Theorem of Minding is proved. 

[The proof here given proceeds on the basis of a proof given 
by Professor Tait in a more condensed form.] 

255.] Theorem. At every jyoint there can he found two axes 
round either of which if the body is displaced by rotation through 
any angle^ the sum of the moments of the forces about the axis is 
zero. 

Let 0 be any point (taken as origin of vectors), and let the 
body be rotated round an axis through 0 in the direction of the 
unit vector <r. Then taking as before = Sa/S^cr, 

<#)'cr = S'sr/Sao', h = S/Sa-Gr, and G = ^Fawr, 
the new principal moment at 0 is, from (f), Art. 244, given by 
the equation 

Gcos\/^--2sin^*^r<r<;f)'cr + sm>/^(<4or---0(r); (aj 

i ® i 
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and if the sum of the moments about the axis of rotation is 
zero, we must have s= 0, 

independently of the value of 

Now 8G'(t = cos \jr SGa-^&in. xj/ Scrcjxr), 

so that we must have 

/S6cr = 0, S(r<P(r=^A, (b) 

while, of course, T<t =: 1. 

The first of these shows that or must be perpendicular to G^ 
the axis of principal moment at 0 before rotation, while the 
second and third show that it must be a vector drawn to some 
point on the curve of intersection of a unit sphere with the 
quadric o- = —A. Now this curve is intersected by the plane 
/S G (7 = 0 in four points which lie in pairs (by symmetry) on 
two right lines drawn through 0, 

If, then, translation along the axis of rotation is prevented by 
suitable means, the body will be in equilibrium in every position 
produced by rotation round either of these lines. 

256.] Beduction to a Force and Two Couples. A par- 
ticular case of the reduction to three forces deserves to be 
noticed. Suppose the direction of the vector i to be chosen so as 
to coincide with that of the Resultant of Translation. Then j and 
i: are perpendicular to this direction, and therefore b and c, the 
sums of the resolved parts of the forces in directions perpendicular 
to the Resultant of Translation, are each zero. Hence Pj and 
are at infinity, while is, of course, the centre of the plane of 
centres. The vectors J and K of course remain, and the directions 
otj and>?? may be so chosen that J and K are perpendicular to 
each other, as has been already shown (Art, 251). Let C be the 
principal centre of the plane of centres, and suppose that 0, the 
origin of vectors, is chosen on the perpendicular through C to 
this plane, so that the points P^ (that is, C), P^ and subtend 
right angles in pairs at 0, the two latter points being at infinity 
on the lines OJ and OK, 

Let the force Hi be applied at (7, i.e. = OC Then, 

the body being placed in an initial position, the axes of the 
quadrics Spcfyp 1 and Sp<^^p = 1 are in the directions 0(7, 0/, 
OK, Hence the vectors f g and eg are in the plane J OK, and (the 
applied forces being taken as a rectangular system) e^ coincides 



87 


256.] REDUCTION TO A EOROB AND TWO COUPLES. 

in direction with ; therefore the vectors and A^ are in the 
plane JOK^ and their extremities are at infinity. The forces ITg 
and 1X3 are then applied at infinity, and we can see that the 
magnitude of each is zero. For, denoting (as in the previous 
cases in which the origin of vectors is not taken at the principal 
centre) the tensors of /, J, K by t^y since 

it is very easy to show in equations (6), &c., of Art. 250 that 

**"2 cos^ <pi + 1% cos" 

where jp^ is the angle between the direction of A^^ and the plane 
of ^2^3J ^1. <^i, are the angles between and the 

directions of /, Jy K, Similar values are obtained for 

TU^ and TU^. 

Now, in the present case, TA^ = TA^ = go ; therefore 
and 113 are zero forces applied at infinity. 

This result, of course, indicates a new mode of reduction — 
namely, to a force and two couples ; and this is the mode of re- 
duction adopted in all cases by Moigno. 

Let the principal centre be taken as origin of vectors, and 
suppose a force applied at the extremity of a vector y, while 
a force— ITg is applied at the extremity of y'. Then in equa- 
tion (2) of Art. 250 we shall have the term ySiU^^y'Sin^y 
or (y— y')^^fl2- I^enote y— y' by /tx; then /ix is the vector 
joining the points at which the forces (172,-112) constituting 
the couple act. Similarly, let pf be the vector joining the points 
at which the forces (llg, — llg) act. We may, for shortness, call 
/X and /m' the vector arms of the couples. Then our equations are 
(/ and A^ being zero) 

ITj + II = 0, 
fiSiU 2 + f/SiU^z=z 0 y 
M 1^2 + /X 1^3 ” 

The second requires SiU^ = 0, /SilTg = 0; i.e. the forces of the 
couples are in a plane perpendicular to the Resultant of Transla- 
tion. Let the tensors of J and K be now t and fy as in Art. 251. 

Suppose the body placed in the initial position ; then J = tj\ 
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K = and i is the unit vector perpendicular to the plane of 
centres. Hence we have 

Operate on these with 8, Fi/x', and observe that 
8fxVifi' =z ^8iiJLi/= — 8iViii/ zzzTVixi/ \ 


also 

83rii/=-Sii/‘, 


then we have 

O'TT tSkp! 07T-T 

^3^^- 


Hence 


(1) 



(2) 


Let rig and ITg be perpendicular to each other. Then 

SjiJ^8jt/ 8kfx8ki/ _ ^ 

^2 + ~ 


which shows that the directions of /x and fx' are those of a pair of 
conjugate diameters of the ellipse 

Sp<pp = 1 (3) 

where <l>p =f^ p + -^SApy and /(denoting any constant 

force magnitude) is introduced for homogeneity. 

Assume the arms to be represented, not only in directions, but 
also in magnitudes, by a pair of semi-conjugate diameters. Then 

tV 

TFfxj/ is constant and equal to the product of the semiaxes. 

J / 

Hence, from (1) and (2), 


n. 




= /2 .. 




t ' t' 

Now the ellipse (3) can be written T\j/p = 1, where 
%’P . jSkp^ 
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and obviously denotes the vector to the corresponding point 
on the circumscribed circle. Hence we have simply 

( 4 ) 

and we arrive at the following result : — 

The lody having been placed so that the jplane of centres is j)er- 
pendicular to the Resultant of Translation^ and the principal vectors 
J and fixed in the hody^ coincide with the corresponding vectors 
j and h fixed in space, the system may he astatically equilibrated by 
a single force acting at the centre of the plane of centres, equal and 
opposite to the Resultant of Translation, together with two couples 
in this plane, the forces of these couples acting in two rectangular 
directions at the extremities of any pair of semi’-conjugate diameters 
of a certain ellipse, their forces being all equal and of constant 
magnitude whatever pair of diameters be chosen, and the forces at 
the extremities of each semi-diameter of the ellipse being parallel 
to the corresponding semi-diameter of its circumscribed circle. 

257.] Larmor’s Proof of Minding^s Theorem. Professor 
Larmor has treated questions relating to astatic equilibrium in 
the following manner (see The Messenger of Mathematics,^ o. 160, 
August, 1884). The position of any line in space may be de- 
fined by six constants, or ‘ co-ordinates,’ which are connected 
by two equations. These co-ordinates are the direction- cosines, 
I, m, n, of the line, and the moments round the axes of refer- 
ence of a unit force acting along the line. If f, rj, C are the co- 
ordinates of any point on the line, these moments are m^—nx], 
—m^. Denote these by A, p, v, respectively. Then 
the two equations connecting the six co-ordinates [I, m, n, \, p, v) 
are r^ + m^ + n^ = 1, 

Ik + mp + nv = 0. 

A single homogeneous equation of the n^^ degree between 
these co-ordinates represents a complex of lines of the n^^ order. 
By substituting in such an equation the values of A, p, v in 
terms of we obtain the relation between the direction- 

cosines of all the lines of the system that can be drawn through 
a given point (f, rj, (), The lines of the complex which lie in 
any plane envelope a curve ; the lines common to two complexes 
form a congruency; those common to three complexes form a 
ruled surface. 

Now replace the given force system by a single force, R, equal 
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and parallel to the Eesultant of Translation, at the principal 
centre, and two couples, each in the plane of centres, each 
having its forces equal to one force of each couple acting 
at C, and the others at points on the two principal body- vectors 
J and K at distances t and from C (/ in the last Article being 
taken as unity). 

Taking, as previously, J, Ky v, as axes of Xy y, Zy respectively, 
let the direction-cosines of the resultant force and those of the 
couples be {ly My ^), (l^y m^y n^y and (/g, m^y ^ 3 ), respectively. 
Then the whole system is equivalent to the three component 
forces Rly Rmy Ruy 

together with the three component couples 

R — t'mQ)y R .fl^y — > 

along the axes. Now this system can be reduced to a wrench 
(Ry pR)y where p is the pitch of the wrench on an axis whose 
co-ordinates are, suppose, ly my Uy A, /x, r. 

Then expressing that the wrench has the same moments about 
the axes as the given forces, we have 



( 1 ) 

fi+pm=. t'l^y 

( 2 ) 


(3) 

Multiplying these by ly m, n and adding, we have 


II 

1 

CO 

+ 

(4) 

while by squaring and adding, we have, after substituting for 


(5) 

Also from ( 2 ) and ( 3 ), 


, {vArpnf _ _ ,2 


= 7^2 + 'n?. 

( 6 ) 


The axes of all the wrenches form a complex which is given 
by ( 5 ), while (6) denotes the complex formed by all those which 
have a given pitch. 


Now if jE? = 0, the wrench reduces to a force. Then (6) gives 
= + Dividing (5) by and subtracting from 

(6), we have A^ 
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Equations (7) and ( 8 ) denote a congruency of lines, and if we 
wish to find the points in which it intersects the plane xy^ we 
put f = 0 in the values of X, fjt, v. Then (7) gives 


which shows that the points lie on a focal conic of the quadric 
before discussed. Similarly for the points in which the lines of 
single force intersect the plane yz, 

258.] Stability and Instability of Equilibrium. A rigid 
body acted tipon hy any system of equilibrating forces^ each of which 
is constant in magnitude^ direction^ and j^oint of ajgplication^ is in 
stable or unstable equilibrium^ according as the Yirial of the forces 
is a minimum or a maximum,. 

Consider a small angular rotation, A\/^, round an axis coin- 
ciding with any unit vector cr. Then according as the couple, 
G, called into existence by this displacement tends to diminish 
or to increase the angular displacement, the equilibrium is stable 
or unstable. 

Observe that in Art. 243, in which our fundamental equation 
for the alteration of vectors is obtained, the angular rotation, 
i/r, is taken as positive when it is in the sense of the versor 
of cr, and negative when in the contrary sense. Now if i/r is 
positive, for stability G must project along cr in the sense of 
— 0 * ; in other words, /S' Go- is positive. 

But, rejecting infinitesimals of the second order, we have 
G = (hd — (j)ar).A\lr ; 

/Sff O’ = — (/^4-/Scr(^(r). A\/r. 

Hence for stability h-^So-cjxr must be negative. 

Now consider the alteration produced in the Virial, 2 /Sa«r, 
by rotation. We have 

da = — Ax/rFao-, 


dj^ 

dyj/ 


— 2 /SFa<r,sr 


= — S/Stsra<r, 


d\lr^ 


'StS.mVad.cr 

2iS'Sj(a(r-~/Sao-)o- = 2( — /S'Oto — /Scror/Sacr) 
— (A + /S(T<^a-) ; 


and 
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80 tHat by the previous result the Virial, is a minimum for 
stability. 

It is, of course, obvious that for such a force system as we are 
discussing it is sufficient to calculate stability for rotation round 
axes through any origin, and that the* Virial is the same with 
respect to all origins ; for, changing the origin of vectors amounts 
only to writing a + e for a, and 

S/y(a + e)OT == A + xS'cIT = A, 11 = 0. 


Examples. 


1. A system of forces, each of which is constant in magnitude, 
direction, and point of application in a rigid body, keeps the body in 
equilibrium in a certain position. If they keep it in equilibrium in 
another position differing infinitely little from the previous one, the 
same line of points in the body being common to both positions, prove 
that, any angular displacement whatever being given to the body 
round this line, equilibrium will continue to subsist. 

Let O’ be a unit vector along the line common to two positions. 
Then the second position is obtained by an infinitesimal rotation, 
A\l/f round this line, so that in the value of (?' given by (^) of 

Art. 244 we may neglect the term in sin^” in comparison with the 

last ; and since = 0, by hypothesis, 

(bar = h(T. 


But, this equation holding, we shall always have the coefficient of 

sin ^ — equal to zero, whatever yj/ may be. Hence 0 for all dis- 
2 


placements round the line. 

This result is also very easily proved by the ordinary Cartesian 
method. For, taking the common line as axis of x, the co-ordinates 
of a point (x, y, z) become by rotation round this axis 

(cc; yco8\l/ — z8m\l/; zco8 \l/ + y8in\l/). 

If X, F, X are the components of the force at this point, the 
moments round the axes vanishing in the first position (that in 
which = 0), we have 


2£^y^SYz=:0; 2Xz-S^x-0; S Faj-SXi/ = 0. (a) 


Hence the new moments, Z', i/', X', are 

X' = -^YiZx -f- cos y^fYiXz + sin 2 Xy, 
j// ^ 2 Fa— cos 2 X 2 / + sin ^ 2X^, 

X'= Bmyl/S(ry+Zz). 
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Now we are given that these vanish when Ayfr is put for \(r ; i. e. 
we are given 

2 iTy = 0 > 2 = 0 j 2 ( Jy + = 0. 


These and (a) give 2.^cc = 0, 2 Fee = 0; so that L\ J/', and 
all vanish whatever xj/ may be. 

2, If a system of forces acting on a rigid body is astatic for all 
displacements of rotation round each of two intersecting lines, it is 
astatic for all displacements of rotation round all lines in the plane 
of these two. 

Let <r and (/ denote the two given lines. Then we have by (^, 
Art. 244, <#> 0 - = Ao-, and (fx/ =: i and it is at once obvious that, 

with these conditions satisfied, the coefficients of sin and sin ijf will 

each vanish if X(T + ^<r^ is written for cr, whatever x and ^ may be. 


3. If a rigid body acted upon by any forces is placed so that the 
forces reduce to a single resultant at the principal centre, C, show 
that if it is turned through any angle round any axis at 0 lying on 
a certain cone, the sum of the moments of the forces round the axis 
is zero. 

Taking in the initial position the vectors J and iT (which coincide 
in directions with j and k) as axes of x and y, respectively, the axis of 
displacement may be any one joining C to the curve of intersection of 
the unit sphere x^ = 1 with the cylinder ix^-\‘ify^ = — 

For this case <^o- = 2a^^o- = ’\‘t'kSk(T^ as we see by re- 

placing the given force system by three forces as in Art. 252, and 
observing that in the position of the body before displacement J = tjy 
K = ifh. Also the value of h is easily seen to be — + 

If the body is not in the initial position, (|)cr (the vectors being 
measured from (7) will be J Sj(T ’\-KSk(r, 

The result holds, of course, with respect to any point on the line 
of action of the single resultant when this has any position. 

4. If a rigid body acted on by any forces is turned so as to have 
a maximum Virial with respect to the principal centre, show that 
J and K coincide with y and h at the principal centre, and the 
maximum value is ^ 


5. Prove that there are two positions of the body for which the 
forces reduce to identically the same wrench, (Prof. Larmor.) 

[Consider in (6) of Art. 257 the co-ordinates wi, 71 , A, /ut, v given, 
and make the values of <p equal. The axis of this wrench is a line 
of the congruency determined by the complex of axes (5) and by the 
complex denoted by 





Hence eight such axes pass through every point.] 
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6. Determine the locus of axes of wrench in which the two pitches 
are equal and opposite. (Prof. Larmor.) 

Am, The congruency determined by the complex (5) and the 

, mu, nv 
complex + — = 0. 

7. Show that a heavy magnetic solid can be astatically equilibrated 
by two forces, or by a force and a couple, and discuss its equilibrium. 

Whatever may be the directions of magnetisation inside the body — 
i.e, the directions of the indefinitely small magnets of which we may 
imagine the solid to consist — the magnetic forces produced by the 
Earth are all parallel to a certain vertical plane, the plane of the 
magnetic meridian ; hence all the applied forces are parallel to one 
plane, and therefore (Art. 249) they can be astatically equilibrated 
by two forces, or by a force and a couple. 

Take the centre of gravity, G, of the body as origin of vectors, the 
axis of h vertically up, and that of j in the plane of the magnetic 
meridian. Let P and Q be the north and south poles of any one of 
the elementary magnets, let isr be the Earth's magnetic force exerted 
on P, and let /ut be the vector QP, Let 11 be the single force, applied 
at the extremity of the vector a, and let IT' be the force in the couple 
whose vector arm is which are to astatically equilibrate the weight 
and the magnetic forces. The weight being •— Wk, the equations of 
astatic equilibrium are 

n-Tr^=0, (1) 

pSjYl' = —’EfxSj'sr = J, suppose, (2) 

-- Wa-^^SkU' = ^2fiSk7S7 = K.... ( 3 ) 

The vectors J and K are vectors fixed in the body, and depend 
on the direction and intensity of magnetisation at each point. 

Equation (2) shows that the vector arm of the equilibrating 
couple, is fixed in direction in the body, being parallel to J, Also 
(3) shows that the point of application of the force 11 is any one 
whatever on a right line parallel to J, since 

«=- 

where a is a variable scalar. The direction of this line depends, 
therefore, only on the magnetism and not on the weight of the body, 
so that it would not be altered by adding a non-magnetic portion to 
the body. 

The length of the arm and also its actual position, are arbitrary. 
We may assume a and ^ at will, and then the direction (in fixed 
space) and magnitude of H' are known. If 6 is the angle which the 
direction of the force 11' makes with y, equation (3) can be written 

— Wa-{-J tan Q 'sn 

so that if a is assumed, the direction of 11' is known. 
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We may take two points, D and E, on the vectors J and K, re- 

j 

spectively, such that GD = ^ , GE = — — ; then, A being any point 
on the line drawn through E parallel to J, the last equation is 


so that tand = • 

GD 


=zEA, 


The principal couple at in any position is WVak’\-V fiYV ; and 
there will be a single resultant if 

SkfiW = 0 , 


that is (since TI' is, like all the other forces, parallel to the plane jk)^ 
if the body is turned so that the two body-vectors J and K lie in the 
magnetic meridian. For all displacements in this plane there is an 
astatic centre (Art. 249, and p. 129, vol. I.), at which a single force 
will keep the body in astatic equilibrium. Such displacements may 
be produced by fixing an axis in the body perpendicular to the plane 
of the magnetic meridian. 

If the direction of magnetisation is constant throughout the body, 
fjL is of constant direction, so that Sjut/S'J'Cj = fx'ZSj'OTf and the vectors 
J and K are coincident in direction with /x, while the locus of the 
point A is a line parallel to fx through the centre of gravity of the 
body. 

Let I denote the intensity of magnetisation at any point (both as 
regards magnitude and direction) and let y denote similarly the 
intensity of the Earth^s magnetic force (i.e. its force per unit pole). 
Then if dm denotes the strength of the element pole at the extremity 
of )tx, we have by definition 


fxdm = Idxdydz, 

where dxdydz is the volume of the element of the body at the point 
considered. If f is the tensor of y, or the Earth^s resultant magnetic 
force per unit pole, the expression is obviously 2 

or ~/cos02/xdm, (where 8 is the dip) or —/ cos 8 fidxdydz, or 
fIS cos 8, where S = f dxdydz = the volume of the magnetic portion 
of the body, I being assumed constant throughout the body. Hence 

J ^flS cos 8 ; JT = //aS sin8, 
a = ~ (cos 8 tan sin8)./. 


and 


Again, the position of the astatic centre is easily found. 

For (Art. 249) if € is the vector to it, we have 

Sa-cT __ 2/utyc?m _ Sly 

t _ _ -3^ _ - y. 

But if i is a unit vector perpendicular to the magnetic meridiaq, 
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drawn towards the east, ^ =/(8in8+t cos b), since the angle between 

fZ 


j and k is -+8. 
2 


Hence 


= -•^(7sin8+7'cos^), 


if we denote by 7' the vector Vli perpendicular to 1 in the plane 
of the magnetic meridian. The tensors of I and T are equal. 
Hence a very simple construction for the astatic centre, or point at 
which a single force will keep the body in astatic equilibrium for 
displacements in the plane of the magnetic meridian. The product 
of S and the tensor of I is the magnetic moment of the whole body, 
which may be denoted by M\ and/Jf is the maximum moment ex- 
erted on the body by the Earth's magnetic attraction. If [m] denotes 
the strength of the unit pole, M may be represented by the product 

\m\ X U 

where I may be regarded as the length of the simple equivalent magnet, 

iOTCB 

Again, / is of the form j - , so that our value of € is a linear magni- 
tude, as it ought to be. As/ is known to be about *47 dynes, if W 
denotes the number of dynes in the weight .of the body, the astatic 
•47 

centre is at a distance of x I from the centre of gravity, and on a 

line making an angle equal to the dip with the direction of mag- 
netisation of the body. 

8. Prove from first principles that if a body is astatic for displace- 
ments round any axis, it is astatic for displacements round all axes 
parallel to the given one. 


9. Prove that the moment of a force -car acting at the end of a vector 
a about an axis through the origin in the direction of a unit 
vector cr is -Saavr. 


10. If a system of forces is astatic, prove that if each force is 
resolved into two components, one parallel to any given axis and the 
other perpendicular thereto, the set of components parallel to the axis 
and the set of components perpendicular to it are separately astatic. 

The direction of the axis parallel to whicii all the forces are resolved 
may be taken as that of f, and the two components of any force, -cj, 
are then --iSivr and It will be found that each set 

satisfies the necessary conditions of making the vector sum of the 
forces vanish and the linear vector function 2 a /S' vanish when 
i, y, and k are written for p, denoting by -or/, 'Bj/, ... the forces at 
the extremities of a^, Og,... in either resolved system. 

11. A rigid body is in equilibrium under a system of forces ; find 
the condition that there should exist some axis for all displacements 
round which the body is astatic. 
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If 0 - is a unit vector in the direction of the required axis, the 
vector couple produced by rotation being 

cos^/rS Fa'CJ— 2sin® ^ F<r<|)o- + sin^/^ (^o- — (^(r), 

a 


it is necessary and sufficient that this should vanish identically. 
Hence we must have 


(^cr = ha* 

But there are three directions of p for which (f>p = gp, and three 
corresponding values of g. (Tait's Qitaterniom, Chap. V.) Hence 
the necessary condition is that h, or 'ESaWj must be one of the 
three principal parameters of the function (()p or ^aSisrp; in other 


words, 


1 

V'A 


must be one of the semiaxes of the quadric = 


1 . 


12. Supposing that an axis exists for all displacements round which 
the equilibrium is astatic, prove that if each force is resolved into 
two components, one parallel and the other perpendicular to the 
axis, each of these component sets is astatic for displacements round 
the axis. 


13. In a non-equilibrating system of forces, if each force is resolved 
into two components, one parallel to an axis and the other perpen- 
dicular to it, find the conditions that the second set should be astatic 
for displacements round the axis. 

Ans, In the first place the axis must be parallel to the resultant 
of translation of the given system ; and if IT is this resultant and 
7? its magnitude, we must have in addition 

Fn</,n = ^22rati7, 

the origin of vectors being anywhere. 

The first of these equations shows that the axis of the principal 
couple at the origin must be at right angles to the resultant of 
translation of the given forces, i.e. there must be a single resultant, 
vT e may suppose that the origin is chosen on the line of action of this 
single resultant, so that we have Flic/) IT = 0, i.e. <^11 = 411, where 
h = ^Sa'ST, by the second equation. Hence h must be one of the 
three principal parameters of the function <j>, and the resultant must 
coincide in direction with one of the axes of the quadric AS'p<|i)p = 1. 

14. For a system of forces each of which retains its magnitude, 
direction, and point of application in a rigid body, prove that there 
are four positions of the body for which the forces reduce to a single 
resultant passing through a given point. 

(See Schell, Theorie der JBewegung vmd cfer Krdfte, vol. II., p. 247.) 

15. When the force system is equivalent to a couple, prove that 
there are four positions of equilibrium of the body. (Schell, ibid,) 
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CHAPTER XV. 


THE PRINCIPLE OF VIRTUAL WORK APPLIED TO ANY SYSTEM 
OF BODIES. 


259.] Forces applied to a Particle. It has been shown 
in Art. 199, p. 2 , that the resultant of any number of forces 
applied to a particle may be represented by the side required 
to close the polygon of the forces. And whether the polygon 
OP^P^ ...Pn te plane or gauche, it is clear (as in Art. 55) that 
the sum of the projections of the sides, taken in order, along any 
line OAf is equal to zero. 

Let the projections of the sides be denoted by Qj, Qg* 6 n* 
Then Q 2 + ••• + = 9. Multiplying this by OA^ an 

arbitrary length along the line OA^ we have 

Qi • OA + §2 • + • • • + . OA = 0. 

But if is the projection of OA along OP^ , we have (see Art. 56) 


Q^.OAz=z OP^.p^. 

If, then, the sides denoted by P^, P 25 ... 

we have + .i»a+ ... + ^» • = 0 ; 

and if the sides represent forces, each term in this equation is 
the virtual work of the corresponding force for the displacement 
OA, Since the resultant, P, of n—\ of the forces is — P« j we 
have i 2 .r = P,.p, + J>,.p,...; 

and if the displacement is small, this equation is written (as in 
Art. 64) ^ + .... (1) 

In particular, if JT, J", denote the rectangular components of 
R, we have ^ X6a)+ Tiy+Ziz. (2) 

260.] Exteosion to any number of Connected Particles. 
If two particles, % and m^, are connected by a rigid inextensible 
rod, and are in e^jviilibrium under the action of forces, Pj, Qj,... 
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applied to and Qg* applied to Wg, it is evident (as in 
Art. 105) that the force arising from the connexion acts in the line^ 
joining to . If, then, this force be denoted by T, and the 
distance between the particles by we have for the equilibrium 

0^% Pi8i?i + Qi8^j + ... + n,r = 0, 

denoting the change in r arising from an arbitrary small 
displacement of , The equation of equilibrium of is 

^ 2^i^2‘b ••• "b ^^2^ == ^ 5 

and if in the new positions of and the distance between 
them remains unaltered, Sir + SgrrzrO. Hence^ by addition, 
from these equations we obtain the equation 

which is free from the internal force T. 

This is exactly the same as the investigation already given for 
coplanar forces in Chap. VI. The extension to any number of 
particles, that is, to any extended body, proceeds just as in that 
chapter, and the enunciation of the principle of virtual work 
there given applies in general without the limitation that the 
forces are coplanar. 

If in the case of the two particles and Wg., considered 
above, their new positions are such that the distance between 
them is altered by 6 r, the equation of virtual work will be 

+P2^i^2+ Q2^$'2+ ••• = 0 ; (2) 

and, generally, if the virtual displacement is such that the 
internal forces do virtual work, these forces will enter into the 
equation of virtual work in exactly the same manner as the 
applied forces. The theorem of virtual work may, therefore, be 
thus enunciated : — 

When a material system is in equilibrium under the action of any 
external and internal forces^ the sum of the virtual works of the 
external and internal forces is equal to zero for any small virtual 
displacement whatsoever. 

Instead of saying that the total virtual work is zero^ we 
should in strictness say that it is an indefinitely small quantity 
of the second order, the greatest of the displacements being 
considered as a small quantity of the first order. This has been 
already explained in Vol. I. 

The proof of the converse proposition — namely, that when the 
viictual work vanishes for all imagined displacements, the system 

H 2 
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is in equilibrium — has been already given in Art. 108 far coplanar 
forces ; and as the proof obviously holds for non-coplanar forces, 
it is unnecessary to reproduce it here. 

261. ] Displacements along Smooth Surfaces. If any body 
or system of connected bodies be in contact with smooth curves 
or surfaces, and the system be imagined to receive any small 
displacement along these curves or surfaces, it is clear that, since 
the point of application of each of the geometrical forces (reactions 
of the curves or surfaces) moves in a plane at right angles to the 
corresponding force, these forces will contribute nothing to the 
equation of virtual work for such a displacement. 

If any of the bodies of the system are connected by strings 
or rods whose lengths are unaltered in the virtual displacement 
chosen, the tensions of these strings or rods will not enter into 
the equation of virtual work. But, as already explained in 
Arts. 73 and 107, we may choose virtual displacements of the 
system which violate the imposed conditions at the expense of 
bringing into our equation the corresponding forces. 

262. ] Elinematical Theorem I. When all the points of a 
rigid b^y move parallel to a plane, the motion may be produced 
by a pure rotation round an axis perpendicular to this plane. 

Def. a motion of a body round an axis whereby each point 
in the body describes an arc of a circle having its centre on the 
axis and its plane perpendicular to it is called pure rotation. 

The position of the body will evidently be known if the 
positions of any two points in a plane parallel to the plane of 
motion are known. 

Let A and B be any two points in such a plane, and suppose 
that after the displacement of the body they occupy the positions 

and Bf (Fig. ^^ 52 ). At the middle points of AA' and BB^ 
erect two perpendiculars, which meet in /. Then in the triangles 
AIB and A'IB\ AI = A'l^ BI = J?'/, and AB = A'^ ; therefore 
the triangle A' Iff is nothing more than AIB turned round the 
point I through an angle AIA' or Biff. Hence the line AB 
can be brought into its new position by a pure rotation about /, 
and the same is true of every point rigidly connected with A 
and B in the plane AIB. 

If through I an axis be drawn perpendicular to the plane of 
motion, it is evident that the body can be brought into its new 
position by a pure rotation about this axis through an angle 
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= ATA\ however complicated the paths along which A and B 
have travelled to A^ and S', 

When the motion of the body is small, this axis is called th6 
Instantaneous Axis ; and it is obviously constructed by drawing 
two planes normal to the lines of motion 
of any two points in the body. The in- 
tersection of these planes is the instan- 
taneous axis. 

When the body is a plane figure, the 
point I is called the Instantaneous Centre ; 
and the consideration of this point is of 
very extensive use in Kinematics, Statics, 
and Geometry. 

To construct the instantaneous centre, 
at any kvo points erect perpendiculars to the lines of motion of these 
points^ and their intersection is the required point. 

263.] Kinematical Theorem II. The motion of a rigid body 
round a fixed point is at every instant a pure rotation round an 
axis. 

One point, 0, in the body being fixed, the position of the body 
will be known if the positions of any two points, A and 5, not in 
directum with 0 are known. 

Round 0 let a sphere, forming part of the body or rigidly 
connected with it, be described with arbitrary radius, and let A 
and B (Fig. 252 ) be any two points on the sphere. After the 
motion of the body let A' and B' be the positions of A and B. 
Imagine the lines AB, A'ffy AA\ and BB' in this figure to be 
arcs of great circles on the sphere instead of right lines. Then, 
at the middle points of AA' and BB' draw two great circles 
perpendicular to AA' and BW^ respectively, and let them meet 
in /. In exactly the same way as in the last theorem, we have 
the spherical triangles AIB and A'll^ equal ; that is, the latter 
triangle is the former turned round the axis 01 through an 
angle AIA' or BIB\ Hence the whole body is brought by 
rotation through this angle round the axis 01 from the old to 
the new position. 

264>.] Kinematical Theorem III. If a body has a motion 
of translation represented in magnitude and direction by a right 
line OJ, and at the same time a motion of translation repre- 
sented in magnitude and direction by a right line OB^ the 



’A 

Fig 252. 
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resulting motion of translation is represented in magnitude and 
direction by the diagonal, OC. of the parallelogram determined 
by OA and OB. 

This proposition has been already illustrated in Art. 11. It 
follows immediately that any motion of translation can be 
resolved by the parallelepiped law into three motions along the 
axes of Xy y, and Zy after the manner of forces. 

265.] Kinematical Theorem IV. If a body receives a 
motion of rotation round an axis OAy the rotation being repre- 
sented in magnitude by OAy — i. e. so many units of circular 
measure being represented by so many centimetres, the scale 
being, of course, quite arbitrary — and at the same time a motion 
of rotation (of the same sign as the first) round an axis OJ5, the 
rotation being represented in magnitude by OBy the resulting 
motion is one of rotation round the diagonal, 0(7, of the paral- 
lelogram determined by OA and OjB, and is represented in 
magnitude by this diagonal. 

[The signs of rotations are determined by the rule given in 
Art. 200. We shall, for definiteness, suppose that when a watch 
is held with its face perpendicular to AOy so that OA passes 
up through the glass, the rotation about OA takes place in a 
sense opposite to that of the hands ; and similarly for OB.^ 

Let P be any point on 0(7, p the perpendicular from P on 
OAy q the perpendicular from P on OBy and k. OA and k. OB 
the angular motions round OA and OBy respectively. Then in 
virtue of the rotation round OAy P moves upwards from the 
plane of the paper through a distance equal to kp , OA ; and in 
virtue of the rotation round OjB, P moves downwards from the 
plane of the paper through a distance equal to kq^ OB. Therefore 
the whole motion of P upwards is equal to 

k{p . OA---q. OB). 

But this is obviously zero ; therefore P is at rest, and so is every 
point on 00. The motion is, then, a rotation round 00, Let 
X2 be the angular rotation of the body round 00. Then the 
point A moves upwards from the plane of the paper through 
a distance equal to X2 . OA sin AOCy since OA sin AOC = the per- 
pendicular from A on 00. But A in turning round OB moves 
through a distance equal to k . OB . OA x sin AOB. Hence 

£l . OA sin AOC = k . OB . OA sin AOB^ 
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or 


a^k.OB. 


AnAOB 

sin A OC 


^k.oa 

Therefore the resulting angular velocity is represented by OC, 
if the component rotations are represented by OA and OB. 

This proposition is known as the ‘parallelogram of angular 
velocities.’ It follows at once that an angular motion about any 
axis, OX, may be decomposed into three angular motions about 
three axes, 0^, Oy, and Oz. If these latter are rectangular, an 
angular motion w about OL is equivalent to angular motions, 
c*) cos a, CO cos and co cos y, of the same sign, round the axes of 
a?, y, and z, the direction angles of OL being a, y. 

266.] General Displacement of a Rigid Body. The position 
of every point in a rigid body is known when the positions of 
any three points in it are known, provided that these points are 
not in one right line. The general displacement of a rigid body 
is, therefore, the same as that of a system of three points forming 
a triangle. 

Let A^ jB, C be the positions of three points in the body 
before the displacement, and A!^ j5', (7' the positions occupied 
by these points after the displacement. Then the triangle ABC 
may be brought into the position A'B^C' by moving A directly 
to A' while B and C move parallel to AA^ through distances equal 
to AA'f and then turning the triangle about A^ until B and C 
coincide with B' and C\ But (Art. 263 ) this latter motion is 
one of rotation round some axis through A'. Hence the general 
diejilacement of a rigid body consists of a motion of translation 
which is the same for all its points^ and a motion of rotation round 
an axis through an angle which is the same for all its points. 

To find the changes produced in the 
co-ordinates, a?, y, z of any point in the 
body by a general displacement, we may 
consider the motions of translation and 
of rotation separately. 

Although we shall be concerned only 
with small displacements, it is well to 
investigate the changes produced in the 
co-ordinates of a point by a rotation through any angle, d, round 
an axis whose position is given. 

Let the direction angles of the axis, OL (Fig. S& 53 ), be a, ; 
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let P be the point (ar, z) which, after the body has rotated 
through an angle 0 round OP, occupies the position Q ; let 
PL (=jo) be the perpendicular from P on OP, and Qr a per- 
pendicular from Q on PP, Now the a? of Q is the projection of 
OQ on the axis of x ; therefore the change in x is the projection 
of PQ along 0^, or the sum of the projections of Pr and rQ. 
But P/* = JO (1 — cos $)y and Qr sin 0, 

Again, if the direction angles of PP are A, //, v, since Qr is at 
right angles to OP and PP, the direction cosines of Qr are 
cos 13 cos i;— cos y cos ju, &c. Hence, if the of Q is 

0 

x'—x = josin^ (cos) 3 cos 2; — cosy cosjbt)— 2jocosAsin^-* (1) 

A 

But JO cos A is the projection of PP along the axis of a?, or 
the projection of OP — the projection of OP, and since OP = 
X cos a +y gos^ + z cos y, 

JO cos A = a? — (^ cos a -f-y cos l3-\-z cos y) cos a. 

Similarly 

JO cos /A = y— (a?cosa+y cos/3-h-2!cosy)cosy3, 
jocosi^ = ^ — (a?cosa+ycos/3-f ^cos y)cosy. 
Substituting these values in (l), we have 

Q 

xf — X = sind cos )3 — y cos y) + 2 sin^- [(a? cos a+y cos/3 + 

cosy) cos a— a?], (2) 

and similar values for the changes in y and z , — a result which 
follows at once from the equation (A), p. 66, by taking S.i of 
both sides, i being a unit vector in the direction of the axis 
of X. 

If the angular rotation 6 is very small, we have 
bx = (^cos^— y cosy) 6^, 
by = {x cosy --Z COB a) bOy 
bz (y cos a— a? cos /B) b 6, 

and if the components of the rotation 80 along the axes be 
denoted by 80^, 802, 80^, these equations give 
bx = ^802— y 803 \ 

by — xbO^^zbol. (3) 

8^r =y80i— .a?802/ 

Of course these equations can be obtained very simply by con- 
sidering the separate changes in the co-ordinates prc^uced by 
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106 


successive rotations 8^1, 8^2 > ^^3 round the axes of a?, y, 2;, re- 
spectively. (See Routh’s ^igid Dynamics,) 

If the components of the motion of translation common to 
all points in the body be ha, 84, 8c, the complete changes in the 
co-ordinates for a small displacement will be 
hx = 8a -h^8^2“”y^^3 ) 
hy r=z hb xh6^^zh6i\, (4) 

hz = hc-^-ybO-^^xhO^j 

267. ] Deduction of the Six Equations of Equilibrium. 
Replacing the virtual work of each force in equation (l) of 
Art. 260 by the virtual work of its three components, the 
general equation of virtual work becomes 

I,(Xbx+ Yby + Zdz) = 0, (1) 

and substituting in this equation the values of dx, by, and bz 
given by (4), we have 

8a . 2 J4- 84 . 2 7-f 8 c. 2^4-501 . 2 

+ 8^2 + 8(93. 2(7c-Xy) = 0. (2) 

Now, the displacement being quite arbitrary, its components 
8 a, 84, 8 c, 8^^, 8^2> ^^3) ^re completely independent. Hence 
in (2) we may consider all of them zero except one, and the 
equation then gives the coefficient of this one equal to zero. 
Thus (2) involves the six equations 

2X=0, 2 7=0, 2X=0, 

2(%— 7^)=0, 2(X;s:--Xa7) = 0, 2(7c— Xy) = 0, 

which are the equations of equilibrium before obtained (see 
p. 47). 

268. ] Method of Lagrange. Lagrange based the whole of 
Dynamics — alike its applications to the equilibrium and motion 
of rigid bodies, of inextensible and extensible strings, of elastic 
rods and membranes, of fluids, and of elastic media propagating 
disturbances by undulatory motions — on the single Principle 
of Virtual Work. So far as the equilibrium problem is con- 
cerned, in its reference to any of the material systems just 
named, the idea of the method is shortly this — 

Imagine the system to have taken its position or configuration of 
equilibrium; then imagine any small derangement whatever of the 
points^ or iniinitesimal elements^ of the system; calculate the total 
quantity of work^ both of the external forces applied to the system 
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and of its internal forces [forces mutually exerted by neighbouring 
parts of the system)^ arid equate to zero this sum total of work. 

Now the system whose equilibrium is proposed for investiga- 
tion in any case may be one in which certain specified geo- 
metrical conditions have to be satisfied — as, for instance, a system 
of particles connected by inextensible flexible strings or inex- 
tensible and inflexible rods — and, as has been abundantly illus- 
trated in the earlier parts of this work, we may either respect 
the imposed geometrical conditions (as it is often convenient to 
do when we merely seek for positions of equilibrium), or we may 
imagine a derangement of the parts of the system in which no 
regard is paid to these imposed conditions. But if we do the 
latter, it is at the expense of introducing into our equation of 
Virtual Work the work which would be done by an internal 
force whose existence is a necessary consequence of the par- 
ticular geometrical condition under consideration. The im- 
position of every geometrical condition in a system establishes 
the existence of an internal force in the system ; and the 
examples hitherto treated have related to the simpler cases in 
which such forces are due to the invariability of distances 
between pai’ticles or the restriction of the positions of particles 
to smooth surfaces. 

We now proceed to consider, after the manner of Lagrange, 
the theory of all imposed geometrical conditions for a system 
of particles in a general manner. 

269.] Equations of Condition may be replaced by Forces. 
Suppose a system of n particles whose co-ordinates are connected 
by k equations of condition, 

A ~ ^2 ~ ••• ~ (^) 

each of these equations being of the form 

that is, involving the co-ordinates of all the points in general. 
Then the equation of virtual work for the position of equilibrium 
of the system is 

S(X8^4- Tby + Zbz) = 0, 
which, when written at full length, is 

+ + + + = 0 . ( 2 ) 
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Now if the virtual displacements of the particles were all in- 
dependent^ this equation would involve the vanishing of the 
coefficient of each displacement (see Art. 267) ; but the displace- 
ments of the particles must be such as still to satisfy the equa- 
tions (1). Hence the quantities da?, &c., are connected by the k 
equations 


dL. dL.^ dL. 


dJj-% - dJj t 

dx„ ” 

dLcf . dL.y , 

dx-^ dy.^^ 




dL^ 

dx^ 


dx^ + 


dZ^, 


^1+ 
/n + 


n 

dj^ 

dz^ 

dZ 

dz, 


^ 6 . 
Hz„ = 0, 




(3) 


^a?i ^ dy^ 




Z, + ... 


. dL . , dLj, ^ dLi „ 


dx^ 


Solving these k equations for any k of the displacements — 
suppose da?j, da?^, ... da?^ — and substituting their values in (2), 
we obtain an equation connecting the remaining 3w — >fc displace- 
ments of the form 


V -^Jfc+1 ^^ifc+l+ ... 

+ -Bidyi 4- ... + B^hy^ 

+ Cjd^j -f- ... -f- (7,jd;?„ = 0. (4) 

Now, the remaining quantities, completely 

independent, and therefore (see Art. 267) every coefficient in 
this equation must = 0, Thus, we obtain ^n^—k equations 
involving the forces, that is, statical equations of condition. 
Combining these statical equations with the equations of con- 
nexion (1), we have finally Zn equations for the 3» co-ordinates 
of the particles. The elimination of the displacements from the 
equations, can, however, be exhibited in a more symmetrical and 
useful form. 

Multiply the left sides of the equations (3) by A^, A^, ... in 
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order, these multipliers being undetermined quantities ; then add 
all the results together, and finally equate to zero the coefficient 
of every displacement in the resulting equation. Thus we shall 
have the following 3 n equations : — 




,+a“* = o, 


If from these equations we eliminate the k undetermined 
multipliers, we shall have 3;^— ^ statical equations of condition, 
as before ; and we see, as an essential characteristic of the 
Lagrangian method, that the mriations of the co-ordinates of all 
the particles of the system may he treated as independent quantities 
after we have taken the variations of the left-hand sides of all the 
equations of condition^ multiplied each of these hy an arbitrary 
mnltiplier^ and included the products in one equation of Virtual 
Work 

Now, this method of elimination has the advantage of dis- 
covering the geometrical forces, or forces arising from the con- 
nexions, of the system. For, suppose that we suppress the 
condition i/j = 0 ; then the system will begin to move ; but it 
may be kept at rest by applying a special force to each 
particle. 

Let the components of the force applied to be Z/, 7^', 
those of the force applied to m^, X/, J/, and so on for all 
the others. The equations of equilibrium of m-^ will then be 


Z. + ^.' + a3 + , 




similar equations holding for the other particles. 
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Subtracting the left side each of these from that of the cor- 
responding equation in (5), we have 


X/=A, 


r/=A 


dL^ 


=a3. 


Hence 


y / Y ' . y ' dlj^ _ dlj-^ _ dL^ 

1 dz^’ 


and yjr.'>+7,'> + V‘ = A.,y 


(t)'' 


If, now, all the co-ordinates involved in the equation ij = 0 
are considered constant except and this equation will 

denote a surface on which the particle is constrained to lie, 
and ^ ^ 

doo-^ ’ ’ 

each divided by (^) + (^ 1 ) + , 


^1 

will be the direction-cosines of the normal to this surface at 
the point It is evident, therefore, that the force 

required to keep the particle at rest, when the condition 
= 0 is suppressed, is a force acting normally to this surface, 
its magnitude being 




dx^ 


)+( 


)'+ 

dyj '•<#21 


) 


In the same way the force required to keep at rest acts 
normally to the surface denoted by Z^ = 0 when y^^ are 
considered as the only variable co-ordinates in the equation, and 
the magnitude of this force is 


\/\/ ( 


dxJ ^ dy^ 


^ (-M- 


If the condition L^ = 0 were suppressed, it follows in like 
manner that forces 






&c., 
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should be applied to the particles &c., in directions normal 
to the surfaces represented by the equation i/g = 0 when the 
sole variables in it are the co-ordinates of &c., in succession. 
It is easy to see that 



is equal to ^ ^ .j. cos /3 . + cos y . 5;^^), 

where is the force of connexion acting on in virtue of the 
condition Zj = 0, and a, ^8, y the direction angles of the normal 
to the surface denoted by Zj = 0 when the co-ordinates of My 
are regarded as the only variables in it. 

Now, the multiplier of Z\ in this expression is evidently the 
projection of the displacement of along the normal to this 
surface. If this projection be denoted by hn, n being the 
length of the normal at the position of measured from some 
fixed point on the normal, we have 

AjSZj = 

in which the variation of Z^ has reference solely to the par- 
ticle 

The right-hand side of this equation at once identifies the 
term A^SZ^ with the virtual work of an internal force, since 
F^hnis explicitly such; and this force acts along the direction 
in which the function Z^ varies most rapidly (i.e. the normal 
to the surface denoted by the equation Z^ = 0). 

Hence Lagrange habitually speaks of such a term as A 5 Z in 
the equation of virtual work as ‘ the virtual moment of a force 
tending to vary the function Z/ 


Examples, 

1. A number of heavy particles are attached at given intervals to a 
weightless string the extremities of which are fixed ; investigate the 
circumstances of equilibrium (Funicular Polygon). 

Let (a, h) be the co-ordinates of one of the fixed extremities, (oji, 2 / 1 ), 
(ajj, 2 / 2 ),... the co-ordinates of the particles taken in order from this 
extremity, Z 12 )... the lengths of the portions of the string between 
these points, and the weights of the particles. 

Then the equations of connexion of the system are 

(»,-!Bs)*+ &o. 
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Hence the Lagrangian equation of virtual work is 

Fj8yj+ irj8y2+...— {(a— a!i)8!Bi + (6— yi)8yj 
_ +Aj{(a 5 i-a 5 j)( 8 a 5 i- 8 a 5 j) + (y,-y2)(8yi-8s^2)} + ... = 0. 

Equating to zero the coefficients of the several displacements, 

^2(^1 ^2) ^3(^2 ^s) ^ 

^i(^ yi)H~ ^2(3/1 2^2) ~ ^y 

^2 ^2 (2/1 2/2) ^3 (2/2 2^3) ~ 


The first set of these equations evidently gives 

Xi(a~aj,) = = 

and by substituting in the remaining set, 

El 

a— ccj a?!— aJg ^ ^ 

6 


== Ti suppose, 


x^—x^ ^2—^3 


T 


But 


“^1 


^ ^ is the tangent of the inclination of the portion of the 
string to the horizon. Hence we have 

W 

tan ( 9^1 = tan 0^2 4* 

W 

tan 0^2 = ^23 + 


as in Art. 35 . Also the tension of the string joining (a, h) to (05^, y^) is 

~ acting from the first point towards the second, and so on for the 
^01 

other tensions. 


2 . Deduce by the method of Lagrange the conditions of equilibrium 
of a system of three particles forming a rigid triangle, each particle 
being acted on by given forces. 

Let (ccj, 2^1, Zj) be the co-ordinates of one particle, and (X^, Z^) 

the components of the force acting on it, with similar notation for the 
other two particles. Then, if Fjg, i^as* ^si sides of the 

triangle, the equations of connexion are 

(a!i-a!j,)® + (yi-ya)*+(«i-«j)* = 

(ojjj— a!,)*+(yj-y3)* + («j— *3)“ = IJ, 

(a!3-!B,)® + (y,-yi)*+(«8— fi)* = V- 

Hence the Lagrangian equation of equilibrium is 

X,6»j+ ri8yi+^i8«i + ...+Xi2{{!»i— !Ba)(8xi— SiCg) 

+ (yi-s'a)(^yi-^y»)+(*i-*>)(H-8«a)} +•••== 0, 

the undetermined multipliers being A^, A^s, and 
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Equating to zero the coefficients of the displacements, we have 


Xj + Ajj(a!2 ajj) Ajj(a!j aSj) — 0, 

(1) 

l^. + Ai,(2/,-y,)-A,i(y,-y,) = 0, 

(2) 

^1 + ^12 (*l-*2)-^3l(*3-«l) = 0, 

(3) 


with similar equations for the other particles. 

By addition, we have at once 

+ = 0, or SJT = 0, 

or S7=0, 

^2 — t), or Yi 2/ ^ Of 

which are the ordinary equations of translation. 

Again, multiplying (1) by and (2) by and subtracting, 

and by taking the similar equations for the other particles, and 
adding, we get Y,{Yx—Xy) = 0. 

Similarly, ^{Xz—Zx) = 0, 

and Yi{Zy— Yz) = 0. 

These last three are the equations of moments, and they constitute, 
with the first three, six equations of equilibrium. Now these are all 
the conditions that can be obtained among the forces and co-ordinates. 
For if n particles be connected by h equations of condition, there are 
(Art. 269), Zn—k final equations. But here n = 3, ^ = 3, therefore 
3n — = 6. It is to be observed that the equations of equilibrium of 

any rigid body must be the same in number as those for three 
particles forming a rigid triangle, because if three points of a rigid 
body are determined in position, the position of the body is deter- 
mined. 


3. Show that the equations of equilibrium of a system subject to 
given conditions may be expressed as the vanishing of the differential 
coefficients of a single function of the co-ordinates of the system. 
Suppose that 

{X-^d/X^ -h Y-^dy.^ -f* Z^dz^ -f* {X^^dx^ Y^dy^ -|- Z^dz^ -f- . . . , 
or S(Xd»+ Ydy-^Zd^^ = — dll where n is a function of the co- 
ordinates a?!, ^ 1 , z^, i» 2 » Vii Then taking 

u = — n + A + ^2-^2 d" • • • > 

where Zj = 0, Zg = 0,... are the equations of condition, we shall have 


^=x,+a3+a 

dx^ ^ dx^ 


, , J , r ^^2 , 


But since the co-ordinates make i/j = = ... = 0, 

and comparing with equations (5), we see that the equations of equi- 
librium are dU « dU ^ a a o. 
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270.] 

270 .] Distinctive Feature of the Lagrangian Method. If 
the first method of eliminating the displacements described in 
the last ai’ticle is adopted, we arrive at an equation such as (4) 
of that Article, from which the conditions of equilibrium are 
obtained by equating to zero the coefficients of the displace- 
ments. But in proceeding thus, we fail to obtain the values of 
the internal and geometrical forces of the system. Now these 
forces are, as we have seen, intimately related to the undeter- 
mined multipliers ; and as these latter are found from the 
Lagrangian equations, it follows that — 

The method of Lagrange gives not only the conditio?is of equi^- 
librium^ hut also the internal forces of the system, 

A single very elementary example will suffice to render this clear. 

Two heavy particles of weights and are connected by a rigid 
rod, and each particle rests on a smooth inclined plane. The incli- 
nations of the planes are and and their intersection is horizontal ; 
find the position of equilibrium and the internal and geometrical 
forces. 

Let the line of intersection of the planes he taken as axis of z, let 
the axis of y be vertical and that of x horizontal. Also let (xj 
(^2 2/2 ^2) co-ordinates of the particles, and I the length of the 

rod connecting them. Then the equations of connexion are 

2/^— a?! tanij = 9 , 

= 0, 

K-«’sy+(yi-y2)*+(«i-«2y = 

Hence the Lagrangian equation of equilibrium is 
— W^by^— IF262/2 + Aj (6yi— tan ij . bXj) + \^ (dy^ + tan \ . bx^) 

+ T{{x^-x^){bx^-bx^) + {y^-y^){by^~by^) + {z^-z.;){bz^—bs!^)} = 0 , 

Aj, X2, and t being the undetermined multipliers. 

Equating to zero the coefficients of the separate displacements, 

- + + = 0 . 

11 ^ + Aj f‘{yi y^) — 0, 

Aj tan “ T (ajj — x^ — 0| 

Ag tanij — T(a 3 i— acg) = 0, 

t{z^-z;) = 0 - 

From the last equation we have = 0, which shows that both 

particles must lie in a vertical plane perpendicular to the line of inter- 
section of the inclined planes. 

VOL. IL 
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If $ be the inclination of the line joining the particles to the 
horizon, the other equations give 

( ITj + Fj) tan 0 = ITj cot fg— cot i^, 

, W, sin L 

tI = — ~ — -'r > 

COS(li — 0) 

cos 0 cos 

^ cos(ii--^) * 

_ TTg cos 0 cos tg 
* ~ cos (r + 0) 

The reader will easily perceive that rZ is the tension of the rod, 
and Aj sec and sec the reactions of the smooth planes. Thus we 
have the same values of the inclination of the rod and of the internal 
forces as we should have obtained by the ordinary statical methods. 

Now suppose that the equation of virtual work is employed ac- 
cording to the first method ; that is, let us write 

IT, 8^1+ = 0, 

6yi~tan = 0, 

(a!i-a5j)(8a5i-8a;2) + (yi-y 2 )( 82 /i- 8 ^j) + («i-*2)(8«i-6«2) = 0, 
and eliminate the displacements without employing undetermined 
multipliers. Then we obtain simply the equations 

^ 1—^2 = 

( ITi + TFj) d = TTi cot fg — cot , 
which define the position of equilibrium, without giving the values of 
the unknown forces of the system. 

271.] Work. If a force, 72, acts at a point (os, y, z) which, 
from any cause, receives a small displacement whose projections 
on the axes of co-ordinates are dos, dy, dz, and if the components 
of R are X, Y, Z, the work actually done by the force is 

Xdoo ’\‘Ydy-\- Zdz, ( I ) 

If a force P which is constant both in magnitude and line of 
action acts at a point. A, which from any cause is displaced 
through any distance, AB, along the line of action and in the 
sense of P, the whole amount of work done by the force is 

PxAB; 

and if the displacement takes place in the sense opposite to that 
of P, the work done by P is — P x AB, 

If the force P is constant in magnitude and direction (but not 
line of action) while its point, A, of application is displaced along 
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any curve, AB (Fig. 254), the work done by the force (which is 
the integral of all the elements of work done during the 
passage) is 

P X projection of AB along the direction of jP. 

As an instance, take the case of a heavy body of weight W 
whose centre of gravity occupies the point A initially. If the 
body is displaced along any curve or surface whatever, so that its 
centre of gravity finally occupies the position B^ the work done 

w%h. 


where li is the excess of the height of A over that of -B ; so that 
W does positive work if B is below A^ negative work if B is 
above A^ and no work if A and B are at the same horizontal 
level. Similarly in Fig. ^^54, the working force being constant 
in magnitude and direction, if AJ) is perpendicular to P, no 
work is done on the whole in the passage from A to P. 

If the working force, P, is constant in magnitude and variable 
in direction, while its point of applica- 
tion is at each instant moving along the 
line of action of P, the work done by P 
from one point A to another B is the pro- 
duct P.^, where s is the whole length of 
the path of the point of application be- 
tween A and B, For instance, a constant 
pressure, P, exerted on the arm of a 
capstan. 

If the working force varies both in magnitude and in direction 
while its point of application describes any path between a point 
A and a point P, the total work must be obtained by taking the 
elementary work done by the force for a very small displacement 
of its point of application, and integrating this. We may at 
each point resolve the force into three components, so that the 
element of work is expressed by (1), and the total work done 
between A and B is 

(Xdx -f Ydy + Zdz\ (2) 

the sufiixes indicating the points between which the work is 
done. 

The work done by a force whose point of application is dis- 
placed from any one position, A^ to any other P, is often very 

I % 
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usefully represented graphically by means of a Work Diagram. 
If in any position P is the magnitude of the force, and dp the 
projection of the displacement of its point of application along 
the direction of P, the element of work is 


and the whole work is the integral of this. Hence if we take 
two rectangular axes, Ox and Og, and lay off, successively, along 
Ox the values of dp as they occur in the working of the force 
between A and B ; and if perpendicularly to each of these 
elements we draw the corresponding value of P (as an ordinate), 

g the extremities of 

y these ordinates will 

trace out a curve 
^ ^ ^ whose area will repre- 
ss/ ' sent the work done. 

Thus, in Fig. 255, if P^ 
is the magnitude of 
the working force at 

J 1 —h 1 ^ A its magnitude 

*2 at P, while P is its 

Fig. 255. magnitude at any in- 


S'ig- 255- 


termediate point, Q, we may take any point, Jlfj, on Ox at which 
to draw the ordinate P^, and the distance M^M WiW be the sum 
of the values of the projections, such as Qq, of the elements, QP, 
of arc along the corresponding directions of 1 between A and Q. 
We may, of course, choose the small arcs QP, ... of such lengths 
that the elements, MN , . . . are all equal, i. e. dp may be taken as 
a constant element. 

The expression f Pdp for the work done between A and B 
Jb 

becomes then th& &Te& 

properly translated from square centimetres (suppose) into 
kilogramme-metres, according to the scale of length on which 
force magnitude is represented in drawing the ordinates MS, and 
(generally) the diminished scale on which the projections Qq are 
represented by the elements MN", 

If C. G.S. units are adopted, the unit of work is that done by 
a dyne in displacing its point of application through one cen- 
timetre in its own direction. This unit of work is called an erg. 
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Examples. 

1. If one end of an elastic string is fixed while the other is drawn 
out through a given distance, find the work done by its tension, and 
the work diagram. 

If Zq is the natural length of the string, A its modulus of elasticity, 
and I any stretched length which is productive of a tension T, we have 

T For a small increment of length, dl, the tension does 

work equal to — Tdl ; therefore disregarding the sign of the work, 
we may represent it by drawing the values of along Oxj so that 
OM is proportional to then at we are to draw an ordinate, 

MS, proportional to T, and therefore proportional to OM. The locus 
of S is obviously a right line passing through 0, and the work done 
by the tension for any amount of extension is represented by the area 
of a trapezium, affected with a negative sign. 

The amount of work done by the tension in an extension from a 
length \ to a length is 

X 2 2\ 

2. Another simple example of a work diagram is furnished by a 
gas enclosed in a cylinder fitted with a gas-tight piston, the gas 
expanding or contracting at a constant temperature. 

In this case let us calculate the work done by the total pressure 
on the piston in the expansion of the gas by a given amount. 

If P is the force exerted on the piston, and x, the distance of the 
piston, in any position, from the closed end of the cylinder, the law 
of Boyle and Mariotte gives 

Fx = constant = -PiSCj, 

where is the pressure in the first position and the distance of 
this position from the closed end. 

The values of x being laid off along Ox, the extremities of the 
ordinates will trace out a rectangular hyperbola, and the area in- 
cluded between any portion of this curve, the ordinates at its 
extremities, and the axis of x, represents the work done by the 
pressure. The work done by the pressure from to x is 

PlOJilog,-. 

Xi 

3. In general, if a gas expands from a volume to a volume 
and if p is its intensity of pressure (or pressure per unit area), the 
work done by the gas against external resistance is 



For, if at any time the gas is enclosed within a surface S, whose 
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element of area at any point is dS, the amount of pressure on this 
element is and if in a small expansion the element is driven 

out along the normal through a distance c?7^, the work done by the 
pressure on is pdS.dn; therefore for the small -expansion of the 
whole volume enclosed by S the sum of the works done by the 
pressures on all its elements is (since p is constant throughout 
the gas), p/dSdn ; but fdSdn is the increase of volume of the 
whole gas for the small expansion considered, that is, dv] hence 
the work for this expansion is and therefore in the change from 
volume to volume — the intensity of pressure, p^ of course con- 
tinuously varying — the work done is given by (a). ^ 

For example, if the gas changes adiahatically — i. e. so that no heat 
is conducted either into or out of it, while its temperature and 
intensity of pressure both vary — the relation between p and v is 

= constant, (6) 

where k is about 1*408. In this case the curve whose abscissae and 
ordinates are the varying values of v and p is asymptotic to both 
axes — like the rectangular hyperbola 

2 )V = constant, (c) 

which represents the relation between p and v when the expansion 
is unaccompanied by change of temperature — but it approaches the 
axis of volumes more rapidly than the hyperbola. 

The curves obtained by varying 
the constant in (6) are called adia- 
haticsy while those given by (c) are 
called isothermals. Thus, let A be 
a point whose co-ordinates Oa and 
a A are and^, respectively; then 
the curve whose equation is 

pv^ p^V^ 

is AB, while the curve (rectangular 
hyperbola) whose equation is 

is AD, The co-ordinates of the points 
on AB between A and^ represent the 
states of the gas as to volume and intensity of pressure in the adia- 
batic transformation from state A to state B, 

A gas contained in a cylinder with a gas-tight piston can be 
transformed adiahatically and isothennally, successively, to any extent 
in the following manner. Suppose the base of the cylinder to be 
made of thin polished copper or silver. (Theoretically this base is 
to have perfect thermal conductivity, i.e. any heat applied to the 
outside is instantly transmitted to the inside, any difference of tem- 
perature between the outer and the inner surfaces of the base being at 
once annulled. Thin polished silver or copper will be an approxi- 
mation. With such a base we are to imagine heat as flowing with no 
resistance into or out of the cylinder.) 
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Let the piston and all the rest of the cylinder be made of an 
infinitely bad thermal conductor, so that no heat can enter or leave 
the cylinder anywhere except through the base. 

To ^produce adiabatic transformation. Place the cylinder with 
its base on a slab which is an infinitely bad thermal conductor, and 
do work on the gas by pressing down the piston. Ko heat can get 
into the cylinder by conduction from without, and none can leave it. 
Moreover, of the work thus done by the piston on the gas a portion 
goes to increase the energy of motion of its molecules, and the re- 
mainder is used in doing work against the (repulsive) forces existinj^ 
between these molecules. From an experiment of Joule’s, however, it 
appears that these molecular forces are non-existent ; and subsequent 
experiments by Joule and Thomson show that, though this is not 
perfectly true for all gases, it is so nearly true, that the work 
absorbed in overcoming these molecular forces may be quite neg- 
lected. 

The result, then, is that the work done on the gas goes wholly to 
increase its heat, and therefore its temperature. [Observe, this is 
not a contradiction of our supposition that no heat is communicated 
to it by conduction from any external source.] 

If, instead of compression by means of the piston, the gas is allowed 
to expand and drive the piston before it, its temperature falls in 
an adiabatic transformation. 

To 'produce isothermal transformation. Place the cylinder with 
its base on a very large reservoir of heat — so large that the volume 
of the gas is negligible in comparison — and let the temperature of 
the heat in the reservoir be the same as that of the heat of the gas. 
Allow the piston to be driven by the gas. The effect of even the 
smallest expansion would be a lowering of the temperature inside 
the cylinder, but as the base is an infinitely good conductor, the 
inequality of temperature inside and outside is instantly annulled 
by a flow inwards of heat from the reservoir, the temperature of 
which (on account of its capacity) suffers no sensible diminution. 
Thus the temperature inside the cylinder remains constant all 
through the expansion. 

The piston might also be pressed down so as to compress the gas, 
the instantaneous effect being a rise of temperature, which is instantly 
annulled by the flow of heat from the gas into the reservoir. 

The theoretical processes here described are those which are 
postulated in the working of Carnot's EnginCy the theory of which 
is fundamental in Thermodynamics (see Clerk Maxwell’s Theory of 
Heaty or almost any work on Physics). 

Starting with the state represented in Fig. 256 by the point A, let 
the following cycle of operations occur : — adiabatic compression re- 
presented by the adiabatic ABy until state B is reached ; isothermal 
expansion represented by BC, the gas receiving heat at constant 
temperature, and doing external work by driving the piston before 
it, until state G is reached ; adiabatic expansion represented by GDy 
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the gas driving out the piston and doing external work, while its 
temperature falls and it receives no heat, until the temperature 
which it had originally (at A) is reached; finally, isothermal com- 
pression represented by DA, the piston being forcibly driven down 
until the original state {A) is reached. 

It is required to calculate the whole amount of positive work done 
by the gas. This work is obviously the areal sum 

— A ahB + BCch -h CDdc—DdaA , 

where a, h, c, d are the feet of the ordinates of A, B, C, D, Let the 
equation of 

AD he jpv =.m ; BC be yw = m' ; 

AB be = n ; CD be = n\ 

Then the area AabB =: ^2 

A/-” 1 

abscissae of A and B. But and =• — ; therefore this 

^ 

area = - 1 — — which value is also that of CDdc. Hence the ex- 
A;— 1 ’ 


ternal work done by the gas is 


m --m 



and this is also, of course, the area of the figure ABCD included 
between the two isotherraals and the two adiabatics. 


272.] Static Energy, or Potential Work of a Force System. 
If the point of application of a force whose components are 
X, Y, Z occupies at any instant a position which we may denote 
if ( P(^ denotes any other position which it might 
occupy, the amount, IT, of work which the force can do in 
the displacement from [p) to ( p^) is given by the equation 

n = {Xdx^ Ydy + Zdz). (1) 

J(p) 

The amount of wofk which the force can do from the present 
position (p) to the supposed position (pq) is called the Potential 
Work of the force. 

In the same way, if any number of forces act on any system of 
particles, Wg, and if the present system of positions of 
these particles, or their present configuration, is denoted by (jt?), 
while another configuration, or system of positions which they 
might occupy, is denoted by [p^, the whole amount of work 
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which the forces can do in the motion from the present to the 
contemplated position is given by the equation 

11 = 1 f ^ {XdX’\‘Ydy-\^Zdz\ (2) 

where S denotes a summation of the works done on all the 
particles. The configuration denoted by (jt?o) may be taken 
arbitrarily. We shall speak of it as the configuration of reference. 
Here, as before, 11 is the potential work of the forces of the 
system. 

Defining the term Energy to mean capacity for doing work, we 
may speak of the Potential Work of a force system as its Static 
Energy^. 

If the particles do not form a rigid body, but can alter their 
relative distances ; and if, moreover, they exert on each other 
forces, either of attraction or of repulsion, the work done by the 
internal forces in the change of configuration must, of course, 
be included in the Static Energy of the system ; so that if 
and are the potential works of its internal and external forces, 
respectively, the total Static Energy of the system is 

+ n^. 

Any material system — whether it consists of particles at finite 
distances from each other, each acted upon by some external 
force and also by attractions from neighbouring particles, or 
particles at infinitesimal distances (as in the case of a bent spring, 
a membrane, or an elastic string) — may occupy several different 
configurations successively and finally retui-n to its original 
configuration (^). If when it does return to its original con- 
figuration, the Static Energy of its force-system (internal and 
external forces included) returns also to its original value, the 
system is said to be Conservative. The consideration of such a 
system is of the greatest importance. 

Any material system will he conservative when for any small 
derangement of the particles the work done by the external forces is 
the differential of a single-valued function of the co-ordinates of the 
particles, and the internal forces are functions only of the mutual 
distances of the particles, and are directed in the lines joining them. 

* It is usually spoken of as ‘ Potential Energy ’—an illogical term which, as 
has been pointed out by an able writer, expresses * a double remotion from 
actuality.’ 
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For if the co-ordinates of the particles are ^1), &c., and 

the external forces (Xj, Fj, Xj), &c., the work of the external 
forces for any small derangement is 

and if this = d(l> ^25^2* '^2j*'*)> Static Energy of 

these forces is </)o— 0 , where <^o is the value of (f> when the 
co-ordinates of the configuration (/>o) are substituted; and if 

(f) is not a multiple- valued function — such as tan~^ ~ — it is 

obvious that the Static Energy of the external forces must 
always be the same whenever the system has the same con- 
figuration. 

Again, if the internal force between and is expressed as 
/(^i2)j where is the distance between them, and if it is 
directed in the line joining them, the element of work of this 
force is ±/(^i2) • ^^12) according as the force is repulsive or 
attractive. Hence if./(^i2)*^^i2 = Static Energy 

of the internal forces in any configuration is, by summation for 
all the particles, + (r)], 

which is manifestly the same whenever the configuration is the 
same. 

For example, an elastic rod bent and twisted in any way, but 
not to such an extent as to alter sensibly its constants of 
elasticity, will be an example of a conservative system, if, more- 
over, the bending and twisting are not accompanied by heating. 
The efiect of such heating might be to alter its various elastic 
constants, in such a manner that if it returns to its original 
configuration, the amount of work required to produce a given 
deformation either by bending or by twisting, would not be the 
same as it was originally to produce exactly the same de- 
formation. 

If the deformation is produced slowly, the heating effect is 
avoided, and the system is conservative. 

By definition, if work, JF, is done by external agency on a 
conservative system to change its configuration from (p) to (/»'), 
the system will give back exactly the same amount, IF, of work 
against external resistance in returning from (jo') to (p). 

A simple example of a non-conservative system is furnished 
by a heavy particle on a rough inclined plane of inclination i 
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To raise the particle through a given vertical height, h, by 
an up-plane force an amount of work equal to wh ( 1 -h cot i) 
must be expended ; while if the particle is allowed to slide 
down to its original position, it will give out only the amount 
(1 — coti), and would give out none if jut = or > tan i. 

In all such cases — i. e. cases in which friction comes into 
play — a part of the work expended on the system in changing 
its configuration is transformed into heat, which is speedily lost 
to the system ; and, in general, if any machine, or combination 
of machines, transforms a portion of the work done on it into 
heat, it cannot restore even so much of the work as has not 
been thus transformed, i. e. it is non-conservative. 

273. ] Stability and Instability of EquiHbrmm. When a 
rigid body, or any material non-rigid system, in equilibrium 
under the action of given forces is slightly disturbed from its 
position, it will not, in general, be in equilibrium in the new 
position. Now the effect of all the forces in play in the new 
position may be either to drive it back to the original position, 
or to deviate it still further. In the former case the equilibrium 
is stable^ and in the latter unstable. 

As an example for the case of a rigid body, suppose a heavy 
bar, AB^ moveable round a smooth horizontal axis fixed through 
the end A, If the rod is placed in a vertical position, it will be 
in equilibrium ; but if the end B is vertically above A, a slight 
displacement will cause the rod to fall from this position ; while 
if the end B is below A, and the rod is slightly displaced, it will 
return to its position of equilibrium. 

As an example for a non-rigid system, take the case of an 
indiarubber ring on an umbrella handle. If the substance of the 
ring is rotated round the circle formed by the centres of all its 
normal sections through an angle which is constant all through 
the ring, one configuration of equilibrium is obtained when this 
angle of rotation is tt, i.e. when the ring is turned inside-out. 
But this configuration is, of course, unstable, the slightest dis- 
turbance causing the ring to return to its natural state. On the 
other hand, the natural state of the ring on the handle is a 
stable configuration of equilibrium. 

274. ] Universal Criterion of Stability and Instability. The 
determination of the nature of the equilibrium of any system — 
i.e. its stability or instability — is a question belonging to 
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Kinetics. The conditions as regards constraints and connections 
of parts of the system with each other will enable us to express, 
any possible configui'ation of the system in terms of a certain 
number of independent vai’iables, ?!» ?2 5 ••• » which may be 

described as ‘co-ordinates* of the system, by an extension of the 
usual employment of this term. For example, suppose the system 
to consist of two particles, JB and C, which are connected by an 
inextensible string, while another inextensible string, BA^ is 
attached to J?, and the system is suspended vertically by fixing 
the end A of the second string. In this case, supposing the 
displacements to be confined to a given vertical plane, if we 
imagine any configuration satisfying the conditions of the system, 
i.e. one in which the distances AB and BG are each constant, 
such a configuration is obtained by deviating AB from the 
vertical through any angle, d, and then deviating BC from the 
vertical through any angle, d', these two angles being entirely 
independent of each other. The configuration of the system, 
then, depends on the two independent variables 6 and d', which 
are its ‘co-ordinates.’ 

If the displacements of the particles are not confined to any 
vertical plane, AB can be deviated through an angle 0 from the 
vertical, and rotated (after the manner of a conical pendulum) 
round the vertical through an angle </>; and BC can be simi- 
larly displaced through angles d' and so that there are 
f<mr generalised co-ordinates (d, d', <^') of this system in the 

most general case of its displacement. 

Such variables are usually called the generalised co-ordinates of 
the system, and they determine the number of degrees of freedom 
of the system — this being equal to the number of the generalised 
co-ordinates. 

The kinetical process which determines whether the equilibrium 
of the system is stable or unstable consists in supposing each 
of the generalised co-ordinates, to receive any small increment, 
Aj, and then, from the equations of motion of the system, 
expressing each A as a function of the time. If the value of 
is a periodic function of the time, the magnitude of A j will 
oscillate between infinitely narrow limits, and the equilibrium of 
the system will be stable; while if any of the displacements l^q 
involves the time in a non-periodic form of the type this dis- 
placement increases indefinitely, and the equilibrium is unstable. 
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The result is this — If for any possible small displacement of the 
system from its configuration of equililnum there would be positive 
work done by the acting forces^ both exterml and internal^ the con- 
figuration is unstable ; while if for every possible small displacement 
the sum total of the works of these forces is negative^ the configura- 
tion is stable ; in other words, the system will be in stable equi- 
librium, if the Static Energy of the system^ i,e., the Potential 
Work of its forces (internal and external) is a minimum, and 
in unstable equilibrium if this potential work is a maximum. 

This fundamental result we shall assume, referring the reader 
for the proof to Lagrange’s Mecanique Analytique, 6th section 
of the Bynamique, p. 320 ; to Thomson and Tait’s Natural Phi^ 
losophy^ Arts. 291, &c. ; and to Laurent’s Traite de Mecanique 
Rationnelle^ vol. ii. p. 222, where an extremely concise proof by 
Dirichlet is given. 

We shall revert to the proof of this principle in the next 
Article. 

275.] Work Coeflacients. When the rectangulai* co-ordinates 
(^1 j y\ j &o., of the points of application of the forces of the 
system are all independent, since 


— in = X^dx^^Y-^dy^-\-Z^dz-^+X^dx^-\- (1) 


we see that the differential coefficient of the Potential Work 
(with sign changed) with respect to any co-ordinate is the corre- 


sponding component of force. 


Thus - =Z, , &c. 

dx^ ^ 


But if the 


co-ordinates are not all independent, but expressible in terms of 
a number, k, of independent variables, ••• S'*} tWs is no 

longer true. Expressing the co-ordinates ... in terms 

of the ^‘s, equation (l) for the element of Potential Work assumes 
tliG fo^ro, 

—in = ••• + (2) 


in which the coefficients be of the dimensions 

either of force or of couple^ according to the nature of the 
generalised co-ordinates q^^ cases each term, 

in (2) is an elementary work, so that if q^ is a linear 
co-ordinate, like x^, the coefficient will be of the dimension of 
force ; but if qi is an angle, will be of the dimension of couple. 

Take, for example, the case of two coplanar forces, and P ^ , 
acting at the ends, A and P, of a line of constant length, a, and 
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consider only displacements in the plane of the forces. The 
g'eneralised co-ordinates of the system may be taken as the 
rectangular co-ordinates (a:, y) of and the angle, which 
makes with the axis of iP. If (a/, y') are the co-ordinates of J?, 
we have a?-4-acos d; y'= y + a sin d, and, the components 
of Pj and Pg l>eing‘j respectively, (X^ , Ji) and {X ^ , we have 
-^dli = (Xi + X2)^?a? + (Ti+ + ^ (Xacosd — Xgsin d) dO, 
in which the coefficients of dx and dy are of the dimensions of 
force, while that of fifd is of the dimensions of couple. 

The coefficients Qg* (2) sometimes spoken of as 
' generalised components of force/ This expression is veiy 
objectionable on more grounds than one; but we fall into no 
error if we describe them as Work Coefficients, Thus Qi is the 
rate at which the system does work if the other independent 
variables, ••• constant and alone allowed to 

vary ; and it does not appear to be possible to specialise the 
meanings of the Q^s any further — i.e. to give a rule applicable 
to all cases for localising Qj, Qg**** forces or couples at 
particular points or round particular axes in the system. 

Since in a position of equilibrium ^11 is zero for all possible 
displacements, in such a position we must have 

Q, = 0, = (3) 

Now the fundamental principle of last Article, that the Potential 
Work of the system of forces, both internal and external, is 
a minimum in a configuration of stable, and a maximum in a 
configuration of unstable, equilibrium cannot be inferred from 
the vanishing of all the first differential coefficients Qi, Qg? •••* 
For, since IT is a function of several independent variables, k in 
number, there are k—1 additional independent conditions that 
n should be either a maximum or a minimum.* In a particular 
case, however, the truth of the principle can be seen without the 
general kinetical investigation. This case is that in which the 
material system has one degree of freedom, i. e. when its position 


depends on a single variable, Here, since = 0 in the 

position of equilibrium, it follows that n is, in general, either a 
maximum or a minimum ; and it is easy to see that the maximum 
belongs to instability. For, if the equilibrium is unstable, the 


♦ Williamson's JDiffi, Cal,, Note 2, 
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system will require positive work to be done on it by an external 
agent to resist the growth of the displacement dq ; that is, the 
forces (internal and external) of the system must during the 
displacement be doing positive work — resisting the positive 
work which the external agent is applying ; in other words, in 
leaving the position of equilibrium, the Static Energy of the 
given system is diminished. Clearly, then, the maximum value 
of n corresponds to instability. 

276.] Maximum or Minimum height of the Centre of 
Gravity. When gravity is the only external force, besides the 
reactions of smooth fixed surfaces, acting on a material system, 
and when for any change of its configuration its internal forces 
(such as mutual reactions at the contacts of smooth parts) do no 
work, the Potential Work of the forces is simply 

W.z, 

where W is the total weight of the system and z is the height of 
its centre of gravity above any horizontal plane which is assumed 
as the reference position (Art. 272) of the centre of gravity. 

For, let the weights and ... the heights of 

the centres of gravity of the various separate bodies, or particles, 
of the system. Then the virtual work of the system for any 
small displacements is — ... ; hence* 

dH = = W,dZi 

n = r.^, 

the reference level being taken as that from which z is measured. 

Now the maximum value of IT will occur when z is greatest ; 
hence when the centre of gravity of any system of bodies is in the 
lowest position that it can occupy consistently with the geometrical 
conditions of the system^ that system is in a position of stable equili- 
Irium; and when its centre of gravity is in the highest position^ the 
system is in a position of unstable equilibrium. 

Unless the position of the system depends on a single variable, 
we cannot assert conversely that a position of equilibrium is one 
in which the height of the centre of gravity is either a maximum 
or a minimum. 

If any bodies of the system rest on rough curves or surfiices, 

* This assumes that none of the geometrical forces required for a position of 
equilibrium are infinite; for the term KhL cannot be assumed to vanish, even 
though SZf » 0, if \ is infinite. 
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the equation of virtual work will involve the reactions of these 
curves or surfaces for displacements along them. Hence we 
have no longer the equation W,hz ^ 0, and the principle of maxi- 
mum or minimum height of the centre of gravity does not hold. 

Even when the position depends on one variable, it may 
happen that in a position of equilibrium the height of the centre 
of gravity is neither a maximum nor a minimum. Take, for 
example, the case of a heavy particle placed at a point of in- 
flexion on a smooth curve in a vertical plane, the tangent at the 
point being horizontal. The particle is evidently in equilibrium, 
since for a small displacement is zero, P being the weight 
and z the height of the particle. But z is neither a maximum 
nor a minimum, and the equilibrium, accordingly, is stable for 
a small displacement along the upper part of the curve, and 
unstable for a displacement along the lower part. 

When the system has only one degree of freedom, the centre 
of gravity describes, in all positions of the system compatible 
with the given conditions, a curve which is sometimes very 
easily found. In the position of equilibrium the centre of 
gravity will be the point of contact of a horizontal tangent to 
this curve, and in this manner we can most readily perceive the 
nature of the equilibrium of the body. 

When the system has more than one degree of freedom, it may 
happen that its centre of gravity is constrained, in all displace- 
ments compatible with the connexions, to describe a fixed 
Burface, In this case the position of equilibrium will be one 
in which the tangent plane to this surface at the centre of 
gravity is horizontal ; and if the surface lies entirely below the 
tangent plane in the neighbourhood of the point of contact, the 
eqmHbrium will be unstable, as in the case of a curve ; if the 
surface lies above the tangent plane, the equilibrium will be 
stable ; and if the tangent plane intersects the surface in a real 
curve in the neighbourhood of contact, the equilibrium will be 
stable for some ^splacements and unstable for others. 

277.] dontinuous Equilibrium. If in all positions of the 
system, compatible with the geometrical conditions, the statical 
equation _ q 

is satisfied, every position is one of equilibrium. Writing down 
this equation in aU positions and addings the left sides of the 
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equations thus obtained is evidently the same thing as integrating 
it. Hence if all positions of the system are positions of equili- 
brium, the applied forces must satisfy the equation 

n = constant. 

In the particular case of a heavy system vmder the action of 
gravity alone, IT is therefore if a system be continuously 

in equilibrium under the action of gravity, the centre of gravity 
of the system for all displacements compatible with the condi- 
tions moves in a fixed horizontal plane, or, in other words> 
maintains a constant height. 


Examples. 

1. A heavy beam, AB (Fig. 121 , Art. 104), rests on two smooth in- 
clined planes ; find the nature of its equilibrium. 

It is very easy to prove that if the right line AB moves between 
two fixed right lines, OA and OB^ the given point G on AB describes 
an ellipse whose equation with reference io 0 A and OB as axes of x 
and y is 5 




+ 2 ^ cos(o + y3)+ ^ = 1- 


The centre of this ellipse is the point 0, In the position of equi- 
librium G is the point of contact of a horizontal tangent to this 
ellipse. Now two such tangents can be drawn, one above the inter- 
section of the inclined planes and the other below it. There are, 
therefore, two positions of equilibrium ; that with which we were 
concerned in the example of Art. 104 is obviously the position in 
which 6^ is at a maximum height, and it is, therefore, unstable ; the 
other requires the planes to be prolonged below their line of inter- 
section, and as it also requires the reactions of the planes to assume 
impossible directions, it is physically impossible. It would, however, 
be possible if the planes were replaced by smooth fixed rods to which 
the extremities of the beam are attached by rings. The second 
position of equilibrium would then be stable. 

The impossibility in a certain case of any position of equilibrium, 
except one of continuous contact with either plane, which has been 
signalized in Art. 104, is now easily explained. It occurs when the 
point of contact of the horizontal tangent to the ellipse locus of G falls 
underneath the plane (a) or the plane (^), so that it is not a possible 
position of G. 

The problem may be solved by a purely analytical method. If z is 
the height of the centre of gravity of the beam, it will be easily found 
that in the position of equilibrium 
d^z ^ sin a sin ^ cos B 
dB’^'^ (a + 6)sin(a+^) 

VOL. II, 


{ (<»+ + (a cot a — h cot 
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2, Two given points of a body rest in contact with two smooth 
inclined planes ; show that the equilibrium of the body is unstable. 

We know that if two vertices of a given triangle move along two 
fixed right lines, the locus of the third vertex is an ellipse whose 
centre is the intersection of the given lines. 

Hence, if we consider a given triangle in the body to be formed by 
the centre of gravity and the two points which are in contact with the 
planes, we see that the locus of the centre of gravity is an ellipse 
whose centre is at the intersection of the inclined planes. Now in the 
position of equilibrium the centre of gravity is the point of contact 
of a horizontal tangent to this ellipse. Hence the only possible 
position of equilibrium is one in which the height of the centre of 
gravity is a maximum ; therefore the equilibrium is unstable ; and if, 
as explained in the last Example, the point of contact of the tangent 
falls underneath either plane, the only position of equilibrium of the 
body is one of continuous contact with one of the planes. The student 
will find several particular examples of this problem in Walton's 
Mechanical Problems 164, &c.), where the solutions are analytical. 


3. A heavy body has two plane surfaces, CP and CQ (Fig. 257), 
which rest against two smooth fixed pegs, P and the line PQ 

making an angle with the horizon ; 
show that the positions of equilibrium 
are determined by drawing horizontal 
tangents to a Limafon. 

The centre of gravity and the pegs 
must lie in one vertical plane, which 
is that of the figure. Since P and Q 
are fixed points and the angle at C 
between the plane faces is constant, 
the circle described round the triangle 
PCQ is fixed in space. Again, let G 
be the centre of gravity of the body. 
Then since CG and CP are lines fixed 
in the body, the angle GCP is given; 
and if CG meet the circle in 0, the point 0 is fixed in space ; also 
the distance CG is given. 

Hence in all positions of the body — i.e. in all positions of C on the 
circle — the centre of gravity is found by drawing the line OC from 
O to the circumference of the circle, and taking a constant length, GG^ 
on this line. The curve deduced in this way from a circle is a 
Lima9on, which is, therefore, the locus of the centre of gravity. 

A particular example has been already discussed in p. 149, Vol. I, 



4. A heavy plane body of any shape is suspended from a smooth 
peg, fixed in a vertical wall, by means of a string of given length, the 
extremities of which are attached to two fixed points in the body. 
Determine the nature of the equilibrium. 

This problem, so far as the positions of equilibrium are concerned, 
has been already discussed (Ex. 11, p. 152, Vol. I). We propose here 
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to show that there are two positions of stable and one position of 
unstable equilibrium. In the figure of the Example referred to, the 
point of contact of GP^ with the evolute is between G and Pg ; the 
point of contact of GP^ is between G and P ^ ; and the point of contact 
of GP^ is on PjG produced. Now it is easy to see that GP^ is a line 
of maximum length drawn from G to the ellipse. For, let ^ be a 
point on the ellipse close to Pg , and let QG be the normal at Q, Then 
G is the centre of curvature, and therefore the point of contact of GP^ 
and the evolute. Hence GP^ = GQ^ 
therefore GP^ = GG + GQ^ which is 
> GQj therefore GP^ > GQ^ and GP^ 
is, therefore, a maximum. 

In the same way GP^ is a maxi- 
mum and GP^ a minimum distance 
of G from the ellipse. 

Hence, in the positions of equi- 
librium, GP^ and GP^ are maximum distances of the centre of gravity 
from the peg. The positions in which these lines are vertical are, 
therefore, positions of stable equilibrium. And since GP^ is a mini- 
mum depth of Gy the position in which GP^ is vertical is one of 
unstable equilibrium. 

5. To find the nature of the equilibrium of the beam in Example 7, 
p. 176, Vol. I. 

Take any position of the beam (in which, of course, the lines G IF, 
ARy and PS (p. 148, Vol. I) do not meet in a point). Then, if y is the 
ordinate of P, the point of contact of the beam and the curve, referred 
to a fixed horizontal axis, the ordinate of G will be 



Fig. 258. 


or 


y + {GA — PA) cos By 
2 / + acosd— -cccot 0, 


Denoting this by we have 
dy _ dy 


= •~asin0 + 


dB dB 


sin^B 


— cot0. 


Now 


^^ = cote, 

ax 


L a 


dx 

Tb^ 
= 0. 


Hence 


sin^d ^ — asin^0 H- x, 

d U 


Differentiating this, and remembering that in the 


librium = 0, we have 
dB 


position of equi- 




( 1 ) 


Again, since cot ^ , we have 

dx 


cosec® d 


dx"^ dx^ 
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But if p is the radius of curvature of the curve at P, 

<Py 

1 da? . 

=sin’ 0 T-^,. 

dO 1 

Therefore and ( 1 ) gives 

d^y 

sind- 7 -^ = p — Sasin^cos^ 

=.p--^dFO. 

Q 

Hence, since sin 0 is necessarily positive, will be positive, and y 
therefore a minimum, if p > 3 PQ ^ 

The equilibrium will therefore be stable or unstable according as 
p > or <3 PO. 

To arrive at this result, it would have been suflBcient to demonstrate 
it for a circle, which is very easily done. The curve in the neighbour- 
hood of P may be replaced by the circle of curvature at this point. 

6 . Prove geometrically that the equilibrium of the beam in 
Example 2 , p. 145, YoL I, is stable. 

7 . Two uniform heavy rods freely jointed together at a common 
extremity rest on a smooth parabola whose axis is vertical and vertex 
upwards ; find the position of equilibrium. 

Ans, Let the weights of the rods be P and Q, their lengths 2 a 
and 26 , and let them make angles 0 and (p, respectively, with the 
vertical in the position of equilibrium ; then these angles are deter- 
mined from the equations 

Pa sin^d 4 -(P+^)mcot</)= 0 , 


Qh sin^ (/) 4 - (P + Q) m cot d = 0 , 

4 m being the latus rectum of the parabola. 

[Taking the tangent at the vertex as axis of the abscissa of the 

m j . m 

point of intersection of two tangents, y tx and y =1 t x-- 


is 



Hence 


(P -f Q)x = Pa cos B-\-Qh cos</> + (P 4 - Q) m cot B cos 
Then x is to be a maximum or minimum.] 

8 . A heavy uniform rod, AP, moveable about a fixed horizontal axis 
at Ay has its end B connected with a string which, passing over a 
smooth pulley at a point Q vertically above A, sustains a given 
weight which rests on a smooth inclined plane passing through (7. 
Eind the positions of equilibrium, and the nature of each. 

Ans, Let W and 2 a be the weight and length of the rod ; P the 
weight on the plane whose inclination to the horizon is t ; 2 c the 
distance AC, and B the inclination of the rod to the vertical. Then, 
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if {c — a) W <2 Pc sin i, there will be three positions of equilibrium 
defined by the equations 


d = 0, cos d = 


{a^ + c^) — 4 sill® i 

2 acW^ ^ 


and d = TT. 


The first and last positions are stable and the intermediate one is 
unstable. 

If (c — a) Tr> 2Pc sint, there is no intermediate position, and the 
first and last positions are unstable and stable respectively. 

9. One end of a beam rests against a smooth vertical plane, and the 
other on a smooth curve in a vertical plane ; find the nature of the 
curve so that the beam may rest in all positions. 

Ans, An ellipse whose axis major is the horizontal line described 
by the centre of gravity of the beam, the axis minor lying in the 
vertical plane. 

1 0. A uniform heavy rod rests inside a smooth fixed sphere whose 
diameter is equal to the length of the rod. In all positions of the 
rod its centre of gravity is fixed ; hence the rod should rest in all 
positions ; but, except in the vertical position, it is impossible that 
the acting forces can give equilibrium. Explain this. 

(See note, p. 127.) 

11. A uniform rod rests in all positions with its extremities on two 
smooth curves in a vertical plane; given the equation of one, find 
that of the other. 


Ana, Let the axis of y be vertical, 2 a the length of the rod, k 
the constant height of the centre of the rod, and a? = <^ (y) the 
equation of one curve ; then the equation of the other will be 

X = <f){2h—y) — 2'/a^-~{h—yf, 

12. Find the general equation of a smooth curve (in a vertical 
plane) on which if the ends of a uniform rod are placed, the rod will 
rest in all positions. 

Ana, If the line described by the centre of gravity is axis of x, 
the equation is the form [0(y^) + i»]^ + y^ ==•«^ where 2a = length 
of rod, and <#>(2/®) is a function which does not change sign with y. 

1 3. Investigate the equilibrium of the sphere and cone each resting 
on a smooth inclined plane, they being also in contact with each other, 
as in Example 5, p. 206, Vol. I. 

Their positions being varied in any way, subject to the condition 
of contact, it is easy to prove that the locus of their common centre 
of gravity is a right line. If this line is not horizontal, it is impossible 
to have dy = 0, and therefore, in general^ there is no position of equi- 
librium in which each body is in contact with only one plane, If 
the line is horizontal, all positions are positions of equilibrium. 

Taking horizontal and vertical lines through 0 as axes of x and y, 
respectively, and taking OA ( = £) as the single variable which de- 
termines the configuration of the system, we find that {W+ W')y is the 
sum of a constant and the term 
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[TTsin a — — cos(a + a' — y)] x 

^ cosy ' ^ 

so that y will be constant if equation (3), in the example referred to, 
is satisfied. 


14. Of all curves that can be drawn through two given points, 
A and B, and having the same length, determine that one whose 
revolution round the line AB generates a surface of maximum area. 

Ans. A Common Catenary. For, imagine AB to be placed in a 
horizontal position, and let heavy uniform inextensible strings, all 
of the same length, coincide with various curves that can be drawn 
through A and B. These strings will one and all abandon their given 
configurations and become Catenaries. And since the equilibrium of 
the Catenary is stable, negative work would be done by all the forces 
acting on its particles for any imagined displacement of these particles 
which is consistent with the geometrical conditions of the figure. 
These conditions are simply that the two ends of the curve are fixed, 
and that there is perfect flexibility but no extensibility. Hence any 
change of figure consistent with these would raise the centre of gravity 
of the string ; and therefore the centre of gravity of the Catenary is 
lower than the centre of gravity of any of the given curves ; and since, 
by the Theorems of Pappus (Vol. I, p. 301), the surface generated by 
revolution is equal to the length of the revolving curve multiplied 
by the circumference of the circle described by its centre of gravity, 
the surface generated by the Catenary is greatest. 

278.] Expansion of the Abscissa and Ordinate of a Curve 


in Powers of the Arc. Let A and 
B (Fig. 259) be any points on a 
^ curve, and let Am and An be the 

” tangent and normal at A. Also let 

A ^ ^ he the angle between the nor- 

Fig. 359. mals at A and B, and let Am(= a?) 

and Bm(=:y) be the co-ordinates 


of B with reference to the tangent and normal at A as axes. 
Then, by Maclaurin’s Theorem, we have 



s denoting the arc AB, and fo, {-£') , the values of and 
its diflTerential coeflScients at A. ® 
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the suffix being omitted, it being understood that p is the radius 
of curvature at A, 

Again, we have 


a? = iTo 





s 


also 

But 



cpQS _ 1 dy d'^y ^\dx 




and the successive differential coefficients are calculated with 
ease. 

We thus obtain 



279.] Equilibrium of a Heavy Body resting on a Fixed 
Bough Surface. Let AD (Fig. 260) be a fixed rough surface on 
which a heavy body, AC, rests, under 
the action of gravity, at a single 
given point A ; and let this body 
receive a slight displacement of roll- 
ing on the fixed surface. 

We propose to investigate the 
nature of the equilibrium. The figure 
represents a section of the bodies 
made by the vertical plane through 
their common normal, AO, in which 
the rolling takes place. We suppose 
the normal AO to he vertical. 

Then, since, in the position of 
equilibrium the body AC is acted 
on by only two forces — namely, its own weight and the total 
resistance of the fixed surface — its centre of gravity, G, must be 
vertically over the point of contact. 

Let the point A of the rolling body come to A\ and 0 to (?', 
the new point of contact being £, and the new common normal 
OC/. Draw the vertical line DF’, meeting A' O' in V. 
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Then, if A' 7 is >A'G\ the weight of the body acting through 
G' will produce a rotation round £ which will send the body 
back to its original position ; while, if A'V iB < A' G\ the rota- 
tion produced by the weight will be in the opposite direction, 
and the body will deviate still further from its original position, 
r or stability, therefore, A'V >A'G\ ( 1 ) 

Let p and p' be the radii of curvature of the curves AD and 
AC at A^ and let and xfr' be the angles AOD and A'C/B, Then 
drawing Bn perpendicular to A' (/^ we have 

A'F == A'n + w F = A'n + Bn cot A'FB ; 
but lA'VB = therefore the condition for stability is 

A'n 4- Bn cot > A'G\ 

or, denoting A'& (or AG) by 

Bn > (/4 — A'n) tan (\/^ -f (2) 

Now, carrying approximations as far as it will be found 
from equation (1) of last Article that 



s being the common length of the arcs AB and A'B, 

Substituting this, and the values of Bn and A'n from last 
Article, in (2), the condition for stability is 
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Neglecting all powers of «; the first condition for stability is 


or 


h< 


99 

P + P^ 


(4) 


liJi> the equilibrium will be unstable. 

P + p 


A special case occurs when h = 


99 
9 + 9 


and this is commonly 


called the ^ neutral ’ case, or the equilibrium is said to be neutral. 
We shall, however, call this the critical case. 

To find the real nature of the equilibrium in this case, we 
revert to the general condition (3), and neglect all powers of s 
beyond the fu*st. The condition for stability now is 

d- d^ 

ds ds 

Hence when h = equilibrium will be stable or un- 

stable according as 

9 9 

- — h yt is negative or positive. ( 6 ) 
as as 

The bodies are, however, frequently in contact at vertices^ or 
points of maximum or minimum curvature, and then 


d- 


d 


1 


P A P 

* “^37 


are both zero. Hence the condition (5) fails to determine the 
nature of equilibrium. Reverting to the condition (3), the 
terms as far as s^ destroying each other on both sides, we see 
that equilibrium will be stable if 

.1 


J _ ^ 

6p'^ ^ 6 




P'A 1 1 1 /I ^ \ 

ds^'^ ds'^'^^(o ■^7) ^ 2 p'C p'^ 


27 V 


or, substituting ^- - 7 for A, if 
P+P 


(p+p0(p + 2p0 . 
and in the contrary case the equilibrium will be unstable. 


( 6 ) 
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If the lower surface is concave, instead of convex, to the 
upper, the conditions are obtained by changing the sign of p. 
Thus, the equilibrium will be stable or unstable, according as 

7 pp' 

A < or > — ~ f 

p-p 

and in the critical case, the equilibrium will be stable or un- 
stable, according as 



(h 


is negative or positive ; and in case of contact at vertices, the 
condition (6) is to be similarly modified. 

If the body rest on a plane surface, p = 00, and the differential 

coefficients of - are all zero. Hence the limiting value of li for 
P 

stability is p'; but if = p', the equilibrium will be stable or 

3 f 

unstable according as -j-7 is positive or negative ; and if the 

(le 

point of contact is a vertex, equilibrium will be stable or un- 
stable, according as 


is negative or positive *. 


P 


♦ Different methods of arriving at the conditions for stability have been 
published in the Qaa/rierly Journal of Pure and A'pjpUed Mathematics by 
Professor Curtis (vol. ix., p. 41), and Mr. Routh (vol. xi., p. 102). The kinetical 
method of treatment adopted by the latter is very exhaustive. The method in the 
text was employed independently by Professor Wolstenholme and the author. 

It may be well to caution the student against the error of replacing the sections, 
AD and AO, of the surfaces in contact by their osculating circles at A. For, if 
we do this, the condition ( 5 ) necessarily disappears, and the application of (6) is 
not allowable, since, to the third power of the arc, the value of A'n is not the 
same for the circle of curvature as for the curve A C, as at once appears from the 
expression for A'n given by equation ( 3 ) of last Article. The nature of the 
equilibrium, therefore, as determined from the osculating circles is erroneous. 
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Examples. 

1 . If a cone of the same substance and of equal base with a hemi- 
sphere be fixed to the latter, so that their bases coincide, find the 
greatest height of the cone in order that the equilibrium may be 
stable, when the hemisphere rests symmetrically on a horizontal plane. 
(Walton's Mechanical Problems^ p. 185.) 

Ans, The height of the cone must be < r \/3, r being the radius 
of the hemisphere. 

2. Prove that any body with a plane base, resting on a fixed rough 
spherical surface, will, when the height of its centre of gravity has 
the critical value, be in unstable equilibrium. 

3. A heavy body whose section in the plane of displacement is a 
catenary, resting on a rough horizontal plane, has its centre of gravity 
at the critical height ; prove that the equilibrium is really staWe. 

(The condition (6) reduces in this case to < 0 for stability.) 

4. A heavy body in the shape of a paraboloid of revolution, placed 
on a rough horizontal plane, has its centre of gravity at the critical 
height ; determine this height, and find the real nature of the equi- 
librium. 

Ans, The critical height = the radius of curvature of the gene- 
rating parabola at the vertex, and the equilibrium is really stable. 

5. In the critical case, if both of the conditions (5) and (6) fail, 
prove that the equilibrium will be stable or unstable, according as 



is negative or positive, the surfaces being convex towards each other. 

6. A uniform heavy bar, AB, moveable in a vertical plane round 
a fixed smooth axis passing through A has a string attached to the 
end this string passes over a fixed pulley C vertically over A, 
Find the positions of equilibrium, and determine whether they are 
stable or unstable. 

Ans, Let W = weight of bar, 2 a its length, P = suspended 
weight, AG '=.hy d = LGAB, Then the positions of equilibrium are 
given by the equations 

/I ^ /I a P'^ Ji j a 

0 = 0, cos0 = ^ + (--^)-, and e = it. 

2h W 

The first will be stable if ^ then the second (when it 
h-2a P ^ 

exists) will necessarily be unstable and the third stable. If the second 
does not exist, the third will be opposite in nature to the first. 
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[To find the condition for stability in this problem, we may either 
take any position of the bar and calculate the moment of force tending 
to turn it round A, or find the positions of the system for which the 
common centre of gravity of the bar and weight is highest or 
lowest. Employing the first method, if M = the restoring moment, 
and <f) = LACB^ 

= P^sinc/)— TFa sind. (1) 

Also Asin^ = 2asin(d4- (^). (2) 

Now J/ = 0 in a position of equilibrium ; and if ~r^ is positive, a 

du 

slight increase of d will call into play a moment tending to restore 
equilibrium. 

In the position d = 0, we have from (2) 
dcj) 2a 

Id “"A-2a’ 

and from (1) 

dd dd 

Therefore, &c.] 

7. If the equilibrium in the first position is critical, find its real 
nature. 

Ana. It is really unstable. 

d^(b 

[In the position d = 0, it will be found from (2) that 

2ah{h + 2a)^ d^M__ d^M_ 

de^'^ {h-2af ’ 

8. Determine whether the equilibrium of the beam in example 12, 
p. 138, Vol. I, is stable or unstable. 

Ana, Unstable. [Either by taking the restoring moment about 
0, or by the maximum or minimum value of the static energy. 

If we imagine the position in which the beam lies horizontal as the 
reference position, the acting forces, W and P, could do an amount 
of work equal to 

Wa Bind — P{a4-6--(a4'2>) cosd} 

in reaching this position by a slipping of the ends of the beam along 
the planes. This is therefore the value of 11, the static energy — in 
which, if we please, we may discard the constant term P(a + 6), 
Therefore, &c.] 

9. Four bars, AB^ BG, CDy DA (p. 177, Vol. I), forming a plane 
quadrilateral, and freely jointed at the vertices, are kept in equi- 
librium by an elastic string stretched between the middle points of 
BC and Z>A, and an elastic strut compressed between the middle 
points of AB and CD, the string and the strut both following Hooke's 
Law. Show that there are always two, and there may be four, con- 
figurations of equilibrium. 
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280.] General Properties of Static Energy [Potential Work]. 
If the generalised co-ordinates which determine the configuration 
of the system are • • • > we shall have 

If the configuration is one of equilibrium, and if we imagine 
any small displacements of the system for which becomes 
2^1 + , &c., the value of 11 in the new configuration will be 




- 1 h ^ 

.2^ h 


+ ^ 2*^2 +- + 2 ^^- M 2 + 


{■) 


where I is the value of FT in the equilibrium position, 
follows by Taylor’s Theorem, observing that Q 2 >*' 


This 
. , or 


, : 7 ^ »••• vanish since the configuration 
aq^ aq ^ 

one of equilibrium. 

It will be convenient to denote the coefficients of ... 

inside the bracket above by the notation (1,1), (2, 2), , and 

those of by 2 (1,2), 2(2,3),.,., while denoting 

the whole function inside the brackets by 2 5 ; so that in the 
new configuration we have 

n = p+^, (2) 

where 


2 = (1 , 1) V + (2, 2) V + (3, 3) V + . . . 

... + 2 {2,Z)h^h.,+ , (3) 

a homogeneous quadratic function of the increments of the 
generalised co-ordinates. 

Since in a configuration of stable equilibrium the Static 
Energy of the system is a minimum, it follows that in the 
neighbourhood of such a configuration H is jgositive^ whatever may 
be the values of the displacements Aj, h ^^ . 

In any other possible displacement of the system let h(y 
be the small increments of q^^ ? 2>***1 l^ben, if is the work 
coefficient corresponding to h^ in the first displacement, and Q/ 
the work coefficient corresponding to h/ in the second, it is 
obvious that 

dQr __ ^Qs 
dh, ^ dh^ ' 

. and (6) 

Again, if we take a displacement in which the increments of 
+ + coefficients in this 
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displacement — which is a superposition of the two former dis- 
placements — are the sums, Qi + Q/, those be- 

longing to the two constituent displacements. 

This is obvious since 

Qi = (1, 1) -f (l, 2) ... Ic)h^y 

(ij 

the work coefficients being (for small displacements from a 
position of equilibrium) linear functions of the displacements, 
with constant coefficients. 

Similarly hy — &c., will give rise to Q/, &c. 

Also (6) 

where denotes the increment of the Static Energy of the 

system when the two displacements /^ 2 ) •••) Vj-O 

are superposed by addition or by subtraction, and being 
the increments of Static Energy corresponding to them separately. 
This is at once obvious since to get ^^ + 7 / we write ... 

for 7 ^ 1 , .. in (3) ; and ( 6 ) is merely the expression of the result by 
Taylor s Theorem. 

The properties just given are mere analytical properties of 
a homogeneous quadratic function. We now proceed to prove 
a general physical property which belongs to any configuration 
of stable equilibrium. 

281.] General Property of Stable Configurations. any 

material system is^ under the influence of external forces and its 
own internal forces^ in a configuration of stable equilibrium^ and 
if a new set of external forces be applied^ each acting with a given 
magnitude and line of action^ so that the system assumes a new 
configuration of equilibrium slightly differing from the former one^ 
the newly applied forces will, when the new configuration is reached, 
have done more work if, when they were about to be applied, no 
degree of freedom was taken away from the system than they would 
have done if its freedom was in any way reduced ; and, moreover, 
the Potential Work of the original forces of the system is greater 
in the former than in the latter case. 

Let the system have originally h degrees of freedom, so that 
its configuration is determined by the generalised co-ordinates 
? 2 >***> Let the newly applied external forces have for 
components (X^, &c., acting at given points {xy, y^, zf), 

&c. in the system ; and let hy, be the increments of the 
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co-ordinates produced by the new forces at any instant during 
the passage of the system from its original (stable) to its new 
configuration of equilibrium. 

Then in all cases — i.e. whether the remain perfectly in- 
dependent or not dming the application of the new forces — if 
(u?! , are the co-ordinates of the point of application of the 

force (Xj , Yi , Z^) at any instant during the passage to the new 
configuration of equilibrium, we have 

~ ^2>* ••)> ~ '/'l (^1 } • •)» ~ Xl (^ly 5 

where the forms of the functions 01, 0i, Xi given. 

Any interference with the freedom of the system does not 
alter the forms of these functions; it merely causes the ^‘s to be 
no longer all independent 

Moreover, since the A's are all very small quantities, cpj^, ... 
are linear functions, so that 

i^i = ^1 q* “h 0 > 2^2 “h • • » » 

in which the coefficients are all given constants depending on 
the geometry of the given system in its original (stable) con- 
figuration. 

Now in any configuration intermediate to the original and 
the new one of equilibrium the work done by the newly applied 
forces in a further small displacement is 

Fj^dy^-hZplzj-h ... ; 

or ^1 -f- *1" • •• H" (l) 

where Ai, are all given constants. 

At the same time, the element of work done by the forces 
of the given system is —dU, i. e. 

— [{^» ^ 2 4 - ; ( 2 ) 

and since the configuration of equilibrium is defined by the 
vanishing of the total work done in any elementary displace- 
ment (Art. 268 ), the new configuration is defined by equating 
to zero the sum of (1) and (2). 

Forming this sum, we should, if the h's were all independent, 
equate to zero separately the coefficients of dh^^ but 

if new hampering conditions are introduced, we cannot do this. 

Suppose that, just as the newly applied external forces are 
about to act, a single hampering condition is introduced. This 
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(since the /i‘s are all very small) will be expressed by an equation 

of the form v r v 7 v 7 ^ / v 

AjAj + AgAg'b **• ~ (^) 

where A^, Ag, ... are all assigned. 

Following then the method of Lagrange (Art. 269), we take 
the differential of (3), multiply the result by an undetermined 
multipler, 0, add it to the sum of ( 1 ) and ( 2 ), and then, treating 
as independent, equate to zero their separate coeffi- 
cients. Thus -we have 

( 1 , + + {a^ 

(l,2)il + (2,2)/J2+‘'*+(2)^)>i;b = + (^ 2 ) 


(1, k)h^-\-(2^k)A^’^ ... + {kyk)hj^ — Aj^ + OXj^^ (a^) 

Ai^i + Ag^g “t" =0. (/) 

From these k+l equations we eliminate the k quantities 
^ 2 , and obtain the value of 0. 

Now let A denote the determinant 

( 1 . 1 ) , (l, 2 ),...(l,/i) 

(1.2) , (2,2),... (2, -J) , 


!(!,>&), [2,k),... {k,k)\ 

let its minors be denoted by [ 1 , 1 ], [ 1 , 2 ], ... [ 2 , 2 ], ..., and let 

2 4 ,^ = [1, 1] + [2, 2] +...[k,k] 

+ 2[1,2]J,J2+2[1,3]Ji4+..., (4) 

while 2(f)x, denotes the function at the right-hand side when 
^ 1 , Ag, ... are substituted for A^ 2 , .... 

Then, solving the first k equations for ^ 2 , ... we have 

A I /l\ 


and snbstitating these yalues in (/), we hare 

Now the increase, JBT, of the Static Energy of the system 
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being* given by the expression (3) of last Article, this quantity 
is obtained by multiplying (a^), (a^)^ *..hy ••• adding ; 

so that in virtue of (/), we have 

2-£r= ••• (®) 

which shows that in reaching the new configuration of equi- 
librium, the work done by the newly applied forces is double 
the gain of Potential Work of the forces of the system. 

[Note — This is not a contradiction of the Principle of Work and 
Energy in Kinetics^ for in this statical problem we suppose the 
system to be, by any proper means, gradually guided to its new 
configuratiou, during the action of the newly applied forces. If 
this is not done, the system would rush through the new con- 
figuration.] 

Substituting in (6) the values just found for d, , we 

have f7fj. 

2A.//= 2(t>A + 0.2A^, 

(I A 

01^. l>y(4 A.H=<b^-i (c) 

It is to be noted that if the A‘s are all zero, i.e. if no 
hampering condition is introduced, the second term on the 

right-hand side of this equation assumes the form * But re- 
verting to equations («j), . . . , we are no longer in this case to 
make use of (/), and the values of , ^2 > • • » those given by 
(^ 1 ), ... when the terms in 6 are rejected. 

And in this case we have simply 

7 /=^. (7) 


Now (Williamson’s Differential Calculus^ Note 2) the de- 
terminant A is positive, since in the configuration of stable 
equilibrium 11 is an absolute minimum. Also, by last Article, 
for any displacements whatever, II is positive ; therefore (f)A is 
positive ; and this is true whatever be the values of ^25 ••• 5 
so that is also positive ; therefore the right-hand side of (c) 


is a maximum when 2A 


d<i>K 

dk 


0, i.e. when 


. d(pA 
dJ^ 


4*^2 


d<I^A 

dA., 


+ ... = 0. 


(-) 


VOL. II. 


L 
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But if the A‘s satisfy this equation, the value of 6 is zero, and 
the values of the displacements, . obtained from the equa- 
tions (^i), . . . are what they would be if no restriction were im- 
posed ; so that an equation of the form (3) in which the A‘s are 
any system satisfying [e) is not a restricting equation at all, but 
one which is satisfied by the unrestricted displacements of the 
system. 

Consequently the imposition of any relation of the form (3) 
in which the multipliers A^, ... are not consistent with the un- 
restricted displacements of the system involves a diminution of 
the Potential Work of its forces in the new configui*ation of 
equilibrium. 


Example. 

As a simple illustration of this theorem, take the case of a rod, 
lying in a smooth horizontal plane, its extremities, A and jB, 
being each attached to an elastic string in a state of tension, these 
strings, OA and O'B, being attached to two fixed points, 0 and O', 
in the horizontal plane, and their lengths being equal. 

The position of stable equilibrium is that in which the points 
0, A, B, 0' are (in this order of succession) in one right line. The 
rod being in this position, suppose that at a given point, M, on it 
a small force P is applied perpendicularly to AB, so that the rod is 
displaced. 

Now any position of the rod may be defined by three co-ordinates, 
viz. those determining the position of the end A and the angle B, 
through which the rod has turned. Taking A as origin, and AB 
axis of X, and supposing A' B' to be any displaced position of the rod, 
let the co-ordinates of A' be (cr, y). Thus the generalised co-ordinates 
are a?, y, B, 

Let OA = O^B = c; AB = 2a; 6 = natural length of each string. 

Then we easily find OA' = c-f-aj-l- ~ , and 

^ c 

O'B' = c X 1 + + + 

^ 2c 

Again, the tension of an elastic string, given by Hooke's Law, being 
jui(Z— 2>), if it is stretched from a len^h c to a length I the potential 
work of its tension is Jfx(Z--c) 26). Hence the sum of the 

potential works of the tensions of OA' and O'-B' is 


( 7 ) 
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This, then, is ZT, the gain of potential work of the forces of the system 
due to displacement. Hence (1, 1) = 2/u, &c. 

We have now to determine and from the expression 

Aj^dx + A^d^ + A^dO ( 8 ) 

for the elementary work of the disturbing force. 

If -djf ==jP, the ordinate of the point M in the displaced position 
is y+pd, and the elementary work of P is 

P{d2/+pd0), 


showing that 

ill = 0, ilj = P, = Pp. 

(9) 

Assuming any restricting condition, 



+ A2y + Agd — 0, 

(10) 

the equations 

which are 


dH , 


(11) 

give for the displacements 

2pa5 = Aif, 

(12) 


2^^ (y + ad) = P + Agf, 

c 

(13) 


^ (ay + a. 2a + c6) — Pp + Agf, 

(14) 


ill which we have used ^ as the undetermined multiplier instead oi 
the 0 of equations . 

If no hampering condition is introduced, we have 


cr = 0; 


= ^ ^ (I 

a + c'’ 


P c(jp— a) 

2/x a(a-f c)(c — 6) 


which obviously verify in the simple case in which jp = a, or the rod 
is pulled at its middle point. 

Of course these values can be at once obtained by the elements 
of Statics. 

The potential work of the tensions in the new position of equi- 
librium is JP( 3 ,+ 2 ) 0 ),i.e. 


4/x(c— 6)^ a{a + cy 


( 16 ) 


which, of course, is also given by {d), since 


A = 


2fx, 
0 , 
0 , 


0 , 
2ixr , 
2 lira, 


0 

2fxra 

2/jtra(2a + c) 


in which, for shortness, we 


have used r for - 
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With the restriction (10), the potential work of the tensions in the 
new positions of equilibrium will be less than (15) by the term 

{a(2a + g— . 

4/xra(a4-c) ra(a + c)A^2 + a(2a + c)A 2 ^ + A3^-~2aA2A3 

In particular, if the rod be prevented from rotating, while the 
X and 2/ displacements remain and are independent, we have 

p^c 

Aj = Ag = 0, and the potential work of the tensions is 

Such displacement may be produced by fixing two pins at the ends 
A and and constraining these pins to travel along a smooth groove 
which can itself move freely perpendicular to AB. 

If instead of one restricting condition (3) among the dis- 
placements we have two or more of the same form, the calcu- 
lation proceeds as before. Thus, in addition to (3), let there 
be another equation, 

+ =0. (16) 

Then we must multiply the diflerential of this by an undeter- 
mined multiplier, d', and add it to the sum of (1) and (2), exactly 
as before. Equations (t?i) . . . will then be replaced by 

(l, 1)^1 + (l, 2)>^2 + ••• (1, -f dAj + dVi) (i 7) 


and, exactly as before, solving the first h of these for 


we have 




Substituting these values of ... in (3) and (16), we have 


2d.(/)x + 0'2A~p = 

0 .'2ii~ + 26\<pfj, 




The coefficient of 6' in the first is obviously the same as that 
of 6 in the second. Denoting it by (X, \i), and similarly denoting 
the right hand sides by — (A, J) and respectively, we 

which gives the amount by which the Potential Work of the 
forces of the system is diminished by two restrictions. 
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There is no difficulty in obtaining the diminution due to any 
number of restrictions. In every case we solve the first Tc equa- 
tions of the type (17) for 5 substituting these 

values in the restricting equations (3), (16), we obtain the 
values of the undetermined multipliers from equations of the 
type (19), (20); and finally the value of II by multiplying 
(18),.,. by adding. 

It is obvious that when the number of restrictions is equal 
to the number {k) of degrees of freedom of the given system, 
the value of II must vanish. 

Thus if the system has two degrees of freedom, and there 
are two restrictions imposed, the right hand side of {f) must 
vanish identically. 

Reverting to the example just discussed, we can easily find 
by direct elementary calculation that if the end A is fixed, so 
that the rod can only revolve round it, the potential work of 
the tension is . 

4ixa ((? — ^»)(2a-f (?) ’ 

and this value can be obtained from the general expression (/) 
by taking Ag = /Xg = 0 ; for then the restricting equations are 
+ ^ 5 + == ^ 5 which require ir = ^ = 0, i.e. 

the end A fixed. 

The Potential Work lost by restricting conditions may be 
exhibited in another form. 

Let /iiy >? 2 )*** displacements produced by the given 

disturbing forces when no restrictions are introduced. Then, 
with the previous notation, the displacements are determined 
from equations (^j)... with the terms in 6 absent; i.e. from 
theequation. ^ (2,) 

When restrictions are introduced, the disturbing forces all 
remaining the same, and therefore the work -coefficients ••• 

remaining the same, the displacements are determined from the 


equations 


//' 


= .^2 -f ^ Ag -h + • 


( 23 ) 
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Multiplying these by and adding, the terms in 

6, disappear in virtue of the restricting equations (3), (16), 
dS 

&c. Hence putting ^ for &c., we have 


fdIV fdH 

But by last Article the right-hand side = 2 


dlY 

dh' 


(24) 
; hence 

(25) 


Now (24) can be written 
■dl_ 
■dh 

i 

dh 
E 
dh 

4 

^dh 




~ ^^h-h'y ( 26 ) 

by last Article ; that is, the Potential Work lost by restriction 
is that obtained by substituting^’the differences — — 

of the displacements in the general value of H given in (3) 
of last Article. 

This result may also be obtained by showing that the term 

in equation (^?), p, 145, which is the loss of work, results 

from substituting the differences, - — , ... of the displacements 

in the general value of JT. We thus get a number of algebraic 
identities. 

A particular case of the application of this result is (see 
Watson and Burbury's Generalised Co-ordinates, p. 52) that if 
the stiffness in any part or parts of a material system is dimin- 
ished, the geometrical connections remaining unchanged, the 
Potential Work of its forces, internal and external, due to a 
change of configuration produced by given disturbing forces 
will be increased. 
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282.] Equations of Condition of Continuous Systems. If 
the system of particles whose equilibrium is under consideration 
is continuous — as, for instance, an inextensible string, an inex- 
tensible membrane, or a rigid solid — the equations of condition 
will express the invariability of an infinitesimal element, such 
as the distance between two indefinitely close points. 

Take, for example, the case of an inextensible string of which 
PQ (Fig. 261) is an elementary length, equal to ds. The equa- 
tions i/j = 0, i/g = 0, ... which ex- 
press the invariable connections of 
the particles of the system, will be 
ds-^ = constant, ds^ == constant, ..., 
where ds^^ ds^^i ••• distances 

between successive points on the 
curve ; and the typical term \bL 
which enters into the equation of 
Virtual Work will be the typical term \bd$. 

Let us enquire more particularly into the meaning of the ex- 
pression bds» If we contemplate any small displacement what- 
ever of the string, such that the element PQ comes into the 
position P'Q^i the new length P^Q' being either greater or less 
than PQf the meaning of the expression bds is P'O^'^-^PQ , ; and 
the condition that no change of length of the element takes 
place in the displacement is 

bds = 0. 



Fig. 261. 


Now (^, y, z) being the co-ordinates of P, we imagine these to 
receive, respectively, increments 5 a?, 5y, 5^2:; i. e. the co-ordinates 
of P' are (a? + Sa?, y -f- 6y, -f 5^) ; while those of Q are 
{ijc + dj', y + dy, z + dz). 

The co-ordinates, therefore, of Q' (to which Q is imagined to 
be displaced) are represented by 

a? -h + 5 (a? + dec) ; y-\‘dy + b(y + dy ) ; z + dz + b(z + dz). 

The excesses of the co-ordinates of Q' over those of P' are 
therefore + 5 •, dy + b (dy) ; dz + b (dz) ; 

and the length of P'Q' being PQ + b(ds), or ds + bd^, we have 
(ds + bd^)^ = (5a? + bda^)^ + (dy + bdy)^ + (dz + bdz)^ ; 


Axbdco 
^dsi da 


d bdz\ . 


neglecting infinitesimals of the fourth order, such as (5 dsy^ &c. 
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But the increments d and 5 being completely independent 
and essentially distinguished as above explained, it is easy to 
see that the order in which the double operation ^ 6 is performed 
on any function is indifferent ; i. e. d(hV) is precisely the same 
as h{dV)^ where V is any function. In fact an inspection of 
the figure (Fig. 261) at once shows that h{dx) = d{hx)^ the line 
Ox being the axis of x. For, let the abscissae of P and Q be 
Or and On^ those of P' and Q' being 0 / and 0 n\ measured 
along Ox, 

Then if x is the co-ordinate of P ^ dx ^ rn, and bx = r/. 

Also h[dx) = value of dx in the new position— value of dx in 
old position = r'n'—rn\ and d[hx) = value of 8^ for Q — value 
of 8^ for P = nn —rr\ But obviously 


r'n' — rn = nn' —r/ \ 
therefore h{dx) = d[hx). 

In virtue, then, of this commutative property of d and 8, (a) 
may be written 


, , .dx ddx dy dhy dz dhz\ , 


ds ds 


(/ 3 ) 


283 ,] Variation of any Function. Particular Cases. Since 
a variation of any function of the co-ordinates of a point consists 
in making infinitesimal increments to the several co-ordinates, 
it is clear that all the resulting changes are subject to the 
ordinary rules of the Differential Calculus. To fix ideas by 
means of an elementary example, suppose that we have a series 
of points lying* on a circle whose equation is 

0 . 

If now we imagine each point (x, y) on the circle displaced to 
an infinitely near position which is defined by adding to the 

00 

abscissa a quantity equal to c.ysin and to the ordinate a 

quantity e .x Bm"^, where e is an infinitely small quantity, we 

shall obtain a new curve differing infinitely little in position 
and shape from the original. In this particular case the in- 
crements which we have denoted by 8;r and by are given by 


the equations 80? = c . y sin 8y = e.a? sin and so in general, 

whatever be the laws according to which the variations are 
made. 
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It is obvious, then, that if and v are any two functions of 
the co-ordinates of a point. 


% vhn — uhv 

S - = o • 

V 


So, again, if F is any function of we have 

dV , 
dx 


any arbitrary change, hx, being made in x\ and in passing to 
an adjacent point on a given curve or surface. 

Also in an integration along a curve or surface, since this 
integration consists merely in a summation with respect to all 
the points on the curve or surface, we have 

hfVdx = /h ( Vdx), 

If, in particular, an integration, fFds^ is performed along a 
curve, and all the points of the curve receive displacements 
such that the distance, ds^ between two consecutive points 
remains unaltered, we shall have 

hfVds = f{pT^,ds ; 

and the same equation holds, in like case, if the integration is 
performed over a surface or throughout a solid if for ds we put 
the element of superficial area or the element of volume. 

In this case also 

dx ^dhx ^ d^x ^^^d'^hx ^ d'^x ^d'^hx 
ds ds * ds^ ds^ ^ ds'^ ds^ 


Example. 

Every element of mass of a solid is multiplied by the product of 
two of its co-ordinates, xy, and the sum of all such products (^'pro- 
duct of inertia ”) taken. If the body receives a small displacement 
of rotation round the axis of z, find the variation of this sum. 

Let dm be the element of mass at the point y,z\ then the 
sum = fxydm. Now Ifxydm = fh(^y) . dm = + 2^60?) dm. 

But if the angle of rotation is 6^, we have 605 = — 2 / 60 , hy^xhO. 
Hence the variation of the sum is 

60 x/(2C®— y®)dm. 
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To determine the variation of the angle between two consectdive 
tangents to any curve. 

Let the tangents be at points, P, Q, separated by an arc of 
length ds^ and let be the angle between them. Then 

ds 

de=:-^y (1) 

where p is the radius of absolute curvature of the curve. Now 
6^^ is what we have to find ; and we shall suppose for generality 
that in the displacements of P and Q the length ds is altered. 
We have then 

bdO —bds — ^dsbp, (2) 

But 1 ___ {d^wf + (d^yY + {d^z)\ 

I , d^wd^bx-hd^yd^by-^d^zdHz 

= 1 ?^ 


( 3 ) 


di^ ’ 


_i.s — d'^y d^hy _ d^zd^lz^ 2dhs 

p 2 P ^ ^^2 ^j 2 ) p ds 


Hence 


> 1 / 7/1 /d^xd^bx d^ydHy d^zd^hzs , 1 , 

= [- 


ds"^ d^ ds^ ds^ ds^ ds'^ 
Xdxdbce Idydby \dzdbz 
p ds ds p ds ds 

d^d^by . d^zd^bz 
ds^ ds'^ 


p ds ds 

d^xd'^bx 


+ P 


ds^ d^ 




( 8 ) 


(^) 


To find the variation of the angle between two consecutive oscu- 
lating planes of any tortuous curve, 

[A. tortuous curve ^ called also a ‘curve of double curvature,’ 
is one whose osculating plane varies from point to point.] 

If n are the direction-cosines of the binormal, i. e. the 
perpendicular to the osculating plane, at any point of the curve, 
we have 

, ydyd^z dzd^y^ 

^^^yisd^-ds-d^y^ ;e = ..., 

and a d(f> is the angle between two consecutive osculating planes, 
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since the tangent line to the curve is perpendicular to two con- 
secutive binormals, we have ^ = mAn—ndm ^ jjg ^ 

da d<t> 


dip 

and we shall find that 


(jd^x d^y d^z^ 

'('■ 5 ? + - 23 + ” 3 ?)' 


r // -n 4 r» 


(Is 


cPhy 




ch^ 


ds^ 


ds^ 


dSy 


(0 


where &c., 


dx 

ds 


&c. 


are certain functions 


of the differential coefficients 


For any arbitrary displacement of a surface, = </> (a?, y), to find 

the variations of the partial differential coefficients — and — • 

dx dy 

The arbitrary changes in x, y, z which we have hitherto denoted 
by 8 a?, hy, 8^ we shall now find it convenient to denote by 
u, Vy w, respectively. 

Let F be any point (a?, y, z) on a given surface — which sur- 
face we may, to fix ideas, imagine to be a thin sheet of india- 
rubber — whose points may receive, or be imagined to receive, 
any small displacements whatever. If these displacements are 
completely unhampered, any small element of area described 
round P on the undisplaced surface will be found on the dis- 
placed surface in a distorted form, and with its area altered 
in magnitude. 

Suppose that Q is any point on the undisplaced surface in- 
definitely close to P, the co-ordinates of Q being y + » 7 , 

^4-C)* Then since z is determined when x and y are given 
(which would not be the case if instead of a surface we had a 
solid to deal with), the displacements u, v, w will each be some 
assigned function of x and j', i.e. 

^=/i(^»y); ^==/2(^»y); ^=/3(^»^)- M 

Let P' and Q' be the displaced positions of P and Q; and 

dz 

observe that -7- means the increment of z divided by that of x, 
dx ^ 

as we pass from a point P to a close point, P, such that P 
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and jB have the same y. Imagine, then, Q to be so chosen 
that Q' and jP' have the same y^ so that the new 

flz ^ of Q'— z of P' 
doc^ xoi Q'— X of P' 

Now the X of Q' is + + y + v)j according to 

the law expressed by equations (»;) ; and this is 

^ j. du clu 

Similarly the z of Q' is 

. ^dw dw 

. + »+f+f;5+,;^; 

and since the of = the y of P', we have 

(Iv^ 

clx ' ■' V* 


^dv dv^ 

fsi+ ’(>+*) = “■ 


(«) 


d'Z dz 

Denoting^ as is usual, ^ ^7 P ^ values of 


(0 


these at P' by ^ + Aj? 9 and 3' + A j', we have 

^ dw dw . 

]’*^p- * * 

Now since on the undisplaced surface dz '=^ pdx qdy ^ we 
have C = p£+$'? 7. Substitute this value in (t), and then for 
^ : r) put the value given by (0), and we have, by neglecting such 

infinitesimals of the second order as the products &c., 

/ dv \ dw dv 

J!} + Aj0 = - 


Lq. 


dn dv 


dx^ dy 


dw dn 

dv 

dx ^ dx 

^dx 

dw du 

dv 

dy ^ dy~ 

'^dy 


W 

(^) 


Similarly, 
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Examples. 


1. Find the conditions to he satisfied by the displacements of all 
points on a perfectly inextensible surface. 

The length of the line PQ must be unaltered whatever point Q 
may be. Now from the preceding we have 


+C(p+S)e+(2+g).? 


du 


dw 


dx = 


Hence the conditions for perfect inextensibility are 

dv dw 

du dv dw dw 
dy'^dM 

2. From these conditions find equations for the separate components 
of displacement, 

Ans, The value of w is to be obtained from the partial differential 
equation 

* di^ ^^~dxdy'^‘^ di/^~^’ 

dp dq dp __ dq 

dx^ dy^ dy dx 


where 


In the case of a plane surface, z -=■ aa? + 6?/ -f c, we find 
u + aw = my -\-n) v + 67^ = — mx + n', 
where m, n' are arbitrary constants. 


284.] Equilibrium of au Inextensible String. We now 
apply the method of Lagrange to determine the equations of 
equilibrium of an inextensible string acted on by any system 
of forces. Let, as previously, in denote the mass per unit length 
at any point of the string, and X, 7, Z the components of the 
external force, per unit mass, at the point. 

Now the equations, = 0, = 0, ... of condition are in 

this case ds^ = const., ds^^ = const., . . . and the general equation 
of equilibrium of Ait. 260 becomes 

+ + ... = 0 , ( 1 ) 

the string being supposed to have assumed its position ot equi- 

librium ; for it is when the equilibrium position is assumed that 
the forces satisfy the above equation of Virtual Work. 
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Now the particles being infinitely numerous, we may write 
the above equation simply 

{J[.hx Y hy Zh ds J*\hd8 ^ 0, ^2^ 

Reducing all the variations to variations of x, y, z, or, in other 
words, substituting here the value of hds given in equation (jS) 
of Art. 282, we have 

J[m(Xbx+ny + Zdz)d3 + \(^dba! + ^dby + ~ddz)]=0. (3) 
Now (» Js*), - (A Js*). 

by integration by parts, the term (\^bx) being the value of 

dx , , , 

A ^ 6a? at one of the limits of integration, i.e. at one extremity 

of the string; and 
extremity. 

Performing similar integrations for the other terms, (3) 
becomes 






Now, as in the equation of Art. 269 we equated to zero the 
coeflScients of 6a?j, 6^^, so here we have to put the 

coefiicients of 6 a?, 6y, and 6-2^ equal to zero for each particle of the 
string ; that is, we put the coefficients of these quantities under 
the sign of integration equal to zero. Hence we have at all 
points 


rA-^) = 0, 


ds^ ds' 


(A) 


which equations are precisely the same as those of Art. 184; 
and it appears either by comparison of both sets of equations, 
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or by the end of Art. 269, that A in these equations is minus 
the tension of the string. 

The conditions of equilibrium, then, as expressed in ( 4 ), 
consist of two parts — namely, terms which relate to the ex- 
tremities of the string (which are the terms outside the sign 
of integration), and terms which relate to every intermediate 
point in the string (which give the general equations of equi- 
librium above). 

Equating to zero the terms outside the integral sign, we have 



Now, if the extremities of the string are fixed, they will be 
fixed in the displaced string, and every term of (5) vanishes 

Sa*! = 8^1 = 8^^! = diPg = 8^0 = 8«'o = 0. 

But if each end is perfectly free, since dy^, ... are quite 
arbitrary and independent, we must have 
Aj = 0 and A^ = 0, 

i.e. each terminal tension must be zero. 

If the extremity (a?i z^) is constrained to lie on a fixed 
surface, whose equation is = 0, we have the displacements of 
this extremity connected by the equations 



which give by the method of undetermined multipliers 



the geometrical meaning of which is that the direction of the 
string at this extremity is normal to the surface of constraint. 

If the extremity is constrained to a curve whose equations are 
= 0, -y = 0, we find in the same way that at this extremity 
the direction of the string must be at right angles to the curve. 

The method which we have just employed is the second 
method of Art. 182, and expresses that tAe variation of ike whole 
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potential work of the external forces is ney'o^ co7mste7itly with the 
geometrical condition that the distance between eve^y two indefinitely 
close points in the string remains absolutely unchanged m the dis^ 
placed position, 

285.] Equilibrium of an Extensible String. In this case 
there are no geometrical conditions to be satisfied in the dis- 
placement (or deformation) of the string. Then the equation 
of equilibrium will simply express the condition that in the 
position of equilibrium the variation of the whole potential work 
of applied and internal forces is zero. 

Now if we consider any elementary mass, mds, whose length 
is dSi and whose internal force (the tension) is 1\ the work done 
by this force for a variation hds of the elementary length is 
(see Art. 70) -Thds. 

Adding together the similar terms for all the elementary 
masses, the variation of the potential work of the applied and 
internal forces is 

fm {Xhx-\-Yby’\-Zbz) ds--- fTh ds^ 

which differs from (2) only in having instead of A. Hence 
the whole discussion is exactly the same as before, and the 
results are those arrived at in Chap. XII. 

There is, however, this distinction between the case of the 
elastic and that of the inelastic string — that in the second case 
the value of the density, is known at each point, since it 
can alter only in virtue of extension, and it is therefore the 
same after the position of equilibrium is assumed as it was 
before ; while in the first case the value of ni at each point is 
not at once known, since in taking the position of equilibrium 
{to which our equation of Virtual Work always refers) extension 
has taken place at each point. In this case m at each point 
depends on T according to some law which can be known only 
by experiment — e.g. Hooke’s Law, 


as in Art. 196. ^ 

The equations of the extensible and of the inextensible system 
are therefore the same only in form^ since the above constitutes 
a vital distinction between them. 
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286.] Property of Minimum. If a uniform, inextemible 
string^ in equilibrium under the action of a given conservative 
system of forces^ joins two fixed points^ A and B, the variation of 
the integral fTds 


will be zero when we pass from the curve of the string to any in^ 
definitely close curve which passes through A and B. 

Let us calculate the variation of this integral. 
hfTds=z f{hT.ds-\^Thds) 

=J'^bT.do + F(^Jbx+ + 

Now, from (6) of Art. 184, taking her, or m, as unity, 

bT^ -br=z^{Xbx^rby^Zbz). 

Hence by integration by parts (as in Art. 284), we have 

Now the right-hand side of this equation is zero, since, the 
extreme points of the curve being fixed, the coefficients of Tq 
and both vanish, and the coefficients of bx, by, bz under the 
sign of integration vanish by the general equations of Art. 284, 
the mass of a unit length of the string being here taken as 
unity. Hence the proposition. 

This theorem leads to a remarkable property of the common 
catenary. Of all curves of the same length joining two given points 
in a vertical plane, the common catenary is that whose centre of 
gravity is lowest. For if y be the depth of the centre of gravity 
of this curve, whose length is L, we have 



But (Art. 186) T^mgy\ therefore y = 


fTds ^ 
mgL ’ 


therefore, by 


the theorem of this Article, we have 


by = 0. 

That y is in this case a minimum in the true sense of the 
word does not, of course, appear from this; the proof that it is 
VOL. II, M 
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SO depends on the criterion for maxima and minima furnished by 
the Calculus of Variations, for which see Jellett’s Calculus of 
Fariations, p. 80. It is there proved, that when the variation of 

any integral of the form / Udx vanishes (the limits being 

y ^0 

fixed) the value will be, in general, an algebraic maximum or 
minimum according as -y-g continually — or continually + 
between the limits of integration, ^ being denoted by and 

being any function of y, JOj , •••A- present case 

U'^yds ^yVl’\‘Pidx^ a change of the independent variable 
from 8 to X being necessary since it is the limits of x that are 
assigned. The application of the criterion is then obvious. 

287.] Observations on the Method of Lagrange. The appli- 
cation of the method of Lagrange is attended by a risk of error, 
which must be guarded against. In applying the equation of 
Virtual Work to any continuous material system — e. g. a string, 
a membrane, a fluid — we imagine every point to receive a small 
displacement from the position which it occupies in the equi- 
librium configuration of the system. These displacements we 
have expressed by increments (6 a?, 6y, bz), or {u, v, w) of the 
co-ordinates of the point ; and, according to the nature of the 
system, there will be various relations between the w belong- 
ing to each point. Thus in the case of an absolutely inextensible 
string, these quantities have to satisfy at each point the equation 
. , , . ^ dxdu dydv dzdw 

*(*) = 0. O' + **=»■ 

In an absolutely free and unconnected system of particles, they 
have to satisfy no condition whatever. 

Suppose that in any case they have to satisfy the condition of 
rendering a certain element — e. g. a length, an area, a volume — 
invariable. Suppose that this element is a function 
(l)(dXy dy^ dz^ d^x , ...), 

which we may briefly denote by </>. Then Lagrange's method 
consists in reducing the problem to a case in which we may treat 
u^ t?, w at each point in the system as absolutely independent^ so that 
(as in Art. 284, for example) we may equate their coefficients 
separately to zero. This is done by taking the variation, btf), of 
the ftmction which is to remain unaltered in the imagined dis- 
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placement, multiplying it by an undetermined multiplier, X, and 
then adding it under the sign of integration to the variation of 
the Potential Work of the system ; so that our equation, in which 
Uy V, w (or hXy by, bz) are all independent, is 

•^/bn .dm+J*kb(f} .dm = 0. (A) 

Now let the case be different. Suppose that the condition 
<f> = constant has not to be satisfied in the displaced configuration, 
but that the alteration of (f) is accompanied by internal forces (or 
stresses) in the system. In this case Lagrange makes no change 
in his mode of procedure. True, we have no longer the equation 
b(t> = 0, but Lagrange, recognising the fact that we have in- 
ternal work, or work done by the stresses, due to the displacement 
which alters 0, assumes that the amount of this internal work is 
fully represented by a term of the form 

X50, 

so that our equation of virtual work is still of the form (A). 

It is this last assumption which is so liable to mislead, and 
which is, in more instances than one, a cause of error in La- 
grange’s own investigations. As a marked instance in which 
Lagrange has fallen into an error of this kind, we may cite his 
discussion of the equilibrium of a perfectly flexible surface, which 
may be (l) perfectly in extensible, or (2) extensible, like a sheet 
of indiarubber (see the Mecanique Analytique, p, 140), 

Taking case (1), if dS is the area of the superficial element at 
any point P of the surface, Lagrange assumes that the only 
equation which u, v, w have to. satisfy is = 0 ; in other 
words, that perfect inextensibility is fully provided for if every 
element of area remains unaltered in the (imagined) displaced 
configuration. But it is clear that perfect inextensibility requires 
that there shall be no alteration in the length of any line on the 
surface connecting P with a neighbouring point ; and this 
characteristic is, therefore, expressed by three equations between 
u, V, w instead of one — as in Example 1, p. 157. 

Again, when the condition of inextensibility is removed, and 
the surface is extensible, Lagrange assumes that the' internal 
work of deformation of the element dS is fully represented by 
kbdS, i. e. that the work of deformation is simply proportional 
to the change in the area deformed — an assumption which is 
true for membranes of few known materials. 
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On the other hand, the similar treatment of a string, whether 
inextensible or extensible, is perfectly valid, because 6^.9 = 0 is 
a perfect expression of inextensibility ; and when the string is 
elastic, the internal work of deformation is perfectly expressed 
by a term of the form Xbds, 

288,] lilastio Wire. As toother example of the method of 
Lagrange, let us take the case of a thin wire, or rod, in the form 
of any tortuous curve, acted upon continuously throughout its 
length by a distribution of force (but not of couple), and also by 
special forces at its two extremities, the wire when unstrained 
forming any given curve. 

Supposing the configuration of equilibrium assumed, write 
down the equation of Virtual Work for any imagined small 
derangement of the various points of the wire. It is to be 
observed that, as we are not treating the case of a ri^id wire, 
we have not the conditions = 0, = 0, which, of course, 

would hold for the rigid wire, and partially express the condition 
of rigidity. 

Now if T is the longitudinal tension at any point, the incre- 
ment hds of the length of the element ds is resisted by an amount 
of work equal to Thds, 

Again, the alteration of curvature produced by the derangement 
of parts and depending on the term hdO will be resisted by an 
internal couple i/, and the alteration will be made against an 
amount of work equal to LhdO, 

Finally, the distortion of the curve denoted by hd(^ will be 
resisted by an internal couple ibT, and will require an amount of 
work equal to Mhd(i>, 

This last distortion is overlooked by Lagrange, whose 

investigation of the problem is in consequence erroneous — as 
pointed out by Bertrand (Bertrand’s edition of the MScanique 
Amlytique^ pp. 143 , 148 , 401 ). 

Let the special force applied at one extremity, -4, have com- 
ponents (Xj, Fj, Xj), and that applied at the other, 0, 
{X^j, Fq, Z^), the co-ordinates of these extremities being (^^lyi^i), 

Kyo^o)- 

The equation of Virtual Work, then, is 

+ /\m(Xb(io-\‘Tby-t‘Zbz)dS’^Tbds^Lid0'^Mbd<l)^:=s 0 . ( 1 ) 
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To obtain the three general differential equations which 
determine the curve — and which answer to equations (A) of Art. 
284 — it would be necessary to substitute in this equation the 
values oi hd8yhd6,hd(i) given in (jS), Art. 282^ and in (e)and(C). 

Art. 283, and to integrate the terms in ^ 

See., as in Art. 284 ; finally, equating to zero the separate co- 
efficients of hz under the integral sign. 

The equations thus obtained are of great complexity, and 
would not repay any labour bestowed upon them. Moreover, as 
we shall see, the general problem can be more simply treated 
otherwise by a method which is free from false assumptions. 

We shall here confine our illustration of the method of La- 
grange to the simple case* in which the wire forms a plane curve, 
in whose plane are the forces and the displacements ; so that we 
may neglect the terms inM— while not assuming that M is zero. 
If we simply put M = 0, while assuming the curve to be 
tortuous, as Lagrange does, its constitution would be like that 
of a continuous chain of sipaooth beads strung freely on a string. 
Under this condition, equation (l) becomes simply 

+ /[m(Xbx+ ny)ds--‘Tbds-Lbd0] = 0 . ( 2 ) 

Substituting the values oibds and bdO, the integral term becomes 




dxdbx 
ds da 


rd'^xd^bx 


■f 


writing down, for simplicity, only the terms relating to x. 

Integrating the second term once by parts, and the third twice, 
this becomes 

+ similar term iny— + similar term in y 

/’[■( ^ d L\dx d^ f 

+ j . (I'--) ^ (pi 8® 

+ similar term in = 0, (4) 


* The following discussion, be it observed, is given merely as an exercise in the 
Principle of Virtual Work. The equations obtained can be arrived at with much 
greater rapidity by direct elementary methods. 
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thie suffixes iu the terms outside the integral sign having refer- 
ence to the extremities of the wire. 

As the variations 6® and by may now be considered indepen- 
dent at all points of the curve, we have at all points 


i. 

ds 


Lsdx d^ / ^d^x 


= 0 , 


( 5 ) 




d^ 


{pL^-^) + mY = 


0 , 


( 6 ) 


which determine the form of the curve. 

Assuming, for definiteness, the figure of the curve to be concave 
towards the axis of a?, if 6 is the acute angle made with this axis 
by the tangent at any point, we have 


do I dx . dy 

— = — , — ==cos^, ^ 

di P d9 ds 

Hence (6) and (6) become 


= sin^, 


d^ 


sind , 

> and so on. 

P 


(2'-^)co 8^~ (Zsin«) + »»X= 0 ; (7) 

^.(y_^)sin0 + J(icosd) + »tr=O. (8) 


Performing the difierentiations, multiplying the first by cos 0, 
the second by sinO, adding, and putting S = m{X cob 0+Y sin 0) 
= tangential component of applied force, we have 


dT IdL ^ ^ 

ds p ds 


( 9 ) 


Again, multiplying the second by cos 0, the first by sin 0y 
subtracting, and putting N m(Y cos d — X sind) = normal com- 
ponent of applied force, we have 


d^L 

ds^ 


T 

~+i\r=o. 

p 


( 10 ) 


These two equations can be arrived at much more rapidly by 
the direct elementary process. Integrating (7) and (8), we have 

(^T^^Jco&O ^‘^(LsinO) = a^fmXds = P; (11) 

(T-j)^0+ ^(l^cos0) = b-fmTds = Q; (12) 

a aud b being constants which we shall presently determine. 
Equations (11) and (12) are easily integrable once more. For, 
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multiplying the first by sin^, the second by cos^, and sub- 
tracting, ^ jr 

— =— Psmd+ Qcos^; 

L ^ J'lPdy ^ (1^) 

where is a constant. 

It is usual to assume that the value of L at any point is pro- 
portional to the change of curvature at the point ; so that if r is 
the radius of curvature at the point before strain, we have 

i;=4(i-l), (u) 

where A is s, constant depending on the rigidity of the wire. 
Hence we have for the determination of the form of the curve 

the equation 1 1 

^ _ i) = -/Pdy+/Qdx + L (16) 

Equating to zero, in (4), the terms outside the integral sign, 
we have, so far as one extremity, of the rod is concerned, 

[Zj— ^ COS0— ^(iisin^)j6a?— j&sin^ 

4-[rjL— (T— sin^+ ^(Iicos^)]5y-f-£co8^.^^=: 0, (17) 

omitting the suffix 1 (for convenience) which may be understood 
to be attached to every letter. The terms relating to the other 
extremity, 0, equated to zero, give a precisely similar equation, 
with — Zq, — written instead of 

Now we may have any of the following circumstances relating 
to the end — 

(a) the end may be perfectly free ; 

{b) the end may be fixed, but nob the tangent at it *, 

(<?) the end may be tangentially fixed. 

duo 

If {a) happens, the variations ^^5 ^^5 ••• perfectly 

arbitrary, so that their coefficients must be severally zero. 

If (6) happens, dic = 0 and by = 0, therefore the first and 
third terms in (17) disappear without furnishing any equations ; 

but 6 — and 8^ are quite arbitrary, since the direction of the 
ds as ^ 

tangent may be varied at pleasure. Hence the coefficients of 
these terms must be equated to zero. 
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If (c) happens, there is no arbitrary displacement, and each 
term in (17) disappears without furnishing any equation. 

In addition to these cases, we might, of course, have that in 
which the end (by means of a small ring) is constrained to move 
along a given line, y = -f so that we should have by = pbo!, 
with the result that the coefficient of by is to be equated to 
p times that of bof in (17). 

The following results are at once obvious. 

If the end is perfectly free, the change of curvature at it is 
zero, and the tension is equal to the component of the applied 
force along the tangent; for we have pi/ = 0, or, by (15), 

1 — — r= 0 ; and then equating to zero the coefficients of 6 a? and 
Po ^ 

in ( 1 7), multiplying the first by cos 0 and the second by sm 6 
and adding, we get 7 = X cos0+ Y sin 0, 

If the end is fixed, but not tangentially, the change of curva- 
ture is zero. These results are, of course, at once perfectly 
obvious from elementary considerations. 

The constants of integration in (11), (12), (14), are to be 
determined by the circumstances of the extremities. Thus, if 
both ends are free, and we suppose the integrations to commence 
at the extremity, 0, we have, by substituting the co-ordinates of 
this extremity in (11) and (12), 

— XQ=fl5; 

Also substituting those of the other extremity, 

X,= - r,-[/mrdi\\ 

results which are at once obvious from the most elementary 
principles. 

Substituting these in (14), and observing that i = 0 at the 
end, we have ^ = 0. 

Again, if the end 0 is tangentially fixed, substituting the 
co-ordinates of the other end in (11) and (12), we have, with the 
aid of (17), = Xi‘i-/mXds ; 6 = Tiq- fmYds, the co-ordinates 

of A being understood to be those in the general integrals in 
these expressions. Also since i/ = 0 at -4, we have from (14) 
k = /Pdy^fQdx, 

in which the co-ordinates are those of A, 

If both ends are tangentially fixed, we derive no assistance 
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from the terms outside the integral sign, and the course to be 
pursued for the determination of the constants will be at once 
rendered clear to the student if he considers the simpler problem 
of an inextensible string acted upon by gravity, its two ex- 
tremities being fixed at any two given points. The process of 
the determination of constants is this — the forms of X and Y as 
functions of the co-ordinates being assumed as given, imagine 
the equation (16) to be completely integrated, taking x as the 
independent variable. 

It is a diflbrential equation of the second order, since p involves 
d^y 

; and its integration will introduce ttvo more constants, 

m and ; so that we should finally have an integral of the form 
(p (x, <2, n) = 0. 

If, for simplicity, we take the end 0 for origin and the 
tangent at it for axis of a?, while the tangent at A makes a given 
angle a with this axis, we have the following equations — 

(0, 0 , a, 5, k, n) = 0 , 

(\) (a?,y, 5, k, n) = 0, 



and, in addition, the length of the curve is given, so that 

h 

j •-dx = / = length of curve. 

dy 

Hence we have five equations to determine the five constants. 

289.] riexible Inextensible Surface. As another illustra- 
tion of the method of Lagrange, we shall now consider the 
equilibrium of a perfectly flexible and perfectly inextensible 
surface. 

The equations which have to be satisfied by the component 
displacements, v, w?, at every point, when there is perfect 
inextensibility and no other condition, are given in p. 157 . 

Let the components of externally applied force per unit area 
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at any point of the surface be Z, T, Z. Then if e denotes 
Vl + the elementary area dS at any point of the surface 
is ^dxdy^ and we shall have 

yy*€(Xiw+ Tv-{-Zw)dxdy = 0, (1) 

subject to the relations referred to between w, w — viz. 


dx dx 


dvo ^ dv dw 


du dv dw dw ( ^ ’ 

dy ^ dx ^ ^ dy ^ ^ dx ^ 

Multiplying the left-hand sides of these equations by the 
undetermined multipliers fx, respectively, and adding the 
results under the signs of integration in (l), we have 

,du dv dw dw^-^ , , ^ /«x 

in which, after the method of Lagrange, we may now treat 
V, w as completely independent. 

Now take the term perform the inte- 

gration with respect to x, considering y constant. 


iK~dx = yV'-^KV^J 


• dk j 


in which the term relates to the point which has one 

extreme value of x as abscissa (with the supposed constant 
value of y), and k'u' to the point which has the other extreme 
value of ir as abscissa. These points, occurring at the end and 
the beginning, respectively, of the integration with respect to x 
(y being constant) are points on the bounding edge of the 
surface — points in which it is cut by the plane y = constant. 

Hence JJ k^dxdy = J \V) dy — j*J u ^dxdy^ (4) 

in which the single integration is one relating only to the edge, 
and the double is one carried over the whole surface. 

Now, instead of the single integral we may evidently write 
fkndy ; for this last, when carried continuously round the edge, 
will include both the terms W'u" dy and — klu'dy^ which belong 
to points having ike same y and diferent extreme values of x. 
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Treating the other double integrals in the same way, we have 
as the equivalent of (l) 


J [(pddc + X dy) {71 -f pTv) + {ixdx + pdy) (v + qw)\ 

Equating to zero the coefficients of 11 ^ v, w under the double 
integral, the general equations of equilibrium are 

Kr + ixt+2gp = ({Z—pX—qT), ( 8 ) 

in which, as usual, 

dx' dy^ dy dx 

Now it will be observed that these three equations serve 
merely to determine X, fx, p, and furnish us with no equation for 
the determination of the form of the surface. 

If the bounding edge is fixed at all points, v, and w under 
the sign of single integration in (5) are severally zero at all 
points ; so that the terms relating to the edge furnish us with 
no equations. In this case, therefore, we must conclude that 
the form of the surface is geometrically determinate, quite ir- 
respective of the forces acting on it ; in other words — if every 
point on the hounding edge of a perfectly inextensible surface is 
fixed, the surface can take orily one figure, no displacement being 
possible at any point on it. 

If the bounding edge is completely free, we must equate to 
zero the coefficients of the displacements under the sign of single 
integration, so that the differential equations of the edge are 

4.p| = o, . <.«) 

(where ds is an element of length of the edge) the values of A, fx, p 
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in these equations being obtained from the general equations 
(6), (7), (8). 

As a very simple example, take the case of a uniform rectangular 
sheet ABCDi two of whose sides, AB and CD^ are fixed horizontally 
and parallel to each other, gravity being the only external force. We 
know from elementary considerations that the sections of this surface 
by vertical planes perpendicular to the lines AB and CD are catenaries j 
and this result follows from the above equations. For, taking the axis 
of z vertically upwards, and the axis of x horizontal and perpendicular 
to the direction of AB and (7i>, all differential coefficients with re- 
spect to y vanish, while A'=F=0, so that the general 

equations give dp 

while the terms relating to the two free sides give p = 0. Now the 
integral of (11) gives at once the Catenary equation between z and x. 

If the bounding edge, instead of being fixed at all points, has 
external force applied along it, and if be the com- 

ponents of this force at any point of the edge, per unit length, 
the left-hand side of (5) will require the addition of the virtual 
work of this boundary force ; that is, we must add to it the 
termy’(X^j7^-f Y^V’\-Z^v))d9\ so that the boundary equations (9) 
and (lO) must be replaced by 


dx dv ^ 

+^o= 0. 

(12) 

dx dy ^ ^ 

(13) 

= 0, 

(14) 


the last of which shows that the boundary force must at every 
point lie in the tangent plane to the surface at the point. The 
general equations (6), (7), (8) serve merely to determine A, /x, p ; 
and in all cases the form of the surface is known from the equa- 
tions of the boundary. 

290.] Jelletts Besnlts. The dynamical treatment of the 
equilibrium of an inextensible surface has conducted us to a 
conclusion with respect to the effect of fixing its bounding edge 
which, although holding good in general, admits of exceptions 
when the bounding edge is selected in a particular manner. 

The properties of inextensible surfaces, with regard to dis- 
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placement, have been very fully treated by J ellett in a paper to 
which the attention of the student is directed — On the Propertm 
of Inextemible Surfaces^ in the Transactions of the Royal Irish 
Academy, vol. xxii. 

We cannot do more than summarize the results arrived at in 
this paper. If, for brevity, we put ^ = u^pw^ r] = v-\-qw in 
equations (a) of last Article, the equations of inextensibility 
become 


dl 

Thr”='‘' 

(1) 

o' 

11 

(2) 

dP dr] 

-f -/^2ws— 0; 
dy dx 

(3) 


and it is clear that the immobility of a point is fully expressed 
by the conditions ^ = 0, rj =: 0, = 0. 

If now we consider the effect of fixing any curve on the 
surface, the determination of the displacement (if any) of a 
point on the surface is identical with the solution of the follow- 
ing problem : — To find three functions, which satisfy 

equations (1), (2), (3), and which vanish at all points on the 
given curve. 

Let the differential equation of the projection of the given 
bounding edge on the plane of x, y be 


dy = mdx. 


It is then shown that the vanishing of w at all points on 
this bounding edge will necessitate their vanishing at all points 
on the surface, unless rn is such as to satisfy the equation 

r + 25W-f = 0. (a) 

Now for a whole class of surfaces it is impossible to satisfy 
this equation with any real value of m — viz. the class of surfaces 
for which is all points, 

i.e. for surfaces whose two principal curvatures are of the same 
sign at all points ; so that if a bounding edge of any form is 
fixed on any such surface, no displacement of any point on it is 
possible. 

If the surface is such that at all points 
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i.e. if it is a developable, motion will be possible if the fixed edge 
is any one of its rectilinear sections, or its edge of regreenon. If 
on such a surface a portion of a curve, AB^ not coinciding with 
either of these is fixed, the whole portion of the surface included 
between the rectilinear sections dmwn through A and B, un- 
limited in one direction and bounded by the intercepted portion 
of the edge of regression in the other, is immoveable. 

If the surface is such that at all points 

negative, 

i,e. if its principal curvatures are of opposite signs, at each 
point there are two directions satisfying (a), and if the bounding 
edge coincides with a curve satisfying this equation at all points, 
displacement is possible. 

291.] Particular Case of Flexible Surface. The only case to 
which the investigation given by Lagrange in the MScaniqit^e 
Analyiigue applies without error is that of a flexible extensible 
surface of such a nature that the work done at any point by the 
internal forces exerted over the contour of any element of area, 
dS^ when this area receives a small change, is proportional solely 
to the amount of increase hdS^ of the area, and not dependent in 
any way on its change of shape. 

Let P be any point on the surface, and at P draw any line 
PQ, of infinitesimal length, in the surface. Then, in general^ 
the force exerted over the length PQ by the portion of the 
surface at one side on the portion of the surface on the other 
side, of PQ, will be oblique to PQ ; but whatever be the nature 
of the surface, there are two directions, PQj and PQg, of PQ such 
that this force is perpendicular to PQ (as will be shown in the 
chapter on Strain and Stress); the magnitude of this normal 
force divided by the length PQ over which it is exerted is called 
surface-tension. If the surface-tensions on PQ^ and PQg are equal, 
it follows (as will be subsequently proved) that the stress exerted 
on every elementary length PQ drawn on the surface near P is 
a normal force, and the surface-tension is constant all round P. 
If we denote this constant value at P by N, it will be easily seen, 
by taking for dS any small closed surface, that for a small 
increase of its area the work done by the (normal) stress all round 

N'kUS. 

^Apply exactly the reasoning in Example 3, p. 117, by which 
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it is shown that the element of work done by the pressure of 
a gas 

If the surface has attained its equilibrium configuration, and 
if we imagine displacements v, w) at each point as before, the 
equation of Virtual Work will be 

f/€{Xu + Yv’\-Zw)dxdy -ir /NhdS = 0. (1) 

Now, if the element of superficial area, dS, is that cut off by 
two very close planes perpendicular to the axis of x and two very 
close planes perpendicular to the axis of y, we have dS = € dxdy ; 
and the changes in the co-ordinates will cause dxdy to become 

dx dy , as is at once found. Hence 

hdS = -h €dxdy ’^‘dxdy 


Substituting in this expression the values of and hq given 
in Art. 283 , and then integrating (1) in the usual way, and 
equating to zero the coefficients oi u, w under the sign of 
double integration, we have the equations 


d.(N 

to 

h 

d pqN 

du) ^ 

dx c 

dy f 

d.(N 

dy 

d pqN 
dx e 

d fN 
dy € 

dpN 

d^qN 


dx c 

dy € 



which hold at all points on the surface 

Denoting ^ -f ^ ^^by these equations may be written 


T JT 


*7-e- 

( 

eZ-V 


dN ,, 


Substituting in (2) and ( 3 ) the value of U given by (4), we 

dN „ dN „ 




:=r+qZ-, 


( 5 ) 
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v^^^\iXdX’\-Ydy’\‘Zdz = —^n, the differential of single function, 
n, these last equations give 

iV + n=:a, (6) 

where a is a constant. 

Now N may he regarded indifferently as the surface-‘tension or as 
the pote7itial work of the stress {static energy) per unit area on the 
surface^ because the potential work of the stress for an increment 
of area equal to bdS h NxbdS. Hence (6) asserts that in the 
equilibrium configuration the sum of the potential works of stress 
and of external forces per unit area is the same at all points on 
the surface. 

dN dN 

The values of and given in (5) when substituted in V 
u = P^-^iY+{p^ + q^)Z ^ y (1 + q^) r - 2pqs + ( 1 +p'^) t _ 

f 

Now if and are the principal radii of curvature of the 
surface at any point, we have (Salmon’s Geometry of Three 
Bimendom, Chap. XI.), 

1 1 {l-\-q^)r—2pqg-ir{\+p‘^)t 

~ €» 

SO that fU = pX+qY-^{(i^—l)Z-\-N(^^-\r^^, 
and therefore (4) becomes 

But the left-hand side of this equation is the component, , 
of the external forces along the normal to the surface ; hence we 

1 . 1 K 

EiB^~N~-n + a 
as the equation of the surface. 

This equation can be at once obtained by a direct elementary 
process, as will be shown in a subsequent chapter. 

If the surface is one acfed upon by gravity only, and if it lies 
very nearly in a horizontal plane, from which z is measured, we 
may neglect such products as pq, pz, pr^ &c., and equation (4) 
gives -cap— i^) = 0, 

where is the weight per unit area of the surface ; or 

dH d^z Iff 

315 “b 'Ta ~ ^ const# 

dar dy^ a 
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292.] Surface-Tension of a laiquid. At each point, P, of the 
surface of contact of a liquid with a gas, another liquid, or a solid, 
there exists a tension, the magnitude of which across a given 
elementary length PQ in the tangent plane at P is the same for 
all directions of PQ ; and the amount of this tension divided by 
PQ is, as just stated, the sui’face- tension at P. 

The main laws to which this surface-tension is subject are the 
following : — 

1. For a given liquid in contact with any given substance it 
is the same at all points on the sm*face of contact. 

2. It varies with the temperature, becoming less as the 
temperature becomes greater. 

3 . It varies if the substance with which the liquid is in con- 
tact is varied. Thus, it is not the same on the surface of water 
in contact with air as on the surface of water in contact with 
mercuiy. 

4 . It is independent of the curvature of the surface of contact. 
Thus, if a soap bubble is blown out through the end of a tube, 
the surface-tension of the film (in contact with air) is the same 
when the diameter of the bubble is 6 inches as it was when the 
diameter was 1 inch. 

This curious fact at once distinguishes the nature of the dis- 
tention of a liquid film from that of the distention of an elastic 
string, because for the latter the magnitude of the tension 
increases with the extension, while the tension of the liquid film 
is independent of the extension of its surface. 

A probable explanation of this result for a liquid (suggested to 
the Author by Mr. W. G. Gregory) may be found in the fact 
that the molecules of a liquid are moveable on each other with 
very great ease, so that when, by a distention of the extreme 
surface layer of molecules, the molecules which surrounded any 
molecule P have their distances from P increased, their vacant 
places on the surface are taken by others which come up to the 
surface by the thinning of the film, thus leaving the molecular 
arrangement round P practically unaltered — unless the surface is 
reduced below a thickness less than the diameter of the ‘sphere 
of molecular activity’ (Art. 2 ’ 93 ), in which case the constancy 
of surface-tension ceases. ^ 

The existence of surface-tension may be demonstrated experi- 
mentally in several ways. One of the simplest methods consists 

VOL. II. N 
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in taking a rectangle formed of brass strips or wires, AB, BC 
CD, and EF{Fig. 262 ), of which the first three are in one rigid 
piece, while the last, EF, is capable of sliding up and down on 
the bars AB and DC. 

The space, abed, enclosed by the four bars being vacant, dip 
the system into a soap solution, thus forming a film (represented 

by the shading) in this space ; this film 
^ attaches itself to all the bars ; and if 
[=— the moveable bar EF is not restrained 
by the fingers, it will be drawn along 

E ) - ^ a. - the others by the film until it reaches 

”1 BC. If EF is not too heavy, and the 
plane of the bars is held vertical, BC 
A n being above EF, this latter will be 

lifted by the tension of the film. 

Another very striking illustration of the existence of surface- 
tension is obtained thus : — Take a circular brass wire, A (Fig. 
— 2 ^ 3 )* dip it into the soap 

solution, thus covering 
its area on withdrawal 
with a thin film (repre- 
sented by the shading); 
^ now form a loop of a 

piece of thread and place 
A B it geJ^tly on the surface 

of the film. This loop 
is represented hy a b in the figure. Now perforate the film inside 
the loop by a pin or fine wire, and instantly the loop of thread is 
drawn out into a circle, c, by the contracting film. 

This experiment illustrates not only the existence of surface- 
tension, but also another property to which we shall presently refer.* 

At the temperature 20®C. the surface-tension of water in con- 
tact with air is 8 1 dynes per centimetre ; for mercury in contact 
with air it is 640 dynes per centimetre ; and for mercury in con- 
tact with water 418 dynes per centimetre (see Everett’s Units and 
Physical Constants, p. 42). 

For the best method of measuring surface-tension, and verify- 
ing its independence of the curvature of the surface, the reader 
may consult Plateau’s Statique Experimentale et Theorique des 


♦ Namely, the property of minimum area, Art. 295. 
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Liquides soumis aux eeules Forces Moleculaires^ vol. i., pp. 272, &c. 
This work abounds in beautiful illustrations of the forms assumed 
by liquid films, and contains precise information on all the details 
necessary for experiments. 

293.] Forms of Liquid Surfaces. The molecules of a liquid 
which lie on its bounding surface — that is, its surface of contact 
with a solid or with a fluid — experience attraction from other 
molecules of the liquid which are at infinitely small distances 
from them. Thus, a molecule at any point, P, on the bounding 
surface will experience attraction from all the liquid molecules 
which lie in a hemisphere having P as centre and an extremely 
small radius, PQ. The distance PQ is called the radius of mole- 
cular activity, the attraction of two molecules separated by a 
distance greater than PQ being insensible.* If at each point P 
on the surface we measm*e oflF the distance PQ along the normal, 
the Q points form a layer parallel to the bounding surface such that 
the surface molecules are unacted upon by the layers below this one. 
^ If also we produce the normal at P into the surrounding 
medium — i. e. the solid body, or air, or any superincumbent 
fluid — the liquid molecule at P will be acted upon by a mole- 
cule of this medium at a certain distance PQ' along this normal, 
and by all molecules whose distances from P are less than PQ'. 
We shall thus have another layer of molecules in the medium 
defining the limits within which the surface molecules of the 
liquid are acted upon by those of the medium. 

Now, without any a priori knowledge of the magnitude of the 
radius of molecular activity either for the liquid or for the body 
in contact with it, it can be shown (as was first shown by Laplace, 
Mec, CeL, supplement to Book X.) that at any point, P, on the 
liquid surface the force per unit area due to the eflPective molecular 
attractions of the liquid itself and of the medium with which the 
liquid is in contact is of the form 

where A and N are constants for the same liquid and same sur- 
rounding medium, provided the temperature is constant, and 
PjL ) -^2 principal radii of curvature of the liquid surface at 


* l^e fact that a liquid rises to the same height in a capillary tube, whatever 
its thickness i provided its internal diameter is constant, is supposed to justify this 
assumption. 
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P, both principal sections being supposed to be convex towards the 
medium at P. If both are towards the medium, the molecular 

force per unit area is ✓ 1 1 x 

and if one is concave, the corresponding radius of curvature is to 
be taken negatively in (1). 

The quantity N is the surface-tension of the liquid when in 
contact with the given medium. With regard to the constant 
A nothing appears to have been determined (Clerk Maxwell’s 
Article on Capillary Action in the JEncycloj)^(iia Britannica)^ except 
that it is much greater than the term depending on curvature. 

From the expression (1) it appears that even when the liquid 
surface is plane, there is normal pressui*e at each point due to 
molecular action. This is due to the fact that about any point on 
the surface only one-half of the sphere of influencing molecules 
can be described. A molecule at a finite distance from the surface 
would be subject, on the contrary, to molecular attractions in all 
directions round it. 

Suppose, then, a liquid mass not acted upon by any external 
forces. For such a mass the expression (1) must be constant all 
over its surface, i.e. Ill 

at all points on the surface.* A drop of olive oil in a mixture of 
water and alcohol, which is made to have the same specific gravity 
as the oil, will be an approximation to such a liquid mass ; and 
by seizing this drop between two wires in the shapes of any closed 
curves, or by allowing the drop to form round a solid of any shape 
held in the suspending liquid mixture by a very fine wire, we can 
obtain as many figures of liquid surfaces as we please, each satis- 
fying equation (3). A full description of beautiful experiments 
of this kind will be found in M. Plateau’s work just quoted. 

If in (a) of last Article we have constant and also N con- 
stant, we have a surface satisfying equation (3), i.e. its form 
will be one of those assumed by a liquid surface under the 
conditions just described. 

Instead of obtaining such surfaces by means of drops of oil, 
we may very easily obtain beautiful illustrations of them by 
means of soap bubbles. A soap bubble is a thin liquid film 


♦ This result will be deduced in a note at the end of the Volume. 
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which is in contact with air at both sides of the surface. When 
it is blown out through the end of a tube, its surface is spherical, 
and the normal intensity of external force, is the excess of 
the air pressure per unit area inside over that outside — assuming 
that the film is so thin that its weight per unit area is wholly 
negligible. For this case, if R is the radius of the sphere, the 
intensity of pressure on the outer (convex) surface due to 
molecular attraction is 2 iV 

while on the inner surface the intensity of pressure due to 
the same cause is o at 

Hence the resultant intensity of pressure due to this cause is 

B ’ 

and if p is the excess of internal air pressure over external air 
pressure per unit area, we have 

■s =?• (<) 

Hence for all sizes of the bubble we have p . R constant. 

For any shape of the film, the resultant of the molecular pres- 
sure intensities exerted at any point on both sides is 






and if the excess of air pressure is, as before, p, we have 

i- . Z, (R\ 

If ^ = 0, i.e. if the inner and outer surfaces are both in contact 
with the atmosphere, we must have 

^ 

that is, the two principal curvatures are equal and opposite at all 
points on the surface. 

Several possible forms of equilibrium of films are at once 
obvious. Thus, a closed surface consisting of a cylinder ter- 
minated by two spherical caps is obviously possible ; and if r is 
the radius of the cylinder and / that of the sphere, the left-hand 

1 , . 2 

side of (6) is - all over the cylindrical portion, and ^ over the 

spherical ends ; therefore / = 2r. 
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This figure is very easily produced thus. Take two wires, 
each formed into a circle (two or three inches in diameter) ; 
support one circle horizontally on three legs (each about two 
inches high) ; by means of a thread fastened at three points on 
the circumference suspend the other circle with its plane parallel 
to that of the first circle, vertically over this circle, the distance 
between the planes of the circles being about three inches ; then 
dip the end of a glass tube in the soap solution, and through 
this end blow a bubble between the two wires, enlarging the 
bubble until it attains complete contact with each circle. The 
surface of the bubble will then form a film between the two 
circles, and each wire will be covered with a spherical cap. 

By raising the upper circle, or lowering it, the radii of the 
spheres can be diminished or increased, and the cylindrical form 
obtained. 

The persistence of these films is greatly increased by adding 
glycerine to the soap and water, and by this means M. Plateau 
has obtained films which lasted for 1 8 hours. 

Again, having obtained the cylinder with two spherical ends, 
rupture the spherical caps by driving a wire or a glass rod down 
through them in a direction parallel to the axis of the cylinder. 
The portion of surface connecting the circular wires will remain, 
but its shape instantly alters from that of a cylinder, becoming 
a surface generated by the revolution of a catenary round its axis. 
For in this case, as ;? = 0, the surface satisfies equation (7) ; and 
as the surface is one of revolution, its two principal radii 
of curvature at any point are the radius of curvature of the 
meridian, or revolving curve, and the normal terminated by 
the axis of revolution. Now it is well known that the catenary 
is the curve in which these are equal and opposite. 

The figure of the film thus formed is called a Catenoicl, 

Of films whose surfaces are surfaces of revolution there are 
three classes which have been experimentally investigated by 
Plateau. We proceed to deduce their forms analytically. 

Let p be the radius of curvature at any point, P, of the 
meridian, and n the length of the normal between P and the 
axis of revolution. Then (6) becomes 

p n 2N 

Let A (Fig. 264) be a plane circular iron wire, two or three 
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inches in diameter, lying horizontally over a table ; suspended 
vertically over it let there be another circular wire, B, of the same 
or different diameter, both having been previously moistened 
with the liquid, and blow through one end of a tube a soap bubble 
until its surface comes 
into contact with both 
wires. Then the film 

will assume a figure of i \ 

revolution between the ? b 

wires terminating in ^ 

spherical caps (not re- 

presented in the figure) Fig. 264. 

covering the wires. 

The air inside it will have no communication with the outside 
air. By causing B to approach or to recede from Ay the figure 
of the film will be altered. 

Let AB be the axis of revolution, Bt the tangent to the 
meridian at P, and Pm and Pn the ordinate and normal. Let 
8 be the length of the arc of the meridian measured from some 
fixed point at the left of P up to P ; let LPtm = and Pm = y. 
Then (8) becomes fiQ cos(? 1 


Fig. 264. 


where a is put for 


^ • Again, ^ = sin so that (9) becomes 
cos dcly = 


Integrating this (since it holds at all points), we have 
^cos^ = ^ 

A d 

where h is a constant ; or, finally, if Pit = Uy 

00 ) 

Now if p is the perpendicular from the focus of an ellipse 
on the tangent at any point, and r the distance of this point 
from the focus, we have 

^ 2 2a ^ ^ 

where a and b are the semiaxes. Comparing (10) and (11), we 
see that P is the focus of an ellipse touching the line AB 
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22 ^ 

at n, the semiaxes of this ellipse being « (or — ) and ^ 2 ah ^ or 
2 ^ and this ellipse is therefore invariable whatever be 


the position of F on the meridian. 

Hence* the meridian curve of the film is the locus of the focus 
of a given ellipse which rolls along the line AB, The conic 
being an ellipse, the locus is called an TJnduloid^ and is the 
curve actually represented in the figure. 

If the rolling conic is a parabola, the locus of its focus is 
a catenary, and the surface of the film is the catenoid, already 
discussed. 

If the rolling conic is a hyperbola, the locus of the focus 
is a curve having a series of loops, and the corresponding shape 
of the film is called a Nodoid, 

The Nodoid is produced in the same way as the Unduloid, 
the greater or less distance between the parallel rings between 
which the bubble is blown determining the character of the 
surface; but it is obvious that only the portion between two 
nodes can be actually obtained. This curve resembles that of 
the third class of elastic curves (see Fig. 269, next chapter). 
The names of these curves have been given them by M. Plateau. 

294.] Connection with Elliptic Integrals. The abscissa and 
ordinate in the Unduloid and Nodoid are readily expressible 
in terms of Elliptic Functions. If in (10) of last Article for n 

we put obtain 

{f + 2aAy~ = 2ay, 


(y2 4. 2 ahy (dx^ + dy^') = 4 dx?^ 

+ 


.dy=±dx. 


±dx, 


or = ■■■ dy = ±dXy (1) 

>/(a2-^2) 

by putting and = + 2ah ; so that a and 

^ are the greatest and least values of the ordinate. Make the 
usual substitution, y^ szz p^Gin^(f>» (2) 


* This Theorem is due to Delaunay. 
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Then, putting ^ > we have 


if = aA{<i>), 

dx = 


186 

(3) 

(4) 


When </) = 0, y = o, and when ^ = /3. Hence in 

Fig*. 262 if D and JE are the points of maximum and minimum 
ordinate, all values of 0 between 0 and - correspond to points on 

a 

the curve between D and E ; and as x increases with 0, we take 
a positive sign outside the brackets in (4). 

The abscissa is given by the equation 

a? = aE{^)±pF{(i>y (5) 

Since in the Unduloid the tangent can never he parallel to 

dx 

the axis of y, we can never have — = 0, therefore the -f sign 

in the numerator of the left-hand side of (l) belongs to the 
Unduloid and the — sign to the Nodoid. Hence also in (5) 
the + and — signs correspond to these curves. 

Again, we have in the Unduloid 


d^x 


-•aflr -j- : 

(h 


sin (f) cos (/) 


— aP tan </>, 


so that will vanish when 

df 


tan(^ 


- \/ 1’ or = 


V a/J, 


and there is a point of inflexion at the corresponding point. 

If s is the length of the are between I) and any point, P, 
on the curve, we find ^ ^ 

and the area of the surface generated by the revolution of DP 
about the axis of ® is g 

If a = j8, the surface becomes a cylinder. 

When a is slightly different from ^ (i.e. when F is small), 
the form of the meridian curve is that of a curve of sinee, as is 
easily proved. 
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295.] Minimum Property of Films. If we seek to determine 
the general equation of a surface which, subject to enclosing 
a given volume, has a minimum area, we obtain the equation 

+ ^bjzdxdy = 0 

(a being a constant), which gives us the general property 

111 , , 
a’ 

at every point on the surface. Now this is, by (3), Art. 293, 
precisely the general property of the surfaces of films and of 
liquids unacted upon by external bodily force. 

The connection between the two problems might have been 
foreseen by the principle of minimum or maximum Static Energy, 
combined with the fact that the surface-tension is a constant for 
all forms of the film. For if N and S are the surface-tension 
and area of the film, since (Art. 291) A can be regarded as the 
Static Energy per unit area, the product 

NxS 

is the total potential work of the forces of the system, and this 
is simply proportional to the ai’ea of the surface. (See p. 178.) 

Hence the question of the stability or instability of any of 
the forms of liquid surfaces can be exhibited in the following 
form : Subject to its bounding conditions, is the area of the 
surface greater or less than that of any surface differing infinitely 
little from it and satisfying the same differential equation, 

It^ a 

The determination of the nature of the equilibrium in this 
way will often, however, be very troublesome, inasmuch as the 
comparison of the areas will involve the retention of small quan- 
tities to at least the second order ; for the deduction of the general 
equation (a) satisfied by all the surfaces under comparison has 
been made by the retention of small quantities of the first 
order. 

In this way M. Mathieu {Theori^ de la Capillarite, pp. 73, &c.) 
has discussed the stability of a cylinder of oil formed between 
two equal circular plates in Plateau’s glycerine mixture, and he 
arrives at the result that the figure is stable only for distances 
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296.] 

between the plates greater than the semicircumference and less 
than the circumference of either plate. 

296.] Stability of the Catenoid. Clerk Maxwell (Article on 
Capillary Action, Encyclop. Brit.) has applied a simple and in- 
genious method to the determination of the Stability of the 
Catenoid, without the direct consideration of minimum area. 

Thus, let B and C (Fig. 222, Art. 186) be two fixed points, 
and Ox a fixed right line parallel to BC. 

Then there are two catenaries which pass through B and C 
and have Ox for their common axis. For, if BC =z 2 k, and the 
distances of B and C from Ox are each equal to r, we have 

h ^ 

2r = 

and it is very easy to prove that only two (if any) real values 
of c can be found to satisfy this equation ; i. e. there can be 
drawn only two catenaries. Let these catenaries be BAC and 
BA'C (the latter not represented in the figure), the vertex, A\ 
of the second being, suppose, between 0 and A. Every catenary 
lying above BAC and every catenary lying below BA^C has its 
horizontal axis lying below Ox ; and every catenary lying between 
BAC and BA'C has its axis above Ox. 

Now, supposing Ox to be the line joining the centres of the 
two parallel circular wires between which is formed a soap film, 
these wires passing through B and C, the catenoids generated 
by the revolution of BAC and of BA'C are possible figures of 
equilibrium. 

Draw a catenary BaC slightly above BAC) let it revolve 
round Ox, and consider whether positive or negative work should 
be done on a film coinciding with the catenoid BAC in order to 
make it coincide with the quasi-catenoid BaC. 

Let P be any point on BaC; draw the normal at P meeting 
Ox in n and the horizontal axis of BaC in m. Then the radius 
of curvature of this curve at P is equal and opposite to Pm, and 
therefore the principal radii of the surface generated by the 
revolution of the curve round Ox are Pn and -—Pm, so that 
the sum of its curvatures measured towards the interior of this 
quasi-catenoid is 11 

which is positive. Now if p is the intensity of the pressure 
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excess which must be applied to the surface at P to keep the 
film in equilibrium in the fig*ure of the quasi-catenoid, we have 

(Art. 293), and p must therefore be applied as an outward pressure, 
i.e. in the sense nP. This holds at all points on the quasi- 
catenoid AaC^ since (a) is everywhere positive. Hence to change 
the film from the catenoid BAC to the quasi-catenoid Pa (7, 
requires positive work, and there is therefore no tendency to 
such a displacement (Art. 274). 

Again, draw a catenary P/3(7 very slightly below BAC, 
Since its axis is higher than Ox, Pm is now < Pn, and the sum 
of its principal curvatures at every point is positive towards the 
exterior of the film, so that this involves a pressure excess, p, 
directed towards the interior ; i. e. positive work would be 
required to change the catenoid BAC into the quasi-catenoid 
B^C, The catenoid BAC is, therefore, stable. 

In precisely the same way, if we consider the work which 
would be required to change the catenoid BA!C into a very close 
quasi-catenoid above it, we see that this work is negative, so 
that there is a tendency to this displacement ; and if the slight- 
est motion in this direction is given to the film, it will move 
continually up to coincidence with the stable catenoid BAC, 
To change the film BA!C into a quasi-catenoid helow it requires, 
in the same way, negative work. Hence a displacement in this 
direction would increase indefinitely, and the catenoid BA'C is, 
therefore, unstable. 

It is easily seen that the tangents at B and C to the upper 
(stable^ patenoid intersect above the axis Ox of the catenary, 
while those drawn to the unstable catenoid intersect below it. 
This form of the criterion of the stability or instability is given 
by Clerk Maxwell in the Article referred to. 

It is understood, of course^ that the ends of the catenoid are 
open to the external air and not closed by plates. If they are 
closed, the equilibrium will in all cases be necessarily stable — 
the film being presumed strong enough to resist ruptoe from 
slight motions. 
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EQUILIBRIUM OF STRINGS AND SPRINGS. 

297.] Tangential and IST ormal Resolutions. We now pro- 
pose to complete the discussion of the equilibrium of flexible 
strings by considering the case in which the external forces are 
not coplanar. 

Reverting to Fig. aai of Chapter XII, consider the equilibrium 
of the element PQ apart from the rest of the string. Then the 
external force per unit mass at P will be, as before, of the form 
(f) (a?, y, <e), where (x, z) are the co-ordinates of P ; and the 
external force exerted on PQ will be 

(^j y* X or k<jFds, 

where k and a are the density and area of normal section at P. 

Now, the element PQ is kept in equilibrium by three forces 
— namely, the tension (P) at P, the tension [T+dT) at Q, and 
the external force {kcrFds)^ which acts at the middle point of PQ. 

These three forces must be coplanar and meet in a point. 
Now, the two tensions act along two consecutive tangents to 
the string, and as the plane of two consecutive tangents to any 
curve in space is the osculating plane ^ we see that — 

The resultant applied force at any point of a flexible string acts 
in the osculating plane of the string at the point. 

If the string is stretched over any smooth surface by means 
of two forces applied at its extremities, the only applied force 
which is continuously distributed throughout the string is the 
reaction of the surface ; and as this reaction is everywhere 
normal to the surface, we see that — 

A string which is stretched along any smooth surface^ and acted 
on by no external forces^ except the reaction of the surface and two 
terminal tensions^ has its osculating plane at every point normal to 
the surface. 
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The string in this case assumes the form of a shortest line, or 
geodesic^ on the surface. 

Let Pt be the tangent and Pn the normal at P ; let dO 
the angle between the tangents at P and Q ; and let (\> be the 
angle between Fdm and Pt. 

Then, resolving along Pt the forces acting on the element, we 
have (f-f. cos<5?^ + ito-i^cos — y = 0 ; 

but cosd$ r=: I, neglecting (d(^)^ ; therefore this equation gives 

^+i<rFcos<f, = 0, ( 1 ) 

which asserts that the rate of variation of the tension per unit 
of length along the string is numerically equal to the tangential 
component of the applied force per unit of length. 

Again, resolving the forces along Pn^ the normal, we have 

[T dT) sivL do — ka F svoi (i>ds = 0, 

ds 

or since /», the radius of curvature at P, is equal to ^ > 

T 

— k<rF8in<p == Of ( 2 ) 

P 

which asserts that the curvature of the string at any point is 
equal to the normal force per unit of length divided by the 
tension. 

From (1) we have y = C-fiaFcos <f>ds, 

where C is an arbitrary constant. Now, cos (pds is the pro- 
jection of d8 on the direction of F, Denoting this projection 
ty y = C^/kaFdf. (3) 

But J*kcrFdf is evidently the potential of the applied forces if 
they are a conservative system. Hence, if F and Fq denote 
the potentials at two points in the string at which the tension 
are T and , we have y ^ y*— ( 4 ) 

or the difference of the tensions at any two points is equal to the 
difference of the potentials — a result which we shall find to be 
true also in the case in which the string rests on a smooth 
surface. 

298.] Equations of Equilibrium. Let the force F acting on 
the unit mass at any point P whose co-ordinates are a?, y, z be 
resolved into three components, X, X, Z parallel to three fixed 
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rectangular axes. Then the components acting on the element 
PQ are kcrXds^ kcrYds, k(TZds. Also the components of the 
tension acting on the extremity P are 

-T—, -T^ -T—- 

da da' da* 

the components of this tension are affected with negative signs, 
since, when the element PQ is considered apart, the tension at 
P will be directed towards the left-hand side of Fig. 23 1, where 
the origin of co-ordinates is supposed to be. 

These components of the tension will at any point be functions 
of the length of the arc measured from some origin point, A, of 
the string up to the point considered. Thus, if JP = we 
shall have 


and the component of the tension at Q is therefore + or 

^dai d (r„dx\ , d'^ ,^dx\ da^ 


Hence, for the equilibrium of PQ, resolving forces parallel to 
the axis of a?, we have 




+ /i<rXrf«-2'^= 0 , 
ds 


or, rejecting the terms which cancel, dividing out by d%^ and 
diminishing da indefinitely, and denoting /Jo- by the mass per 


unit length, 


(1) 

Similarly, 


(2) 



(3) 

Performing the differentiations, we obtain 



rrtd^X dTdx ^ 

(4) 


dTdy y 

(3) 


dH dTdz 
^ da^ dada^^~ 

(6) 
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For the future we shall systematically use (a, /3, y) for the 
direction-angles of the tangent at any point P of a curve, the 
positive sense of this tangent being that in which the arc, 
measured up to P from some origin point on the curve, receives 
a positive increase. 

Also by (^, C) we shall denote the direction-angles of the 
radius of absolute curvature at P, in jpontive seme from P 
towards the centre of curvature. 

We may suppose these angles to be measured from lines drawn 
at P parallel to the positive directions of the axes of co-ordinates. 

Equations (4), (5), (6) may then be written 


T dT 

- cos ^ <50s a + mX = 0, 

p ds 

T dT 

-cos 7/ + ^ cos /3 -h mY = 0, 
p as 

T dT 

- cos C + T" cos y 4- mZ = 0 . 

p ds ^ 


( 7 ) 

(«) 

( 9 ) 


Multiplying these by cos a, cosyS, cosy and adding, we have 


( 10 ) 

where S = the component of the forces along the positive sense 
of the tangent. This equation gives 

T = Sds = C— f m {Xdx -f Ydy 4* Zdz), 

which is obviously the same as (3) of last Article. 

dT 

Again, eliminating T and -y from (7), (8), (9), we have 


cos cos a, 
cos cos j3, 
cos Cy CO 8 y, 


X 

Y 

Z 


= 0 , 


or Xcosd4 - Fcos^4-^co8^ = 0, (11) 

where (d, 0, x//) are the direction-angles of the normal to the 
osculating plane. This equation asserts — what is evident from 
first principles — that the resultant external force at any point 
lies in the osculating plane. 

Another form of the value of Pis obtained by integrating (1), 
(2), (3) separately, and squaring and adding. Thus 

P2 = (A--/mXdsy^(B-/mYdsy + iC^/mZds)\ (12) 
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Ai J5, C being constants which must be determined after each 

integration by knowing the values of T~i ... at the point from 
which s is measured. 

Again, by multiplying (7), (8), (9) by cosf, cob rj, cos C and 

adding, T ^ , 

= (13) 

where P is the component force along the radius of curvature in 
the positive sense (i.e. towards the centre of curvature). 

The equations of the curve formed by the string are obtained 
from (1), (2), (3) thus, by elimination of T, 

A — frnXds _ -B— fmYds ^ C—/mZds . 

ds ds ds 

From (10) it follows that if at no point of the string is there any 
component force along the tangent^ the tension will he constant 
throughout, 

299.] String on a Smooth Surface. Now suppose that the 
string, while acted upon continuously by any forces, is placed on 
a smooth surface, which produces at each point a normal reaction, 
equal to Rds on the element of length ds at the point, P. 

We shall denote by(/, m,n) the direction-angles of the normal 
to the surface in the sense in which B acts along the normal. 
Then we have simply to add the components Bcosl, Rcosm, 
Rcobu to -X, F, and Z, respectively in equations (1), (2), (3), or 
(7), (8), (9) of last Article, so that our equations are now 


T dT 

— cos£+-x-cos a + cos^ = 0, 

p as 

T dT 

— co8ri + ~^coB B ’t-mT-h Bcosm ^ 0, 

p ds 

T . dT 


( 1 ) 
( 2 ) 

cosC+^^cosy-f COS = 0. (3) 

p ds 

If 0 ) is the angle between the radius of curvature and the 
inward drawn normal to the surface at P (i. e. the normal drawn 
in the sense opposite to that of B^y we have by multiplying thesQ 
by cos^, coBmy cos^, and adding, 

T 

B^mN COSO) = 0, (4) 

9 

N being the normal force per unit mass in the sense of P. 

VOL. II. 0 
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By multiplying by coso, cosjS, cosy and adding, we have 
dT 


ds 


+ fuS — 0 , 


(5) 


just as in the case of a free string. 

When the applied forces have a potential, F, the integral of 
this equation, as in Art. 192, is 

T=T,-{y-r,). ( 6 ) 

In the particular case in which the string rests on any smooth 
surface under the influence of gravity, this equation gives 


T=T^-m9{y-y,), (7) 


the axis of y being a vertical line. From this it follows that all 
points at which the tension is the same lie in the same horizontal 
plane. 

The curve of equilibrium of the string is found by eliminating 
T and R from the equations (1), (2), (3). Thus, if we eliminate 

first -T- and jB, we have 
as 





dx 

du 

T 9 ' 

dx 

dy 

du 

d9' 

ly 

dz 

du 

T' 

dz 


( 8 ) 


in which w = 0 is the equation of the given surface, so that 

cos / : cos«^ : cos ^ ^ ^ • The value of T derived by in- 
dx dy dz 

tegrating (5) must be substituted in (8), and we then get a 
diflTerential equation which, with = 0, determines the curve. 

800.] String on a Rough Surface. If a string, acted on 
by no forces, is stretched over a rough surface it need not, as 
in the case of a smooth surface, assume the form of a geodesic or 
shortest line. One simple case in which it will be a geodesic is 
that in which it is about to slip on the surface at every point in 
the direction of the tangent to the string at this point. 

Geodesic. . Consider the equilibrium of an element, PQ, of the 
string, whose length is ds^ and suppose that it is about to slip in 
the direction QP. The element is acted upon by three forces — 
namely, a tension P, at P, a tension P+<^P, at Q, and the total 
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resistance of the rough surface, which must pass through the 
intersection of the tangents at P and Q. 

It is evident that we may consider this total resistance as 
acting at P, ultimately, since it is of the form E^de, Ei being 
a finite quantity, and if it 
be assumed to act at any 
point between P and Q, its 
components in any direc- 
tions will difier from those 
of the total resistance sup- 
posed to act at P by in- 
finitesimals of the order of 
(dey. Resolve the total re- 
sistance at P into a normal 
force, Edsy and a force in the tangent plane, fxEdSy /x being the 
coefficient of friction between the string and the surface. 

Now the component fiEds must act along the tangent at P, 
since, by hypothesis, slipping is about to take place along this 
tangent. Hence the three forces T, T-hdT, and jxEds being all 
in the osculating plane of the curve at P, the remaining force, 
Eds^ must also lie in this plane ; that is, the osculating plane at 
every point of the curve contains the normal to the surfiice. 
Hence the string assumes the form of a geodesic. 

Denoting the angle between the tangents at P and Qhj d 6, 
we have, by resolving along the tangent at P, 

dT-\-fxEds 0, (l) 

Again, resolving along the normal at P, 

Tdd — Eds=:0. (2) 

From (1) and (2) we have 
dT 

C being the constant of integration, and 6 the sum of the angles 
of contingencBy or angles between successive tangents to the 
string from any chosen point, Ay to the point, P. Let be the 
tension at A. Then P = when 0=0; therefore 

P = (3) 

General Ca%e. Suppose now that the string is acted upon by 
any forces, and that F is the force of friction per unit length at 
any point P, the direction of this force being in the tangent 

o % 
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plane^ but otherwise unknown. Let its direction-angles be 
(a', /S', y'). Then with the same notation as before, 


T dT 

*^cos^+ ;^cos a + ^wJf-|- JK cos/ 4- jf^cosa'=: 0, 


ds 

dT 


cosj3-h»2jr+^cos;» + -Fcos/3' = 0, 


(4) 

(5) 

( 6 ) 

Intrinsic equations, completely equivalent to the above, can 
be obtained by taking the axes of -e, y, and a?, respectively, 
parallel to the normal (direction of -B), the tangent (direction 
of T)y and a line drawn perpendicular to both, so that 


7“*’’+3r 

T dT 

— cosf-f -r“COsy cosw + jPcosy'= 0. 
p de 


a 



^ = 0; 


1=: 



71 = 0 ; 


— CO, ^ = 2* c= 

If Q denotes the component force per unit mass at P along 
the new axis of iv, and 0 is the angle which the direction of F 
makes with the tangent, these equations become 


T 

— sm(a + mQ + Fsm0 = 0, 

(7) 

dT 

-T' +mS+FcosO = 0, 

ds 

(8) 

T 

— COS60 4- = 0, 

(9) 


P 


the last of which, therefore, holds both for a rough and for a 
smooth surface. 

Consider the particular case in which there is no continuously 
applied external force, i. e. let = /S' = Q = 0, and suppose that 
slipping is about to take place at a point. Then at this point 
F = fjt jB, and we have 

— Vu^cos^w— sin^w. (10) 

d%p 

At a point, therefore, at which the osculating plane is in- 
clined at the angle of friction to the normal to the smtace, 
the tension is a maximum or minimum ; and if slipping is 
about to take place at all points, the tension will be constant 
throughout if the osculating plane of the curve in which the 
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string is placed makes throughout the angle of friction with 
the normal. 

If the osculating plane is everywhere normal to the surfece, 
a> = 0, and therefore sin^ = 0, i.e. the force of friction acts 
along the tangent — as is evident from the fact that of the four 
dT 

forces, B, and F, which keep an element in equi- 

librium, the first three are then coplanar, so that F must lie 
in the tangent. 


Example. 


A string whose weight tnay be neglected is placed along a circular 
section of a rough right cone and is pulled at its extremities by two 
given forces, P and Q ; find the relation between these forces when 
the whole string is about to slip, and the direction of slipping at each 
point. 

A ns. If a = semi vertical angle of cone, jx = coefficient of friction, 
I = length of string, r = the radius of the circle, and if P is about 

to overcome Q, i 

Q=iP 

and the direction of slipping makes at each point with the tangent 
the angle whose cotangent is V fPcot^a— 1. 


301.] Equilibrium of an Extensible String. With the same 
notation as that employed in Art. 196, the equations of equi- 
librium of a flexible extensible string in the general case will 

( 1 ) 
( 2 ) 


be 




ds 


■'(4)+«z = o,| 


( 3 ) 


di = Vdso^+d^ + dz^, (4) 

»«o=/(*o)- (®) 

In general, then, the two equations of the curve of equilibrium 
are found by eliminating m, from these seven equa- 

tions. 
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As before, we take onljr two cases, viz. that in which is 
constant, and that in which X, Yy Z are constant. 

Firstly, consider constant. A H fl 

Then, multiplying the left-hand sides of (3) by^> 
and adding, 


dT . . ^dy „dz^ 




ds da 
( 6 ) 


while from (l) and (2) we hare m = — ^ ; so that (6) gives 




(l ■k--^dT-Y-m^{Xdx-yTdy-^Zdz) = 0. 


( 7 ) 


Integrating this and patting V for the potential of the external 
forces, per mass % at the point (a>, y, z), viz. 

mJ'{Xdx ■\rYdy-\- Zdz), 


we have 




where is a constant. 
Hence by (2) 


da /2 , 

^A-r~W A 


( 8 ) 


( 9 ) 


which gives a in terms of and therefore the extension. 

If T and V are the potentials at two points at which the 
tensions are T and r', respectively, 


(r_p)(i+?^) = r_r. 


( 10 ) 


The equations of the curve of equilibrium are obtained by- 
substituting the value of T given by (8) in any two of the 

Secondly, suppose the external forces X, T, ^ to he constwit. 
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Then, integrating equations ( 3 ), we have 

= B-T/m^dg^, >■ 

T^-t=C-Z/m,dg„. 


(H) 


A, C being constants. Squaring and adding these, 

( 12 ) 

which gives T in terms of • Suppose 
Hence from (2) 

8 = 

from which the extension is known. 

The equations of the curve are obtained from equations 
(11) by substituting for ds in terms of Thus, 

dm = {A-X/ 
dy = {B- Yf 
dz = {C-Zf 

Integrating these and eliminating we obtain the two equa- 
tions of the curve of equilibrium. 

302.] Equilibrium of a Plane Elastic Rod. The equilibrium 
of a string has been investigated, in Art, 297, on the supposition 
that if we take a normal 
section of it at any point, 

P, the action exerted on 
the portion PB by the 
remaining portion PA 
consists simply of a force 
directed along the tan- 
gent. The rod differs from 
the string in this — that 
the internal action exerted on any normal section is much more 
complicated, being equivalent to a force, /, acting at some point 
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of the section, oblique to the tangent, together with a couple L. 
In the case, now before us, of a rod lying wholly in one plane 
and acted upon by external forces and couples, also confined to 
this plane, the axis of the couple, i/, will at every point be 
perpendicular to the plane of the rod. Indeed, the remarks in 
Art. 103 on the nature of internal action, or stress, prepare us 
for seeing this. 

In the above figure (Fig. 266), consider the nature of the action 
exerted over the normal section at P on the part PB by the 
part PA, Near the upper, or convex, side the bending has the 
effect of making the part PA try to tear away from PB, so that, 
on the whole, there will be in this neighbourhood forces on PB 
directed towards the left ; while near the lower, or concave, side 
of the rod at P, the bending causes the portion PA to push into 
PB, and consequently the particles of PB in this neighbourhood 
will experience forces directed towards the right of the figure. 

This state of stress is roughly repre- 
sented in Fig. 267. If the arrows in 
it represent the forces experienced by 
the individual molecules of the por- 
tion PB, it is clear how such forces 
might reduce to a single force acting 
below P', perhaps a long way off from 
the rod; and how this single force, 
again, could (Art. 79 ) be replaced by the force I (Fig. 266) 
acting at an arbitrary point of the section, together with the 
counter-clockwise couple P. 

A remark, to which we shall return in the Chapter on Strain 
and Stress, may now be made with reference to the system of 
stress (Fig. 267) on the section of the rod. It is this — that even 
though the normal section may be extremely small, as in the 
case of a very narrow wire, the forces experienced by the suc- 
cessive molecules lying in the section vary in both magnitude 
and sense with enormous rapidity. On an infinitely small area 
of this normal section — such as the smface of a single atom — the 
stress action consists necessarily of a force simply — without any 
couple ; but the normal section of even a very thin wire contains 
an infinitely great number of such infinitely small surfaces, and 
therefore furnishes abundant possibility for the enormously rapid 
change in the magnitude and sense of the separate internal forces^ 
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and hence for that force and couple to which, if the wire he very- 
stiff, these individual forces must reduce. 

The rod^ whose equilibrium we are considering, is supposed, for 
generality, to be acted upon continuously throughout its length 
by applied force, whose amount per unit length at any point is 

together with applied couple, whose amount per unit length 
is 0, A magnetized spring acted upon, in addition to any other 
forces, by the earth’s magnetic attraction, gives an instance of 
continuously distributed external couple. 

303. ] Conditions of the Extremities. Our figure represents 
the rod as kept in equilibrium by continuously distributed force 
{Fds) and couple, together with two terminal forces at A and B, 
These terminal forces may be produced either by direct pulls 
or by fixing smooth pins through the extremities, since (Art. 103) 
the pressures all round the surface of a smooth cylindrical axis 
are equivalent to a single force acting through the centre of 
the axis. 

Another, and essentially different, state of affairs at the ends 
is produced by fixing not only the end itself but also the tangent 
at it. In this case we shall speak of the end as tangentially fixed ^ 
It is clear that this mode of fixture could not be produced by 
the application of a single force at the end so fixed; it would 
require the application of a force and a couple to the end. 
In the case of coplanar forces this force and couple are equi- 
valent to a single force acting at a distance from the end 
(Art. 79). 

Pivoting at an extremity is, then, productive of a single force 
acting at the extremity ; and tangential jixture is productive of 
a force and a couple acting at it. 

304. ] Equations of Equilibrium. We now proceed to obtain 
the equations connecting the stress with the external forces and 
couples, exactly as in the case of a string. Consider the separate 
eqtiilibrium of the element PQ. The stress which it experiences 
at P has been already described ; over the normal section at Q, 
the stress will consist of a slightly different force, I+dl, and a 
slightly different couple, L + dL ; while the externally applied 
force is Fds, and the externally applied couple is Gds. (The force 

and the couple L-\-dL are exerted by the portion Q-P on 
(^A, and are therefore in the senses represented in the figure.) 

Suppose the arc s to be measured from A, so that AP = s ; 
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let Sds and Nds be the components of Fds along the tangent 
tP and the normal Pn drawn towards the convex side of the 
curve ; let $ be the angle which the tangent at P makes with 
some fixed line (axis of so) which we may, for definiteness, sup- 
pose drawn at the lower side of the figure, so that the radius of 
ds 

curvature, p, at jP is — ^ * Also, let the internal force, /, be 


resolved into components, T, along the tangent and, U, along the 
normal. The second component is called the shearing stress at 
P ; the first is, of course, the tension of the rod. Let the tension 
and shearing stress at Q be ^'^-^^and U-i-dUy respectively. 

Then, for the equilibrium of PQy resolving along the tangent, 
we have -T+T+dT-{U+dU)de + 8d« = 0, 
observing that dO is negative. Hence, proceeding to the limit, 


dT U ^ ^ 

+ - + -S= 0. 

ds p 


( 1 ) 


Similarly, resolving along the normal, 

U+dU--U+{T+dT)de + Nds = 0. 



T 

~ + 0 . 
p 


( 2 ) 


Finally, taking moments about an axis through P perpen- 
dicular to the plane of the figure, and observing that the 
moment of the external force would give a term of the order 
ds^, we have 

£^Z^dZ + {U^dU)ds^ Ods = 0, 


dZ 


=z0. 


( 3 ) 


From this last we see that when there is no continuously dis- 
tributed external couple, the shearing stress at any point is equal to 
the differential coefficient of the stress coujole with respect to the arc. 

With regard to the sense of the stress couple X, observe, in 
general, that the couple exerted on any portion PA by the 
remaining portion PB is in the sense in which the tangent 
at P revolves as we move from P along PB\ and in (3) the 
shearing stress exerted on PA by PB is measured along the 
normal drawn towards the convex side of the curve. If TJ is 
measured towards the centre of curvature we have simply to 
change its sign in the equations. 
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Sometimes it is of more advantage to obtain equations from 
the consideration of the equilibrium of a portion of finite length 
of the curve. 

Thus, consider the equilibrium of the whole length AP. Take 
any two fixed axes of cb and y ; let and Y ds be the com- 
ponents of the external force, Fds^ parallel to these axes ; let 
a and ^ be the components of the force (arising from any such 
cause as fixture) at A^ and let k be the special couple (if any) 
applied at A, Then, by resolution, we have 

Teo&O— U sin^ = a---/Xds^ (4) 

I^sintf+ U QO^O = ^-^rfYds^ (5) 

which give T and U at once. 

Also, by taking moments about P, and denoting the co-ordinates 
oi A hj a and 5, while, to avoid confusion, we denote the co- 
ordinates of any point on the curve between A and P by f and 
77 , we have 

L = A + a(^~5)-/3(a?— a)+/{J(y— r?)— r(a?-£)+ (6) 

Or the value of L may often be better obtained from (3), U 
having been determined from (4) and (5). 

305.] Particular Case of Plane Spring. Suppose that there 
are no forces or couples continuously distributed along the rod, or 
spring, but merely a force, at one end, P, the other being 
either simply or tangentially fixed; and suppose that before 
strain the spring had the form of any plane curve, of which the 
radius of curvature at any point was r. Considering the equi- 
librium of any portion PP, we see that stress at P (force and 
couple) must reduce to a force equal to the force H and directly 
opposed to it in its line of action. 

Hence at all points the internal force I is constant in magni- 
tude and direction — equal to H. 

Again, by moments about P, if we take the line of action of H 
as axis of a?, we have 7 ; ^ II,y, ( 1 ) 

Now the magnitude of L is assumed to be equal to the change 
in curvature at P produced by strain, multiplied by a certain 
constant, A^ whose magnitude depends on the stiffness of the 
material of the spring ; so that 



( 2 ) 
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The constant A is called a flexural rigidity, and it is evidently 
of the nature of a force multiplied by the square of a line. 

We may therefore put ^ = a constant, and then we have 



which is the equation determining the form of the curve. 

If the spring when free from strain was straight, ~ is zero, 
and the equation becomes ^ 



If the rod was in the form of a circular arc when unstrained, 
(3) could be put into the form (4) by taking the axis of x parallel 

« • ci^ 

to the line of action of -ff at a distance — from it. 

r 

The force, H, may be applied either directly to the end, jB, of 
the rod itself or to a rigid arm attached to JB. 

The latter case is the same as if H were directly applied to JS 
and accompanied by a couple whose moment is the moment of 
II about £ — in fact, a rigid arm at the extremity of which H is 
applied may be regarded as a means of applying a force and a 
couple at the end, jB, of the rod (see Art. 202), 

306.] Elastic Curves and Elliptic Functions. Let ADB 
(Fig. %6i) represent the rod, with two rigid arms, Aa^ Bh^ 


D 



attached to its ends, two equal and directly opposed forces, i?, 
being applied perpendicularly to these arms. We assume that 
the rod was straight when unstrained. 

Taking the line ah as axis of a?, the equation of the bent rod 
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We shall express p in terms of the element of arc, ds, and the 
angle, dd, between the tangents at its extremities ; and for 
definiteness we shall assume s to be measured from a point, D, 
at which the tangent is parallel to the line, ab, of action of the 
force Jffy and the angle 6 made with the tangent at D by the 
tangent at any point, P, on the cmwe to be measured positively 
in the sense of clockwise rotation. 

The curve of equilibrium may be concave at some points and 
convex at others to the line of action of the terminal forces ; and 
if at any point it intersects this line, its curvature vanishes at 
the point. It may, again, never intersect this line at all. 

If P and Q are any two very close points on the curve, the 
extremity of the curve, which we should reach by travelling 
from P to Q and then continuously along the curve, may be 
called the extremity adjacent to Q, while the other extremity may 
be called the extremity adjacent to P. 

The terminal forces, H, may act along ab either towards each 
other, as represented in Fig. 268, or from each other, and the 
sense of the bending (or concavity) at any point will depend on 
the senses of the terminal forces. In every ease, of coui'se, the 
sense of the bending at any point P is such that the moment 
about P of the terminal force at either extremity is opposed by 
the stress couple exerted at P by the remaining portion of the 
rod ; or, in other words, for all the figures which the curve can 
assume we have the following rule — the sense in which the tangent 
revolves in passing from F to a consecutive point Q is the sense of 
the moment about P of the force at the end adjacent to Q. 

If in (1) we put p = ; and ^ = — sin0, we have 

( 2 ) 

ft 0 2 

/. = O’ +2 cos 0, 

where C is a constant. Let I) (Fig. a68) be a vertex, or point 
at which the tangent is parallel to ai, and let the ordinate 
1)C = h ; then from the last equation we have 

Q 

== 


( 3 ) 
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Now different cases arise according as h is <2a, — 2a, or 
>2a. 

Case 1 ; A<2a. Let h=- 2 ale, where ^ is a fraction. Then 



Let sin ^ sin <j ) ; then 

a 

y:=Acos(f>. (5) 

The angle <p can be easily exhibited : with C, the foot of 
the ordinate from B, as centre, describe a circle of radius k ; from 
P, which is any point on the curve, draw PR parallel to ab, 
meeting the circle in p. Then the angle BCj) is obviously (f). 

dy 

To find the length of the arc PP, or we have ^ — sin ^ ; 

but from (5), ^ sin ^ ; hence 

de sin ^ 

d(f) sin^ 


d(^ 


/. s^af ( 6 ) 

Jo -/l — ii^sin^c#) 

= a.F{k,cl>), (7) 

according to the notation for an elliptic integral of the first kind. 
To express the abscissa, CM, of P. If CM = x, we have 


dx 

ds 


= cos^, 


dx , . 

^ sin^ cot^ = a 


1 — 2 sin^ 


Hence 


( 8 ) 


where A = -s/l — sin® 

•7- = 2a . AA — — ■ 

^ A<p 

X = 2a .E{k, <^)—a.F{k,4>)> (9) 

x + s = 2a.E[k,(i>), (10) 

where, as usual, E denotes the elliptic integral of the second 
kind. 
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Examples. 


1 . If the ends A and B are fixed by smooth pins at a given dis- 
tance apart, and the rod is placed in the form of n bays, or spans, 
between the pins, find the pressures exerted by the pins. 

The pressures exerted by the pins will be directly opposed in the 
line AB, Let AB = c, and let Z = whole length ef the rod. Then 
the length of the arc in one span is obtained from (7) by putting 


^ 2 


Hence 


l = 2naF[k, 

a 


( 11 ) 


Similarly, from ( 10 ), we have 


c-\-l=z AnaEi^h, ~); ( 12 ) 

so that Jc is determined from the equation 

2l.E{k,'^)={c + T).F{k,l), (13) 

which is independent of the number of baps, 

Now there is only one value of k which satisfies this equation, 
as we can see graphically thus. The values of k range from 0 to 1 . 
Draw two rectangular axes. Ox and Op, and let abscissae (along Ox) 
represent values of k while ordinates represent i^e corresponding 
values of E, 


When k 
find by differentiation that 


TT 

0, E = and when k ■ 

u 


1 , 1 ”= 1 . 


E-F 




dk k 

dF _ 1 . E 

dk~k^tf^' 




Also, we easily 


(14) 

(15) 


TT 

in which we use E and F, for shortness, instead of E (A, -) and 

F [k, ^); and also k'^ for 1—k^, 

2 


Measure off OV = — along Oy, and OT = 1 along Ox, and at T 

draw an ordinate TR = 1 . Then the curve representing the values 
of E passes through Y and R, touching TR at R, and touching at 

dE 0 

V a line parallel to Ox, (The value of -jr at V assumes the form - > 

CtfC U 

but it is easy to find, by the help of (15), that it is equal to zero.) 
This curve is continuously concave towards the axis of x. 

Again, the curve whose ordinates represent the values of F passes 
through V, touching the previous curve at this point, its ordinate 
being thenceforth always >OV, until when X? = 1 , the ordinate = 00 . 
This curve, therefore, approaches the line TR asymptotically. An in- 
spection of the figure shows that if the ordinates of these curves have 
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a given ratio, there is only one value of h which will answer, since 
the second curve is continuously convex towards the axis of a?, E being 
always except at the point F. 

The value of k, then, must be found empirically from (13), and if 
the corresponding value of F is /x, equation (11) gives 

(16) 

for the pressure exerted by each pin. 

Hence the pressure is proportional to the square of the number 
of hays. 

If a is the angle made with the line by the tangent at either 

0 

extremity of the rod, si nee, in general, sin 2 “ ^ we have 


sin- =^, 


(17) 


for any figure which crosses the line of force, since for all such curves 

TT . 

<|) = - for the point of crossing. 

a 

In the present case, therefore, whatever be the number of hays, 
their terminal tangents are all equally inclined to the line AB, 

The particular case in which the ends A and B are brought to- 
gether deserves to be noticed. One form of equilibrium is, of course, 
that of a single loop starting from A and coming round to A again, 
there being two distinct tangents to the curve at il. 

For this case put c = 0 in (13), and the value of k is obtained from 

th.e,u.U„ = (,8) 


and the inclination of each tangent is ^ven by (1 7). 

Another form of equilibrium in this case is that of a figure of 8, 
the two tangents at the double point making with the axis of the 
curve the same angles as those just found for the case of a single 
loop. 

2. Show that if a rod is slightly bent between its extremities, its 

n . j , X 

figure is that of the curve of sines, 3/ = A sin -• 


Case 2 \ h 2a. In general, the radius of curvature at the 

vertex D is equal to ^ , so that when h >a, the curve on leaving 

D comes inside the circle Bp (Fig. a68). Such happens, then, in 
the present case ; and we easily find from (7) and (10) 

/TT (/)\ 

«= alogtan(j + j), 

X = 2asin<^ — a log tan + ^) • 


(19) 

( 20 ) 
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Also <f) = -) and = 2 a cos - • On leaving the vertex, D, 

a £k 

the value of x begins by increasing ; but the logarithmic term 
in (20) must soon destroy the term 2 a sin (j), so that = 0, or 
the curve cuts the axis of y at some such point as J (Fig. ^69). 


The course of the curve from 
B is BPJB\ and there is 
obviously a similar and 
equal portion represented by 
BQJA ; and the productions 
of the curve beyond the arms, 
at the extremities of which 
the forces II are applied, 
are asymptotic to the line 
of force. 


\y 

I 

I 

]!> 



Case h>2 a. In this case put 2a k.k, where k is, of 


course, < 1. Hence y ^ k A/ 

e 


0 

‘ sin^ - ; and if we put 


k sin ~ = sin we have y ^ k cos so that we have the same 
2 

geometrical representation of ^ as before. But in this case the 

0 

curve can never cross the line of force, since sin - cannot be equal 
to and, consequently, y cannot vanish. 

The following results are easily found : 


The form of the curve is that represented in Fig. 270, in 
which ab is the line of action of the terminal forces. This figure 
represents also the curve 

of what is called the ^ — — 

Hydrostatic Arck (omit- 
ting, of course, the 
looped portions). 

The idea in the con- 
struction of this arch 
is as follows : If a per- 
fectly flexible string with fixed ends is in equilibrium under the 
action of continuously applied external force, which is everywhere 
VOL. II. p 
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normal to the string, the tension, T, is constant, and at each 
point it = Np, where N is the normal force per unit length and 
p the radius of curvature at the point (Art. 183). In such a 
system there is no shearing force and no stress couple at any 
point. Now, if we imagine the sense of every force to be 
reversed, i.e. let the normal force, N, be converted into pressure 
towards the centre of curvatm*e, and the tension, to be con- 
verted into thrust, while the string becomes a body capable 
of resisting tangential thrust (i.e. a body of the nature of a 
wire), shear and no bending coujple would be called into jplay in 
the new body. But these are the objects to be desired in an arch, 
DFy supporting water, since with no shear or bending couple, 
there will be no tendency in the joints to separate. The stress 
in the arch will then consist of direct tangential thrust between 
stone and stone. 

Now if P is any point on the arch, and ab the level of the 
superincumbent water, the pressure per unit area at P is wy^ 
where w is the weight of the water per unit volume, and y the 
depth of P below ab. If, then, the arch is merely a rigidified 
string devoid of shear and bending stress, T = constant, and 

— = wy, therefore py = constant, where T is the thrust in the 

arch per unit of breadth (i.e. per unit distance perpendicular to 
the plane of the figure). 

Practically the elastic curve py = can be constructed as an 
assemblage of small circular arcs thus. Take any axis of abscissae, 
ab (Fig. 268), and, starting with a point P, describe a small 
circular arc, PP', whose centre is on the ordinate JDC, Let this 
centre be 0, and let / be the ordinate of P'. Then on the line 

1/0 take a point (/ such that 0'P'= where y is the 

ordinate, PC, of P, and with 0' as centre draw the small circular 
arc D'D " continue by a small circular ^c from P" to and 
so on, and we get an approximate figure of an elastic curve. 

A plane flexible string, every element of which is acted upon 
by a normal external force only, whose magnitude is proportional 
to the distance of the element from a fixed line in the plane of 
the string, assumes the form of one of the elastic curves, since by 
equation (2) of Art. 183, we have 

py = constant. 
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This would be the case of a flexible cylindrical sheet filled with 
water. A section of the surface perpendicular to the axis of the 
cylinder would — at least in places not near the ends of the 
cylinder — be a curve satisfying the equation py = constant, 
since each element is acted upon by a normal force (the water 
pressure) whose magnitude is proportional to the depth, y, of the 
element below the free surface of the water — the lateral tensions 
proceeding from the elements of the sheet outside the plane 
of the section contributing no component tension in the plane of 
the section. 

307.] Kinetic Analogue of Plane Elastic Wire. As we 

shall subsequently prove, there is an intimate connection between 
the statical problem of a bent and twisted wire and the kinetical 
problem of the motion of a rigid body round a fixed point. The 
kinetical analogue of the problem of the plane elastic rod is a very 
simple one, when the rod is acted upon only by terminal forces. 
For the equation of the curve assumed by the rod is py = ; 

so that if 6 is the angle made by the tangent at any point with 
the axis of x, we have (see p. 205) 

(0 


If a point travel along the curve with constant velocity, yS, so 
ds 

that ^ = /5, the equation which gives the position of the tangent 

to the curve, or direction of motion of the moving point, at any 
time is therefore 


a^d^ 


= — sin d. 


( 2 ) 


is 


Now the equation of motion of a simple pendulum of length I 


IdH' 

g dt^ 


— sin 


(3) 


6' being its inclination to the down ward -drawn vertical through 
its fixed end. Hence the direction of the pendulum and the 
direction of the motion of the point which describes the elastic 
curve can be made the same at all times ; for we have simply 
to place the axis of the elastic curve vertical, to make the tangent 
at the initial position of the moving point parallel to the initial 

position of I (the pendulum string), and to make /3 = a 
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808.] Tortuous Curve. "Wheii a curve does not lie in one 
plane, it is g*enerally called a ‘ curve of double curvature ; but 
the term tortuous curves which is more expressive and appropriate, 
has been employed by Thomson and Tait. This is the term 
which we shall adopt. The measure of the tortuosity or de- 
parture from planeness — ^at any point of such a curve is thus 
made. If P and P' are two points on the curve distant by the 
infinitesimal arc ds^ and if ^ 0 is the angfle between the osculating 
planes at P and P^, the rote of changs of direction of the osculating 
plane per unit length of arc is obviously the limit of the ratio 

^ as P' approaches infinitely near to P. 

(Is 

This limiting* ratio is called the tortuosity of the curve at P. 

309.] Resolution of Curvature. If through any point, P, of a 
tortuous curve any plane ie drawn, and the given curve he ortho-‘ 
gonally projected on this plane, it is required to find the curvature at 
P of the prelection. 

Take the plane drawn through P, on which the given curve 
is projected, as plane of x, y. Let p be the radius of absolute 
curvature (i.e. radius of curvature in the osculating plane) of the 
given curve at P ; let P' and P" be points consecutive to P on 
the curve, the distances PP^ P'P'' being each ds. Let the 
projections of P\ P'^ on the plane xy be 11^ Then if, for 
simplicity, P is taken as origin, the co-ordinates of 

dx y dy j ^ 
n are -t' ds; ~ ds; 0 ; 
ds ds 


^dx ^ j 9 

n ' are 2 -rj-ds’\- ds^ ; 

ds ds^ 






so that double the area of the triangle P n'lT" is 

(d^d^i _dj ,3 

^ds ds^ ds ds'^ ^ 

cos V 

But the coeflficient of ds^ is well-known to be , where v 

P 

is the angle which the binormal (perpendicular to the oscu- 
lating plane) makes with the axis of z (perpendicular to plane of 
projection). And if is the acute angle between Pfl^ and 
fl'n", double the area is also Pll'x Fl'II", 6x« Also 

Pn' = siny,^?^, 
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where y is the angle made by the tangent PP' with the axis of 
z ; so that we hare 

sin^ y • ~ ^ 

Now if r is the radius of curvature of the projection Pfl'Il"... 

at P, we have r 6 x = y • Hence 

1 1 cos V t \ 

- r-^ • («) 

r p sin^y 

Cor. 1 . If the plane of projection contains the tangent to the 


given curve, y 


and we have 


1 I 

- = -«cosr. ip) 

T p 

Coa, 2 . If the plane of projection contains the radius of abso- 
lute curvature, y + v — and 

- = - • sec^ V (y) 

r p 

(v is, of course, the angle between the plane of projection and the 
osculating plane of the given curve). 

It is obvious that {0) furnishes for the resolution of curvature 
exactly the same rule as that which holds for the resolution of a 
force into two components — viz. the curvature of the projection 
of a curve on any plane containing the tangent 
line at a point is equal to the curvature of the / 

given curve multiplied by the cosine of the / 

angle between the osculating plane and the j/" I 

plane of projection, A / 

Thus (Pig. let FT be the tangent to a tY ^ 
tortuous curve at P ; let Pp be the direction of 
the radius of absolute curvature; let PK and p 
PL be any two lines perpendicular to PT and vX]/ y 
to each other ; and imagine these lines and their 
planes projected on a sphere described with Fig. 271 . 
centre P. 

Then, if v is the angle KPp^ the curvatures, - and ^ , in the 
1 1 T r 

planes TK and TL are - cos v and ~ sin so that 
P P 

i-i Jl 

+/a- 
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We may consider the element of the given curve itself at P 
(which, of course, lies in the plane P p) as ‘resolved’ into its two 
projections on the planes TK and TL ; since this is only re- 
garding the said element as given by the intersection of two 
cylinders. 

And just as we can infer the magnitude of a force from one of 
its components and the angle between this component and the 
force, so we can infer the ‘ resultant ’ (or absolute) curvature of an 
element of a curve from the curvature of its projection on any 
plane containing the tangent, and the angle between this plane 
and the osculating plane. 


Example. 


A spiral of inclination a is traced on a cylinder of radius r, what 
is the curvature of the spiral ] 

The angle a is the complement of that which the spiral makes with 
the generating lines of the cylinder. Projecting the spiral on a plane 
perpendicular to the axis of the cylinder, the plane of projection 
contains the radius of absolute curvature, so that by (y) we have 


1 1 2 
-= sec^a, 
r p * 




310.] Twist of a Wire. Take a straight wire, whose 
cross section at any point is a circle. Imagine a right line 
passing through the centres of all these circular sections, and call 
this the axis of the wire. Now on the surface of the wire mark 
a right line parallel to the axis ; and imagine that from every 
point, P, on the axis a perpendicular, PA, is drawn to the 
marked line. The line PK at any point P is called a transverse 
of the wire at the point. At each point of the axis can, of course, 
be drawn an infinite number of transverses, all of them lying in 
the cross section of the wire at the point. 

Suppose now, for definiteness, that the end P is held fixed, 
and that the end A is connected with a milled head — as in the 
case of suspension wires in some Electrometers and in Coulomb’s 
Torsion Balance — ^the wire being kept vertical, and that the 
milled head is turned round through any angle. The result is 
that while the axis remains a straight line, all the transverses, 
PA, are rotated, those near P being least, and those near A most, 
disturbed. What is called ‘ the angle of torsion ’ of the wire in 
this case is the angle through which a transverse at the end A is 
turned from its original position ; and if we divide this angle (in 
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circular measure) by the length of the wire AS, we obtain the 
rate of twist which the wire undergoes. If the end B is not 
absolutely fixed, but hampered in its movement, while the end A 
is twisted round — as is the case in Coulomb^s Torsion Balance, 
in which the end B is attached to a repelled electrified ball — the 
angle of torsion will be the difference between the angles through 
which the transverses at A and B are turned, i.e. it will be the 
angle between the terminal 
transverses in their strained 
positions — or, as we prefer 
(for a reason to be presently 
given) to put it, the arigle 
made hy the transverse at A 
with the plane containing the 
transverse at B and the axis 
of the wire. It is only when 
the axis of the twisted wire 
remains a right line that 
the twist can be measured 
simply by the angle between 
transverses. 

Let us now consider the 
case of a wire which when 
unstrained was straight, but 
which is bent and twisted 
so that its axis has the form 
of any tortuous curve — re- 
presented * by aaa in 
Fig. This curve we 

shall call the elastic central 
line of the wire. 

It is obviously impossible 
in this case to estimate twist, 
as previously, by the rotation 
of transverses at the extremities. What we must do is to speak 
of a rate of twist at every point B of the wire, and to estimate 
this by treating a portion of the wire between two very close 
cross sections near P as straight. 

* For the drawing of this figure I am indebted to Mr. Alfred Lodge. 
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Thus, suppose that LL \ . . is a line which was marked on the 
surface parallel to the axis when the wire was unstrained. It 
has assumed the spiral form represented. 

Let P' be a neighbouring point on the axis, and let FL and 
F' L' be two transverses at F and P'. Now, treating the 
portion PP' as straight, if hyp is the angle made ly F'L' with the 
plane of FL and PP' (or of FL and of Fl\ the tangent at P to 
the central line), the rate of twist at P is the limit of the ratio 

when P' is taken infinitely close to P. 

We shall denote the rate of twist at any point of the wire 
by r. 

Every strain, of whatever kind, being a relative displacement 
of adjacent parts, we may imagine the cross section, ZP, at P 
to be held fixed in a vice, or by a couple, when the wire was un- 
strained, and the substance of the wire in its neighbourhood to 
be rotated round the tangent line, PP, to the axis. 

Observe, then, that the amount of twist in any element, PP', 
of the wire is not the angle between the transverses at F and P' ; 
for if the wire is simply bent in one plane, without any twist, 
the transverses at P and P' will be inclined to each other. It 
is the angle between the transverse at P'and the plane containing 
that at P and the tangent at P to the central line. 


Examples. 

1. Supposing a straight wire with a line marked on its surface 
parallel to its axis to be wound round a circular cylinder in such 
a way that the marked line is throughout kept in contact with the 
cylinder and forms a helix on its surface, what is the rate of twist 
at any point of the wire ? 

The transverse of any point, being perpendicular to the marked 
line and to the surface of the wire, will be normal to the surface of 
the cylinder, since the two surfaces touch all along. 

Employ the method of spherical projection. Take any point 0, 
and round it describe a sphere of unit radius. Draw OA parallel 
to the axis of the cylinder and meeting the sphere in A ; draw OL 
parallel to the normal to the cylinder at a point Q of contact with 
the wire ; draw OU parallel to the normal at Q' which is in- 
finitesimally distant from Q on the marked line; draw OT and 
OT' parallel to the tangents at Q and O' to the helix of contact. 

Then the great-circle arcs AT and AT^ are each x— a, if a is the 

2 
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inclination of the spiral. The great circles LT and L' T' are parallel 
to the osculating planes of the helix at Q and Q\ and they intersect, 
in the limit, in T, 

Then the whole twist of the portion QQ' is the angle, dyj/, between 
OX' and the plane of ZT. Now the great circle XX' is perpendicular 
to OA, so that the angle XXX' = a ; hence dxj/ = XX' . sin a ; but 
TT' 

XX' = LTAT^^ ; = tan a . XX', and the rate of twist 

cos a 


6 \l/ ly 

is , where 6s = QQ' ; hence the rate of twist = tan a * but 
os os 


XX' 1 

~ — = - = the curvature at Q ; therefore 
os p 

T = i-tana, 

9 


sin a cos a 
r 

where r is the radius of the cylinder. 

2. When the wire is laid on, as in last example, show that the rate 
of twist at any point is equal to the tortuosity of the spiral. 

Produce the arc TA to N so that TN = ^ . Then ON is the 

u 

Tff 

binormal at Q, Similarly, produce T'A to W' so thatX'iV’'=— • 

A 

NN^ 

Then the tortuosity = in the limit. But NN' = XX' . tan a ; 
therefore the tortuosity = i tan a, which is also the rate of twist. 

3. If the marked line of the wire, instead of being wound on a 
cylinder, is laid (by bending) in contact with a sphere along any 
curve whatever traced on the surface, show that the rate of twist 
is zero at every point. 

In this case the transverse at lies in the plane containing that 
at Q and the element QQ'. 

In general, if the marked line is kept in contact with any surface 
all along a line of curvature, the twist is zero at each point of the 
wire. 


4. If the marked line is laid along a right cone so that it cuts 
the generators all at the same angle, i, prove that the rate of twist at 
any point is 

sin i cos i cos a 


where a = semivertical angle of cone, and r = distance of the point 
from the axis of the cone. 
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311.] Stress Couples of Bending and Twisting. In the 

strained condition of equilibrium of the wire the equations con- 
necting the (given) applied external forces and couples at any 
point with the stress forces and couples called into play, may be 
obtained by either of two methods — 

(a) The ordinary method of considering the equilibrium of a 
portion of the wire of length between two cross sections at 
P and P' ^72)3 using equations of resolution and 

moments with respect to any three rectangular axes ; that is, 
equating the component of the external forces in any direction 
to the component in the same direction of the forces produced 
on the element by the portions of the wire at the other sides of 
the sections through P and P'; and similarly for external 
couples and couples produced by strain ; or 

(i) Employing the principle of virtual work and, imagining 
any further (see Art. 268 ) small deformation of the element, 
equating the work done in producing it by external forces and 
couples to the work done against the forces and couples of strain 
— assuming that none of the applied work passes into heat^ or any 
other form of energy of motion. 

It is evident that before either method can be employed we 
must be able to express the forces and couples produced by 
elongations, bendings, and twistings of specified amounts in 
terms of the magnitudes of these strains — just as Hooke’s Law 
expresses the magnitude of the stress produced (tension) in an 
elastic string in terms of the corresponding strain (extension). 

Supposing that in the bent and twisted wire (Fig. ^^72), which 
we may take to be straight when unstrained*, PL and PK are 
any two transverses at P, and PT is the tangent to the elastic 
central line, and supposing the resultant curvature of this line to 
be resolved, by Art. 309 , into two components, k and A, in the 
planes TPL and TPK^ respectively, these curvatures will be the 
rates of bending per unit length of arc in these planes — or round 
the lines PK and PP, respectively. Moreover, let t be the rate 
of twist at P ; then r is a rotation of the substance round PT, 
Now, if we imagine any further deformation from the con- 
figuration of equilibrium, so that A, ds become ^ + 6^, A + 6A, 


♦ If it is tortuous when unstrained, le and X will be changes of component 
curvatures. 
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cU-{-hd8y the work done against the stresses must be of the form 

+ + ( 1 ) 

where T is the longitudinal tension at P, and iT, P, 0 are 
obviously stress couples, the directions of whose axes we do not 
at present know. Beyond bending, twisting, and elongation, the 
element cannot suffer any other deformation, so that the internal 
work is fully expressed by (l). 

But we may assume that the work, Thds^ done against 
elongation is small compared with that done against bending and 
twisting, so that the internal work per unit length is 

jSTS/i ® Sr. (2) 

Further, we shall assume the stresses to have a potential. 
This is another way of saying that to bend and twist the wire 
from its unstrained condition to the condition (^, A, r) always 
requires the same amount of work, no matter what may be the 
various intermediate conditions through which, in various experi- 
ments, we cause the wire to pass in reaching this condition 
{h^ A, r) ; or, again, that the wire in unbending and untwisting 
would, by means of the stresses, give out exactly the same amount 
of work as that which was required to bend and twist it. 

Hence the work done against strain, per unit length of the 
wire, must be of the form /(^, A, r), so that 

jK6/?; + P5A 4- 05r = A, t). 


K -^1 

dk' 


dk 


0 = ^. 
dr 


( 3 ) 


The form of the function f cannot be determined unless some 
further supposition is made. The supposition is this — any 
infinitely email portion of the wire is so little deformed by strain 
that if the stmin (yi, A, r) is replaced by the strain {nh^ nky nr), 
where n is any finite number, the stress couples will become nK, 
nL^ n@ — that is, the principle of superposition of strains and 
stresses holds for each infinitely small portion of the wire. 
[Observe that assuming the element between the cross sections 
at P and P' to differ infinitely little in shape from its unstrained 
figure, is by no means the same thing as assuming the figure of 
the whole wire to differ infinitely little from its unstrained 
figure.] 
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Hence K, Z, and 0 must be linear functions of k, r, of the 
forms K=i Ak+ cK+hr,. 

L = c^ + j5X+ fflr, I ( 4 ) 

0 = bk+ a\-\-CT^^ 

the coefficients of A and k in the values of K and i/, respectively, 
being equal because, from the relations (3), &c. 


The constants J3, C', a, 5, c are rigidities — called by Thomson 
and Tait ‘ torsion-flexure rigidities ’ — of the wire at the point P 
considered. 

Hence the work per unit length absorbed in bending and 
twisting the wire to the condition (/i, A, r) is 

^ (Ak^ -i- jB C + 2aXr-h 26Tk + 2 ekX), (5) 

The values (4) enable us to represent the axes of the couples 
JT, Z, 0. For, taking PX, PP, and PP as axes of con- 

struct the quadric 

Ax"^ + By^ -f- Cz^ + 2ayz -f- 2 bzx + 2 cxy = hy (6) 

where h is any constant. Let (^, A, r) be taken as the co- 
ordinates of a point ; let this point be Q. Then the polar plane 
of Q with respect to the quadric is 

Kx’\-Ly’\-Q>Z’=^h, (7) 

Let P be the point whose co-ordinates are (P, P, 0). Then 
P is obviously on the perpendicular from P on the plane (7) ; 
and if p is the length of this perpendicular we have 

(«) 

thus P is found, and its three co-ordinates give the three axes of 
those stress couples at P which are called into play by bendings 
round BK and PP and twisting round PP. 

Is there any line at P such that a strain rotation of the substance 
round it calls into play a stress couple whose axis coincides with the 
line itself It is evident that there are three such lines — viz. 
the axes of the quadric (5) ; for if Q lies on any one of these 
axes, PQ will be perpendicular to the polar plane of Q, so that 
PP and PQ are coincident in direction ; and if the axes of the 
quadric are taken as those of a?, y, z and the strain rotation is 
(Jcy 0, 0) — i.e. simply a rotation round the first axis, the y and z 
co-ordinates of P will both be zero. 

These are called the principal torsonflexu/re axes at P. 
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If coj, 0)2, 0)3 denote any strain rotations round these axes, and 
i/g, ^3 the corresponding stress couples called into play, we 
have, therefore, 

= -^ 1^1 J -^2 ~ -^ 2^2 5 -^3 ~ (^) 

where A 2, A^ are the principal torsion-flexure rigidities at P, 

Also the potential work of the stress, per unit length at any 
point, is + + (10) 

There is, of course, no essential difference between the quantities 

A, T ; each is simply a strain rotation of the substance round an 
axis. But when the axes of these rotations are two transverses 
and a tangent line to the wire (or rather to its elastic central 
line), it is usual to distinguish the last by the name twist and 
the others by the name lending. The principal axes may have 
any positions whatever at P, and it is impossible to use dis- 
tinctive names for the rotations round them. That this is so will 
be at once obvious if we imagine a solid body with any fibrous or 
laminated structure, the fibres or laminae running in a definite 
direction. Now imagine a wire cut in any way out of this body^ 
its tangent line at any point being oblique to the fibres or to the 
laminae. It is clear that at any point of this wire the tangent 
and two transverses have no special relations whatever to its 
rigidities, and therefore no special properties with regard to sim- 
plicity. 

For a wire drawn in the ordinary manner, we may assume 
that, whatever may be the form of the cross section (circular, 
elliptical, or rectangular) the tangent to the central line is one 
principal axis of strain rotation, the other two being necessarily 
some two transverses. 

If, in this case, we use J3 for the rigidity round the tangent to 
the central line, and if the other two rigidities, A^ and A^^ are 
equal, there will be equal flexibility round all transverses ; for 
the quadric will become 

A +/) + — ( 11 ) 

and any two lines whatever in the cross section are principal 
axes of the quadric. 

In all cases the axis of resultant bending at P is the binormal 
to the central line — the resultant bending taking place in the 
osculating plane; but this plane will not, in general, be a 



222 EQUILIBBITJM OE STRINGS AND SPRINGS. [$T2. 

principal plane of flexure ; i.e. this bending will not, in general, 
call into play a stress couple whose axis is the binormal. 

It is essential to observe that the values of the principal 
rigidities and round the two principal transverses (when 
the tangent to the central line is a principal axis) — i.e. the two 
principal bending rigidities — depend not merely on the structm’e 
of the material, but also on the shape of the cross section ; and 
that for wires drawn in the ordinary manner they are evidently 
equal if this section is a circle or a square, since in each of 
these cases the quadric will be given by (11). 

The determination of the rigidities ^3 terms of the 

shape, area, &c., of the cross section must be postponed until we 
consider the subject of strain and stress more particularly. 

312.] Wire held in a given Spiral with given Twist. Before 
proceeding to the general case in which the wire is acted upon 
by any forces and couples, we shall consider the case in which 
there are only a force and a couple applied to each end, or to one 
end while the other is held fixed. 

Assuming the tangent to the central line to he a principal axis of 
strain^ and also that its rigidities round all transverses are equals it 
is required to find the force and couple which must he applied to each 
end in order to keep the wire in the form of a given helix^ and with 
a given constant rate of twist, 

[This problem is solved in Art. 602 of Thomson and Tait, 
vol. ii.] 

Let JR (Fig. 272 ) be the force and G the axis of the couple 
applied to one end. Then, reducing U and G to a wrench, the 
axis of this wrench must be the axis of the cylinder on which the 
given spiral lies. 

Let (i2, K) be the force and couple of the wrench, and consider 
the equilibrium of the portion between the cross section at P and 
the end B, We shall simply equate to zero the sum of the 
moments of the forces acting on this portion about the axis AA! ^ 
and about a line through P perpendicular to AA! and to the 
radius of the cylinder drawn to P. 

Take A£ as axis of z\ the radius of the cylinder drawn to 
P as axis of y ; and a perpendicular to both as axis of x. Let a 
be the inclination of the spiral, r the radius of the cylinder, r 
the rate of twist. 

Then the stress couples at P exerted on the portion PP by the 



312.] WIRE HELD IN A GIVEN SPIRAL WITH GIVEN TWIST. 223 

portion PA can be reduced to two, viz. one about the tangent 

PT, and one about the binormal to the central line. If 

and p is the radius of curvature at P, the second couple is 

— , or (Art. 309) A^^ ~ — • 

Also the magnitude of the couple exerted on PP about PT 
(the twisting couple) is A^t, and its axis is in the sense PT if 
the twist is in the sense LK^ since, if the portion PA were re- 
moved, we should have to apply to PB a couple in the sense KL, 

Again, the direction-angles of PT are ^a, ^ ^ those 

of the binormal are Q + the axis of the bending 

couple exerted on PB is to be drawn along the binormal from P 
towards the upper portion of the figure as we view it, by 
Art. 200. 

Hence, by moments about AA\ 

tr A * A cos^a ^ . . 

K — A^Tsma — Ai — — cos a = 0 ; (1) 

and by moments about a line through P parallel to the axis of x, 

COS^ CL . 

It ,r---A.^TQOsa + Aj^ — — sin a = 0. (2) 

It is scarcely necessary to observe that these two equations of 
moments are only a part of the condition of equilibrium of the 
portion of the wire considered ; and that the stress at P does not 
consist wholly of the two couples A^t (that of twisting) and 
A 

— (the ‘resultant’ bending couple, Art. 309) ; for there is also, 

manifestly, at P a stress which must be equal, parallel, and 
opposite, to R ; but this last stress contributes nothing in the 
equations of moments about axes selected as above. 

We can now consider particular cases of this problem. 


Examples. 

1. If the given rate of twist is that which would be produced by 
laying the wire along the cylinder in the manner described in 
example 1, p. 216, determine the necessary wrench. 

A ns. R = cos^asina, 

r 

TT- / i * o 1 Q \ ^OS CL 

K = (iij Sima -f Aj cos® a) 
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2. One end of a wire is held fixed, while a couple, is applied 
(without any force) to the other end, the axis of the couple making 
a given angle, 0 ^ with the tangent at the end ; determine the form 
of the spiral assumed hy the wire, and its rate of twist. 

Ans. The axis of the cylinder must be parallel to that of G, 


TT 

SO that the inclination of the spiral is — Also, since i? = 0 , we 


have 


and 




, sin^cos^ 

-4—^=0, 

sin®0 


-43TCOS0 + Aj z=K[ = G), 


from which 


__ ^jsind^ 


G 


GqosB 


so that we have the radius of the cylinder and the rate of twist of the 
wire. Thus everything relating to the spiral is found. 

3. Show that, one end of a wire being held fixed, the wire may 
be kept by means of a terminal force alone in the form of a given 
spiral, and find the accompanying rate of twist. 

Putting Z = 0, we get t = — ^ --v - (r and a being given). 


Then 


i ^=-4 


cos^a 


Ag rsina 

which shows that the ends must he pressed 


sin a 

towards each other. 

The negative sign in the value of r means that the twist is in 
a sense reverse to that of the winding of the spiral. 

4. How can a wire be held in the form of a given helix so as to 
have no twist at any point 1 

Ans. If a = the inclination of the spiral, r= radius of cylinder, 
the flexural rigidity, apply at the free end a couple in the os- 
culating plane, whose moment = ^ ( = -^)j and apply also at 
this end a compressive force parallel to the axis of the cylinder, equal 
to ^ . [The free end is supposed to terminate on the 

T 

cylinder, and not to be carried in towards the axis.] 

If the wire when unstrained has the form of a helix of radius 
h and inclination and if, in its strained form, it has radius r 
and inclination a, one end being fixed while the other is acted 
upon a force and a couple which are equivalent to the wrench 

(iZ, A), the change of curvature at any point is ^ > 

and it is to this change that the resultant stress couple of bending 
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(that in the osculating* plane) is now proportional. Moreover, 
if we mark on the wire the spiral line along which in its un- 
strained condition it touched the cylinder of radius 6, and if the 
wrench is such as to keep this marked line in contact with the 
cylinder of radius the rate of twist will be 
sin a cos a sin /B cos ^ 

T h 

Hence equations (l) and (2) become 

V • / sin a cos a sin B cos /3 x 

ir=^3Sina( 

. /cos^a cos^jSx 

^A^cosa{— (3) 

. / sin a cos a sin 8 cos /3 \ 

E.r=A.,cosa{ ^ ^ ) 

. . /Cos^a cos^Sx 

(4) 

Thomson and Tait {Nat PMt vol. ii. p. 141) take other 
variables than a and r to express the new spiral —viz. the axial 
distance, z, between the ends of the spiral, and the whole angle 
(f) through which the spiral winds round its axis. 

If ^ = the whole length of the spiral, it is obvious that 

^ / sin a, and 0 = ^ cos a. The angle 0 may be considered as 

that included between a plane through the axis and one end, A, 
and a plane through the axis and the other end, P, of the spiral. 
Using these new variables, we have 

/r - — 

K = a/^ + (5) 

li = A, h y) _ _ y (6) 

where h is the axial distance between the ends and y the value of 
(fy in the unstrained position. 

We now proceed to a verification. 

Since z is measured along the line of action of -B, and (f> is 
measured round the axis, it is clear that the work done by the 
wrench in a small further deformation is 

Pdz + Kd(f), 

and since this is the work done against the stresses, which we 
have assumed to have a potential (Art. 311), it follows that this 
voT. II. q 
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expiGBsion must be the differential of a single function ; and we 
see at once on trial that it is the differential of the function 






or of the function 

which differs by a constant from the previous function. 


If w is the curvature in the strained state, w = 
and if is the curvature in the unstrained state, 

■hy 


0 ^^2-^2. 
P 


y VP-hP 
P 


Also T = 


■ 




Hence the above function is 

which is, as anticipated, the potential of the stress, i. e. the Static 
Energy, of the whole spring. [See Art. 311, expression (10).] 
Equations (5) and (6) give the magnitudes of the couple and 
force, constituting a wrench about the axis of the spiral, which 
are required to produce given changes, z — h and (f> — y, in the 
wire ; or, conversely, the changes which are produced in it by 
a given wrench. 

It remains to notice the case in which the change of form 
from the unstrained to the strained state is very small. 

We may then put (f) = y + and z ^ k + bz. Then 

K.P=:{A^^A^)yk.bz+[A^k^-^A^{l^^ k^)] .60, (7) 

JR,l^=: (^A^-h > 2 . 6 ^ + (^ 3 — Aj) yk,h(j)» ( 8 ) 

Suppose the wire to form a spiral of very small inclination. 
Then, either from the two equations just written, or, more di- 
rectly, from the fundamental equations (3) and (4), the values of 
the requisite couple and force may be found. In (3) and (4), if 
for sin a we put a, &c., we have 

K=A,(\-\y, 

neglecting in the value of Rr the term « * If for a we 

-2; h-^hz A ^ 

put -z j or — T — , we have ^ A^ ^ 

II 


( 9 ) 
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if we neglect the term which is evidently an in- 

finitesimal of the second order. The value of K 


can be written 


(since y + = y=i^) 

K=^b<l>. 

V 


( 10 ) 


In this case, then, the couple produces simply rotation and no 
lengthening, while the force produces a lengthening and no 
rotation. 

Prof. J. Thomson has given a simple rule for the elongation, 
of the axial length of a spiral of small inclination, produced 
by a given axial force at one end, the other being held fixed. 
The rule is the interpretation of (9) above. Suppose the wire 
constituting the spiral to be made straight and coincident with 
the axis of the cylinder (of radius V) on which it was wound. 
Let one end, be held fixed ; let the other, be rigidly con- 
nected with a cap or torsion-head which just fits the cylinder 
and can be turned about its axis. 

If the given force U is applied tangentially to the circumference 
of this torsion-head, its point of application will move through a 
certain circular arc until it is stopped by the torsional resistance 
of the wire. The length of this arc is the axial motion (bz) which 
the force R produced when applied to draw out the spiral. 

Eor, considering the equilibrium of the portion of this straight 
wire between any point B, and the extremity, -B, we have by 
moments about its central line 

^3«3=jK^; 0)3=— • 

-^3 

But 0)3 is the strain rotation per unit length, therefore Ico^ is 
the whole angular rotation of the end By and the circular arc 
described by a point on the circumference of the torsion-head is 
Bb^l 

which is -j- ; and this is precisely bz in (9), 

-^3 

It is worthy of note, then, that in the case of a wire which 
forms a cylindrical spiral of small inclination — such, for instance, 
as the spiral wire employed in Siemens’s Ammeter and Wattmeter 
— if the spiral is drawn out in the direction of its axis through 
a small distance (so that it is still a spiral of small inclination), 
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it is the torsional rigidity (A^) and not the Jlemral rigidity (A^) 
that is called into play. Moreover, if one end of sucli a spiral is 
rotated (instead of beings drawn oat), as happens in the Ammeter 
and Wattmeter, it is the jlexural and not the torsional rigidity 
that is called into play ; for in (lO) involves and not A^, 

And if the spiral is not one of very small inclination, these 
results are not true — ^i. e. both rigidities will be called into play 
by axial stretching, and both by terminal rotation. 

313,] Case of Continuously Distributed Force. Assuming 
that the principal torsion- flexure axes at any point of the wire 
are the tangent, Pl\ to the central line and two lines, PK and 
PL (Fig. in the normal section, suppose that instead of 

mere terminal force and couple we have external bodily force 
(like weight, for example,) acting on all the elements, as well 
as external bodily couple. There may, in addition, be terminally 
applied forces and couples. 

Assume, for the present, that the wire when unstrained was 
straight, 

Consider the equilibrium of the elementary portion of the 
wire between the cross sections at P and P'\ then before strain 
the principal axes, P'K\ P'L\ P'T\ afc P' were jjarallel to those 
at P, After strain they will occupy positions, relatively to those 
at P, which are obtained by holding the normal section at P fixed 
and rotating the system of axes at P' round PK, PL, PT through 
angles equal to o^^ds, a^^ds, co^ds, respectively. 

Hence we easily find the following table for the direction- 
cosines of the strained positions of the axes at P' with reference 
to those at P : — 



PK 

PL 

PT 

I>'K' 

1 

(t)^ds 

3 

1 

P'L' 

— (o^ds 

1 1 

(li^ds 

rr 

(sy^ds 

— (o-^^ds 

1 


magnitudes of the order ds^ being neglected. 

Let jCj, i/gj *^3 principal stress couples at P, and 

S^y the components along PK, PL, PT of the internal force 
exerted on the cross-section at P by the lower portion, PA, of 
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the wire in Fig. 27^, the same letters with dashes defining the 
corresponding things at JP'. Also let the components of external 
bodily couple applied to the portion between the two cross-sections 
be O^ds^ G^ds, G^ds \ and of bodily force X^ds^ X^ds, X^de, 
Equating to zero the total component force parallel to PiT, 

we have + S^'.a>^ds-8s'.a>2ds + Xidg = 0. 

dS 

But /S'/= 8^ + ’’ therefore in the limit 

^|l-a> 3 ^, + o., 53 =X,. 


Similarly, 


dS, 


ds 


— /S2 = -^3 • 


or 


Again, by moments round PK we easily find 

Jj^ ^ Tj^ 4" * ^3^^ — P3 • ^2^^ *b ^2 *b G-^ ds ~ 0, 

d^ 
ds 
dl. 


' — W3p2“bW2p3 — 82 — G-^, 


Similarly, 


ds 

dh 

ds 


0)3^1 + ^1 = G2, 
2 Pi + ^1^2 = ®3* 


(1) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

(6) 


[With a view to homogeneity in our equations, it may be well 
to observe that 8^,82, 8^ are forces — not forces per unit area; 
Xj, X2, Xg are forces per unit length ; G^, G2, G^ are couples per 
unit length; wi, CO2, 0)3 are curvatures, or angular rotations per 
unit length.] 

Observing now that 5 P2 ~ -^2^2 5 P3 ~ -^3^3 > 

last three equations become, if A^ are constant through- 

( 7 ) 


out the wire . dco^ . . . > n t q 


d(02 
ds 

d(On 


^9 ^l)^ 3 «l= 


A ^ ~ (^1- A) = ^'3 ; 


( 3 ) 

( 3 ) 


which (see Ilouth’s Rigid Pywxmics^ chap, v., or YSTilliamson and 
Tarleton’s Pynamics^ chap, x.) are identical with the equations of 
motion of a rigid body with one point fixed, the arc s measured 
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along the wire corresponding to the time t in the motion of the 
body, and the component curvatures and twist, a)i, cog, from 
point to point of the wire corresponding to the component 
angular velocities, from time to time, of the rotating body — 
this body being supposed to be at each instant acted upon by 
couples numerically equal to G^S^y and G^ about its 

principal axes, while its principal moments of inertia at the fixed 
point are numerically equal to A^, 

If the unstrained wire is not straight, let and Ug be the com- 
ponent curvatures in the planes perpendicular to PK and PL, 
respectively, before strain. Then the direction-cosines of PK' 
with respect to PK, PL, PT before strain are (1, 0, a.^ds) ; and 
if 6 ^, $2^ Oq are the bending and twisting rotations per unit 
length, the direction-cosines of PK' after strain are easily found 
to be [1 , ^3 ds, — (og 4- ^2) Now Ug + dg is the new component 
curvature in the plane perpendicular to PL. If we denote this 
by cog and use cog for to preserve the previous notation, we find 
that all the equations (1) ... (6) hold for this case, and Wg 
being the new component curvatures (and not changes in them). 

Equations (7), (8), (9) will not hold in this case ; for we have 
(coi— aj, and ^^2 = ^2 (^2 ~ ^2)? which must be substi- 
tuted in (4), (5), (6) ; so that the equations become 

^ &C., &c. 

314.] Kinetic Analogies. In a very simple case (Art. 307) 
of a strained wire it has been shown that the curvatures at 
different points are numerically equal to the angular velocities^ 
at different times, of a certain compound pendulum. 

We propose to notice a less restricted case now. 

Suppose that a wire (Fig. 272) is bent and twisted under the 
influence solely of terminal forces and couples, and suppose that 
the wire was originally straight. Then, from last Article, it appears 
that the- equations for its component curvatures and its twist are 


dl ^3 — ^2 > 

(1) 


(2) 


(3) 
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where 8^ are the components of the stress (force) exerted on 
the normal section at P along the lines PK and PL. 

Now, considering the equilibrium of the whole length PB of 
the wire between P and the extremity we see that the force 
and couple of strain at P must be equal and opposite to It and G 
at B\ i.e. 8^^ S^i 8^ are simply equal to the components of B 
along PA", PLy PT. 

Imagine a rigid body moveable round a fixed point 0 , at 
which point we draw three lines Oky 01, Ot parallel to the lines 
PK, PL, PT in the wire, and let the body have moments of 
inertia equal to A^, A^, A^ about Ok, 01, Ot, which are the 
principal axes of the body at 0. 

Moreover, let this body be acted upon by a force equal and 
parallel to P at a point p on the axis Ot such that Op is a unit 
length (the unit implied in the measurement of curvature in the 
wire). Then the components of P parallel to Ok and 01 will be 
obviously 8^ and 82, and the equations for the angular velocities 
of the body round Ok, 01, Ot will be precisely the same as ( 1 ), 
( 2 ), (3) for the component curvatures and twist of the wire. 
[It is understood, of course, that Ai, A2, A.^ are each constant all 
along the wii’e, which may have a section of any (but constant) 


If, then, the body is started with angular velocities the same 
in magnitudes and senses as the component curvatures at any 
point, P, of the wire, its principal axes being at starting made 
parallel to the principal axes of strain at P, while it is acted 
upon by the constant force P as described, its principal axes of 
inertia will at any time be parallel to the principal axes of strain 
at the point {Q, suppose) reached at that instant by a point 
travelling originally from P with constant unit velocity along 
the wire ; and the component angular velocities and curvatures 
will also correspond. 

Hence the Kinetic Analogue of a wire of constant section hent 
and twisted hy terminal forces and couples is a rigid body moving 
round a fixed point while acted on hy a force of constant magnitude^ 
direction, and point of application; e.g. a heavy rigid body 
moving round a fixed point. 

The case in which the motion of this pendulous body is uni- 
planar is that discussed in Art. 307 . This analogy is due to 
Kirchhoff, and the reader will find it discussed from a different 
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point of view in a paper by Professor Larmor [Proceedings of the 
London Math* Soc*, Nos. 225-228). 

The ease in which the wire when unstrained formed a helix 
does not correspond to the motion of a rigid body about a point, 
because its equations are of the type (10) of last Article; but 
Professor Larmor [loe. cit,) points out that such a case is analo- 
gous to that of a rigid body rotating about a fixed point, a 
revolving fly-wheel being attached to the body, the axis of the 
fly-wheel being fixed in the body. 

Examples. 

1. Deduce the equations of the plane elastic spring (Art. 304) 
from the general equations, p. 229. 

2. In a plane elastic rod, without external bodily couple, tlie 
shearing stress vanishes at points of maximum or minimum curv- 
ature. 

3. A heavy uniform inextensible, hut imperfectly flexible, string 
is suspended from two fixed points; prove that the figure of the 
‘ catenary' is given by the equation 

d^O 

^ „ q. frigs cos 0—t sin 0=0, 

where A is the flexural rigidity, t the tension at the lowest point, 
and mg the weight per unit length of the string ; 0 being the in- 
clination of the tangent to the horizon, and $ the length of the arc 
measured from the lowest point. 

(Consider the equilibrium of the portion of the curve between 
the lowest point and any point P. See p. 202 ; and observe the rule 
with regard to signs.) 

4. Assuming the flexural rigidity to be small, prove that, ap- 
proximately, s 2A $ 

tand = 

C T (c2 + 82)f 

in which t = mgc. Compare with the result for the flexible catenary, 

6. If the string in Ex. 3 is replaced by a thin steel ribbon mag- 
netised in the direction of its length, find the * differential equation 
of the curve formed under the influence of gravity and the earth's 
magnetism. 

Ans, If fi is its magnetic moment per unit length, F = the 
resultant eai*th-force per unit pole, i = the dip, the equation is 
d^O 

A +mg8COsO^TBin0+ixFsin (04-i) = O, 

(XtS 

the arc being, as previously, measured from the lowest point — which 
is not now, however, a point of zero shearing stress. 
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6. If a uniform elastic rod is freely pivoted at its extremities and 
made to assume the figure of n bays (as in example 1, p. 207), prove 
that its Static Energy is equal to 

F and E denoting the complete elliptic integrals with modulus A, 
where k is (as shown in p. 207) a determinate constant. 

If n is the Potential Work, or Static Energy, we have, by Art. 311, 

A 1 A 

dll = I cfe, since coj = - ; and py = a^, therefore dYl = — ^ y'^ds ; 
therefore substituting for y and d$ their values (Art. 306), 
dTl- 

2a“ ^ A<^) 

~ a Jo Ai/) ’ 

which at once gives the above result, since (p. 207) Z = 27 iaFo 

7. If a uniform rod has both extremities fixed by smooth pins and 

is continuously acted upon by a constant normal force, show that its 
equation is a 

- = /Sy -¥l> { + y"} , 

r 

where /3 is a constant, p = nor mal forc e per unit length, 2 c = dis- 
tance between the pins, ^ — and / is the pressure on each 

pin; the axes of co-ordinates being the line joining the pins and 
a perpendicular to it at its middle point, (The value of /3 must be 
found from the fact that the length of the curve is given ; and if a is 
the angle made by / with the line of pins, /sin a = cp,) 


Note. Several of the results in Arts. 306, &c., were obtained by Professor 
Greenhill and published by him in the Messenger qf MathematicSo 
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THEORY OF ATTRACTION. 

Section 1 . — Direct Calculation of Attraction, 

315. J Newtonian Law of Attraction. The motions of the 
planets and comets of the solar system can he explained com- 
pletely on the hypothesis that each body of this system attracts 
every other body of the system with a force which in any 
position of the two bodies is directly proportional to the product 
of the masses of the bodies, and which in different positions is 
inversely proportional to the square of the distance between 
them. The fact that the positions which will be occupied by 
comets can be predicted with certainty, that the existence of 
Neptune was mathematically deduced from the assumption 
that certain disturbances in the motion of Uranus were due 
to the attraction of an unknown planet according* to the above 
law, and several other facts of the same kind, all prove that the 
law holds with all the accuracy that human observation is 
capable of testing, so far as the action upon each other of large 
masses separated by distances which are great compared with 
their linear dimensions is concerned. 

As to the cause, or mechanism, to which this attraction is due, 
nothing is known. Newton says in the Scholium at the end 
of Book III of The Princijna^ ‘ To us it is enough that gravity 
does really exist and act according to the laws which we have 
explained, and abundantly serves to account for all the motions 
of the celestial bodies and of our sea.’ A little before this in 
the same Scholium he says, ‘ But hitherto I have not been able 
to discover the cause of those properties of gravity from phe- 
nomena, and I frame no hypothesis {Aypothesea non fingo)* 
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Although Newton framed no hypothesis on the mode by 
which gravitation is propagated through space, he mentions 
certain speculations which were current in his time, and which 
have been brought into great prominence in our days. Thus, 
at the end of section xi. of book I. he says, ‘ I here use the word 
attraction in general for any endeavour, of whatever kind, made 
by bodies to approach each other; whether thatendeavour arise 
from the action of the bodies themselves, as tending mutually 
to or agitating each other by spirits emitted ; or whether it 
arises from the action of the aether or of the air, or of any 
medium whatsoever, whether corporeal or incorporeal, anyhow 
impelling bodies placed therein towards each other.’ 

By far the most promising step that has been taken towards 
a solution of this great difficulty is the discovery by Faraday 
that the attraction between two electrified bodies is influenced 
by the insulating medium in which they are placed, inasmuch 
as this discovery renders it highly improbable that any force 
produced by one body on another is a direct actim at a distance. 
This discovery has been worked by Clerk Maxwell into a con- 
sistent mathematical theory of the mechanism by which mag- 
netic and electromagnetic actions are propagated by a rare 
medium filling space. 

Newton does not, however, confine the law of attraction 
according to the inverse square of distance to large masses 
like the planets ; for he investigates the attraction of a solid 
on a particle, even when the particle is within the matter 
forming the body, on the supposition that this particle is at- 
tracted by every elementary particle of the body — however close 
to the attracted particle — with a force expressed by this law. 

The assumption that every indefinitely small particle of matter 
attracts every other particle with a force which acts in the right 
line joining the particles and whose magnitude is directly pro^ 
portional to the product of the quantities of matter in the particles 
and inversely proportional to the square of the distance between 
them is the formula of what is called the Law of Universal 
Gravitation, 

The terms of the enunciation render it clear that the linear 
dimensions of the particles must he infinitely small compared with 
the distance between them — otherwise, indeed, the term ‘ distance 
between them’ would be unmeaning. We shall soon prove, 
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however, that if the particles are homogeneous and spherical, 
this limitation may be removed, and the ‘ distance between 
them ’ is the distance between their centres. 

But it is just at this point — i. e. when dealing with forces 
exerted on each other by indefinitely close molecules — that our 
ignorance of the cause or mechanism of this attraction introduces 
a most unsatisfactory dualism — or rather of laws — 

into physical science.* For we are often presented with re- 
pulsions instead of attractions, and the phenomena of Elasticity 
and Capillarity have hitherto compelled physicists to assume 
other laws of force between molecules than the Newtonian law 
of the inverse square of distance, or the law of nature^ as it is 
often called. 

Electrical and magnetic attractions and repulsions are proved 
by experiment to obey this law, and therefore the theory of 
attraction is almost wholly a discussion of its consequences. 

The quantitative expression of the Newtonian law is as 
follows. Suppose two very small particles whose masses are 
m grammes and m! grammes to be placed at a distance of r 
centimetres apart — this distance being, as before said, very 
great compared with the linear dimensions of either particle ; 
then each will attract the other with a force equal to 

m.m' , 

y dynes, (a 

in which expression y is an absolute constant, i. e. one whose 
magnitude is independent of the magnitudes of the masses and 
their distance. 

We shall subsequently calculate the value of y, which is called 
the absolute constant of gravitation. With the units of mass and 
distance chosen as above, y is evidently the number of dynes in 
the force with which a mass of one gramme condensed into an in^ 
finitely small volume attracts an equal mass similarly condensed 


* For example. Clerk Maxwell, in his article on Capillary Action {Encyclop. 
Erit.) says ; * The forces which are concerned in these phenomena are those 
which act between neighbouring parts of the same substance, and which are 
called forces of cohesion, and those which act between portions of matter of 
different kinds, which are called forces of adhesion. These forces are quite 
insensible between two portions of matter separated by any distance which we 
can directly measure. It is only when the distance becomes exceedingly small 
that these forces become perceptible.’ 

Clearly science still needs a vigorous application of Occam’s Eazor. 
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at a distance of one centimetre ; or, as we shall see, the force of 
attraction between two homogeneous spherical grammes with 
a distance of one centimetre between their centres. 

316.] Conical Angles. Let ABODE ^73) be any closed 
curve, plane or tortuous, and 0 any point. If from 0 lines OAy 
OB^ &c., are drawn to every 
point on the curve, we obtain 
a cone. If round 0 a sphere 
of r centimetre radius is de- 
scribed, the rays OA^ OB^ &c., 
constituting the cone will 
intersect the spherical surface 
in a curve dbcde ; and the 
number of square centimetres 
in the area of the spherical 
surface contained within this 
curve is called the solid angle 
subtended at 0 by the given 
curve ABODE, Instead of this term (which is in no way ex- 
pressive) we shall use the term Oonical Angle, If the sphere 
described round 0 has a radius of 1 mile instead of 1 cm., the 
number of square miles of the spherical surface enclosed by ahcde 
will be the conical angle, and this number will be the same as that 
of square centimetres on a sphere of radius 1 cm. Generally, 
if a sphere of any radius, r, be described round 0, and the curve 
ABODE conically projected, as above, on its surface, the ratio 
of the area of ahcde to the square of the radius r is the measure 
of the conical angle subtended at 0 by the given curve— just as 
the j)lane angle subtended at 0 by any two points, P, is the 
ratio of the length of the arc of any circle, with 0 as centre 
in the plane POQ, intercepted by the rays OP and OQ, to the 
length of the radius. 

A conical angle is thus a mere numher^ like the circular 
measure of a plane angle. 

The sum of all the conical angles round any point is 4 7r, 
because it is the whole area, in square centimetres, of a sphere 
of 1 cm. radius described round the point. 

The conical angle subtended by any closed plane curve at any 
point which is in the plane of the curve and inside its area is 
2 77 , since the rays OA, OB, &c., from 0 to the different points 
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on the curve intersect a spherical surface described round 0 as 
centre in a great circle of the sphere. 

Let any closed mrface be broken up into an indefinitely great 
number of small elements of area ; then the sum of all the 
conical angles subtended by the contours of these elements at 
any point, 0, inside the given closed surface is obviously 4 tt. 

If 0 is anywhere on the surface itself, the sum of all the conical 
angles subtended at 0 by the elements of area of the surface is 
2 TT, since the slender cones revolving round 0 lie all on one side 
of the tangent plane at 0, and they will cut off only the area 
of half the sphere described round 0. 

If 0 is anywhere outside the given closed surface, the sum of 
all the conical angles subtended at 0 by the elements of area on 
the surface is zero. This case requires a little explanation. 

Let any line drawn through 0 meet the given closed surface 
in points ig, iaj ^ ^74)> which there must be an 

even number ; and 
let a very slender 
cone of rays drawn 
through 0 intersect 
the surface in the 
small elements of 
area represented at 
these points. Then 
although numerically 
the conical angles subtended at 0 by these elements of area are 
all the same, distinctions of sign must be made between them. 
These distinctions can easily be made thus. At it is the 
outside of the surface that is turned towards 0 ; at Pg it is the 
inside ; at 7g the outside ; and at the inside. Hence if ^o) is 
the magnitude of the conical angle subtended at 0 by these 
elements, we may agree to make it plus for the inside aspects, 
Jg and P^ , and minus for the outside aspects, and P^ ; so that 
the sum of the conical angles subtended at 0 by these four ele- 
ments of the given surface is zero. 

For the purpose of projecting any element of area — as that at 
— on any plane, we may adopt the convenient and consistent 
plan of drawing at the point the normal, 1-^ , outwards from 

the surface proportional in length to the element of area, 
inarking its extremity with an arrowhead, thus treating it as 
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a directed magnitude, like a force, and taking its component along 
the normal to the plane as representing in magnitude and sign 
the projection of the element of area at along the plane in 
question. 

Thus, the conical angle subtended at 0 by the element, 
dS^^ of area at P^ is represented by the projection of Pn^^ along 
the line OQ which is the normal to the surface of the sphere 
of projection ; this gives the conical angle dSj^x cos WjiJ Q, 
which is negative. Similarly for the other points, P^^ P^y P^^ 

If is any element of area of a surface at a point P, and doi 
is the conical angle subtended at any point 0 by this element, 
while yj/ is the angle between OP and the outward-drawn normal 

at P, we have Qp 2 

dS^^- 
eosxlf 

For, if a sphere is described through P having 0 for centre, 
the cone of rays which intercepts the area dco square centimetres 
on the sphere of 1 cm. radius will intercept on this sphere an 
area of OP^.r/co square centimetres (if OP is measured in centi- 
metres) ; and since this is the projection of dS on the surface 
of the sphere, we have the result (a). 

The locus of the point 0 at which a given closed curve, or circuit, 
subtends a constant conical angle is a surface which contains the 
given curve as an edge — just as in pluno the locus of a point 0 at 
which two fixed points, A, B, subtend a constant angle is a curve 
(circle) passing through A and B, The constant angle belonging 
to any one of a series of circles passing through A and B may be 
found by joining any point on the circle to A and P; but if the 
point selected on the circle is either A or B itself, an indeterminate- 
ness naturally arises, since the line joining P to itself is indeterminate. 
However, for any one circle if we take a point on the curve infinitely 
close to P, the direction of the line joining it to P is the tangent 
to the circle at P; so that the angle pertaining to that circle is 
the angle between AB and the tangent to the circle at P. ^ 

Similarly when the point 0 is taken on the given circuit, the 
conical angle subtended at it by the curve is naturally indeterminate ; 
and to determine the angle pertaining to any one surface of the series 
of surfaces of constant conical angle having the given circuit for an 
edge, we must take a point, O', infinitely close to 0 in tlie twngent 
plane to the particular surface. The rays joining O' to the^ various 
points on the neighbouring part of the circuit form a semicircular 
fan of rays in the tangent plane, and they will intersect the spliere 
of unit radius described round 0 as centre in a semicircle ; thus the 


doa. 


(«) 
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projection of the given circuit (which projection answers to the curve 
dhcde in Fig. 273) on the unit sphere at 0 consists of a great semi- 
circle and some irregular curve, U (suppose), completing this semi- 
circle into a closed curve on the sphere ; and the area of the sphere 
inside this closed curve is the conical angle belonging to the selected 
surface locus. 

To find the angle at which two surfaces of constant conical angles, 
<*)j and c»> 2 , cut each other at any point, 0, on their common edge 
of intersection, describe the unit sphere round 0 as centre. Then 
we have just seen that the conical angle belonging to the surface 
coj is the area of the sphere included by a closed curve on its surface 
consisting of a great semicircle and an irregular curve U ; and the 
conical angle 00 ^ belonging to the other surface is the area of the 

sphere included between a great semicircle (having the same 

diameter as Sj) and the same irregular curve I/. Hence is 

the area of the lune included between and ; but and S 2 lie 

in the tangent planes to the surfa^ces coj and cOg, respectively, so that 
the angle, d, between them is the angle at which the two surfaces 
intersect ; and the area of the lune = 2 d square centimetres, if the 
radius of the unit sphere is 1 cm. 

Hence surface-loci of constant conical angles ctg for a 
given circuit intersect at a constant angle at all points on this 
circuity the angle between them being 

i (oii/wwg). 

316,^. Line-Integrals and Surface-Integrals. The discussion 
of the Conical Angles subtended at various points in space by a 
given circuit depends on certain theorems of integration with 
reference to unclosed surfaces and their bounding edges, and as 
the whole subject is of much importance, particularly in the 
theory of Electromagnetism, it is considered advisable to devote 
special consideration to it here. 

Let </) (^, y, z\ which we shall briefly denote by 0, be any 
function of the co-ordinates of a point in space ; then if any 
surface (closed or unclosed) be broken up into infinitesimal 
elements of area and the element, dS^ of area at any point be 
multiplied by the value of ^ which belongs to that point, the 
sum of all such products, vjz. 

f<j)dS, 

taken all over the surface, is called the Surface-Integral of ^ over 
the given surface. 

In the same way, if any curve (closed or unclosed) be taken in 
space, and if it is broken up into infinitesimal elements of length. 
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and the element of length, at any point be multiplied by the 
value of 0 which belongs to that point, the sum of all such 
products, viz., 

taken all over the curve, is called the Line^Integral of 0 over the 
given curve. 

Theorem 1 . Jf ^ dnd 0 are any two functions of Xy y, and if 
any closed plane curve he described in the plane xy, the double 

taken over the area of the curve^ is equal to the mtegral 

/(<l>dx + \l/dy) (/3) 

taken along the perimeter of the curve in the sense in which the 
positive axis of x should rotate in order to coincide with the positive 
axis of y. 

Let rpq,,,y Fig. represent the given curve. Take the 

dxdy first. Now 

to find this, we may first in- 
tegrate with respect to x con- 
sidering y constant. * 

Let r be any point on the 
contour and r/ a line parallel 
to the axis of x ; let ^ be a 
point on the curve infinitely 
near r, and ss' a line parallel 
to the axis of x ; and let /// 
and rn be perpendiculars on 8s\ 

Taking y, then, as constant, 

we are to sum ^ dxdy over 

the liferrow strip sr/s\ This sum is 

^dy, or 

if 0' and 0 are the values of 0 at / and r, respectively. 

Now observe that if we travel over the contour in the sense 
of the arrow, taking at each point the value of the product 





M 


’^here, of course, dy is the algebraic increment of y in each 
VOL. II. R 
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infinitesimal step, we should have in travelling from / to / the 
term 

and in travelling from s to r the term 

Vrx(~m), 

since the value of xjr 3>t s may obviously be taken the same as at r. 
These two terms, therefore, give the sum (y), so that the 
summation of over the contour will correctly give the result 
of the integration of the strip rr's\ and over all other similar 
strips. 

In the same way, the term 

integrating first with respect to y, considering w constant. Let, 
then, jojo' and qq' be two indefinitely close parallels to the axis of 
y, enclosing a narrow strip. The summation is to be performed 
over this strip from p to p\ so that if 0' and (f> are the values of 
<p at // and jo, respectively, we have 


found by 




(8) 

and in travelling over the contour in the sense of the arrow, 
while taking at each point the value of the product 

(pdx^ 

we should have at p the term (j) x pnt^ and at the term 
(l)^x{—p'm'), the sum of which is — 0'), which is pre- 

cisely (6). 

Hence, then, the area-integral (a) is equal to the contour- 
integral (/8), which can, of course, be expressed in the form of the 
line-integral 


/O 




(<) 


where ds is the element of length at any point of the curve. 

Theorem 2. If any function of y, the co-^ordinateB of 
a point in space ^ and m^n the direction^cosines of the outward 
normal at any point of an unclosed surface^ the integral 




taken over the surface^ is equal to the integral 


f^d^ 


(0 

(•») 
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taken along the hounding edge of the surface hy a motion whose 
projection on tho plane of xy is in the sense In which the positive axis 
of X should rotate in order to coincide with the positive axis ofy. 

It must be observed that ^ and ^ are the partial differential 

coefficients of (ft with respect to x and y, and that they take no 
account of any variation of z — belong^ing, as they are supposed 
to do, indifferently to all points in space, and not being restricted 
to the (related) points which lie on the given surface. 

Suppose that the co-ordinates of points on the given surface 
are related by the equation 

or dz = pdx + qdy^ (1) 

as is usual, where p and q are functions of x and y only. 

-p 1 


Then I = 


Vl +p^ + q^ 




//(^ 


and dS 1 -{-p^ q^ dx dy. 

Then the given integral {f) can be expressed in the form 

which is a double integral over the area of the projection, srpq . , . , 
of the given surface 8 on the plane xy. 

Now, of course, a passage from point to point of the area of 
this projection will correspond to a motion from one point to 
another on the given surface 8, and will necessarily involve a 

variation of z in both ^ and ^ • 
dx dy 

Denote by ^ the total differential coefficient of cfx with respect 

to X in the passage from one point on iS to a neighbouring point 
when y remains constant but z is altered with x% Then 

d(t> d(f> 

i>x "" dx dz 

d(ff d(l> 

'^y dy dz 


Similarly 
Hence (2) becomes 


//( 


E % 


( 3 ) 
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fh 


Taking the terms of this double integral separately, we have 

first to integrate q ^ with respect to a?, considering y constant, 

i*e., to perform a summation along the strip Denote, as 

usual, ^ by s, 

dx ^ ^ . 

jif (S'*/*) -/s<t>dx, 

where is the value of qcf) at /, and (qcl)) its value at r. 

In a motion round the curve srpq, . , in the sense of the arrow, 
the term ($'<#>)] x is the same as the sum of the values 

of 

at / and r, as explained in Theorem 1 . Hence 

\q^^dxdy = fq<^(ly—ff s^dmdy, ( 4 ) 

in which the single integral is one along the contour srpq.,, . 
Similarly rr 'b<l> 

- jjp^dxdy ^/p(i>dx’\-ff8(i>dxdy, (5) 

the single integral on the right side being taken round srpq . . . 
in the sense of the arrow. Hence (3) becomes simply 

f(f>{pdx^qdy). ( 6 ) 

But, if a?, y are the co-ordinates of any point, 7 ?, on the curve 
»rpq.,,^ the point P on the edge of S, of which p is the projection, 
will have the same a? and y, and by ( 1 ) the increment of z in 
passing from P to Q (of which q is the projection) is the multiplier 
of <jf) in ( 6 ), so that ( 6 ) is the value of 

f^dz 

in a motion round the bounding edge PQJ?..,, in the sense of 
the arrow, which was to be proved. 

In the same way, of course, J(n^ — l^^dS = the Mne- 

integral y*<(E) dy taken along the bounding edge. 

We shall find it convenient to denote the operations 


d d 


d d 
^ dx dz ’ 


A 

I dy ^ dx' 


dz dy 

with regard to any surface the direction-cosines of whose normal 
are I, m, n, by the symbols 

^25 ^3* 
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Theorem 3. If u^v^w are any functions of x^y^z the co-ordinates 
of a point in space ^ and I, m, n the direction-cosines of the normal at 
any pomt on an unclosed surface^ the integral 


Cij/dw dv\ ,du dwx /dv 

ir(*-s)+“(s- s)+«(; 




dy dz' ^dz dx^ ' "'^dx 
taken over the surface^ is equal to the integral 
f (udx 4- vdy + wdz) 

taken over the hounding edge of the surface by a motion which 
projects on the co-ordinate planes in the senses of positive rotation 
these planes. 

This follows at once from the last Theorem. For, taking the 
term 


C/.dw aw^ 


we have found that it is simply fwdz taken along the edge. 
Similarly . ^ 

taken along this edge ; &c. 

This is the result that the line-integral of any vector taken along 
any circuit is equal to twice the surface-integral of the normal 
component of its ‘ rotation.^ or ‘ curl^ taken over any surface having 
the given circuit for a hounding edge^ of which a different proof will 
be given in the Chapter on Strain and Stress. 

Another discussion of this Theorem will be found in Clerk 
Maxwell’s Electricity and Magnetism^ vol. I., Art. 24. 

Put into a quaternion form, this Theorem is thus expressed — 

fSvVp.dS^-fSrp.dSy (7) 

where is a unit-vector in the direction of the outward-drawn 
normal at any point of an unclosed surface, r is a unit-vector 
along the tangent at any point of the bounding edge of the 
surface, p is any vector, and V is the Hamiltonian operator 
. d . d j d 

The result in this Theorem gives the solution of the following 
inverse problem : — Given the components, ?7, F, TF, of a vector, 
Py which satisfy at all points in space the equation 
dU dV dW 
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to determine the components of another vector, a-, such that the 
surface-integral of the normal component of p over any unclosed 
surface shall be equal to the line-integral of the tangential 
component of <t taken along the bounding edge of the given 
surface. 

For, in order to transform the given surface-integral into a 
line-integral along the edge, we must have 

IU-] mV^nW = 

that is ^ _ 77* ^ ur /o\ 

(Stokes’s method of solving these will be found in Lamb’s 
Treatise on the Motion of Fluids^ Art. 129.) 

316, 6.] Calculation of Conical Angles. Let co be the conical 
angle subtended by a given circuit, PQ72..., at any point A 
whose co-ordinates are a, /3, y. Then by (a), p. 239, if P is any 
point on any surface having the circuit for edge, and d& an 
element of area of this surface at P, 

^^0) = ^ cos (1) 


where r = d(a conical angle subtended by dS at A^ and y\r 
is the angle between AP and the normal to the sur&ce at P. 

Now if y, z are the co-ordinates of P, and /, n the 
direction-cosines of the normal, 

C08\l/ = ^{t(iv-^a) + m(y--fi) + n(z---y)}. ( 2 ) 

Hence ^ i 

But since ;3)2 + (^-~y)2, we have 

d /lx 


with similar values of 




and 


^-y 

^3 


Hence (3) can be written 



But since a, y are completely independent of all co-ordinates 
on the surface 8, and therefore have nothing to do with the 
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limits of integration, the symbols of differentiation with respect 
to them can be taken outside the integrals, and we have 

. = ( 5 ) 

daj r dftj r dyj r 

Differentiate both sides with respect to a, and observe that 
ydd^'^ d^^'^ dy^K~ ’ 


d^ 


.d^ d^ 


so that for ^ we may write — ( ^ ‘ 

Pa-r^li /?■**- r , <'» 

Now obviously (7) = “ ^ (7) ^ ^ (“) = “ I (7) ' 

Hence, first bringing the symbols of diflFerentiation which are 
within the square brackets under the integral signs, (6) can be 
written , , , , 

, d- d- , d- d- 

^Jl^±C(l^^n^)d 8 -^[(n-^-l-p)dS. ( 7 ) 

da d^J'^ d^ dx' dyj^ dx dz' 

Now, by Theorem 2 of last Article, the surface-integral on 
^hich — operates is f- dz taken along the given circuit, while 

d n 

that on which ^ operates is j - dy taken along the circuit ; so 


that 


0) d rdz d rdy 
d^J Ts dyj r 
dm 


(8) 


similar values holding for and ^ 


Denoting the line-integrals given 

circuit by F, G, H, respectively, as in example 42 , p. 64, we have 
for the diflPerential coeflScients of the conical angle subtended by 
the given circuit at any point (a, y) the equations 
dm dH dG \ 
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It is evident that the conical angle subtended by a given 
circuit at any point (a, /3, y) satisfies the differential equation 

<■») 

Again, the quantities G, H which have reference to a given 
circuit and any point (a, /3, y) satisfy the equations 


da'^ dy~ 

V^F=0, V^G=0, V'^H=0. 

For, the left-hand side of (11) is 


-/( 


7I 7I 

d — d — d — 

^dx+-£di,+-£dz), 


(11) 

( 12 ) 


which, being taken along a closed curve, is zero. Hence if space 
were imagined to be filled with a fluid in motion, or a substance 
in a state of strain, its velocity components, or components of 
strain, at each point, A, being F^ G, the cubical compression 
at every point would be zero, and the axis of resultant vortical 
spin at the point would be the direction in which the conical 
angle subtended by the circuit increases most rapidly — as will 
be understood after a study of the Chapter on Strain and Stress. 

Another method of calculating the conical angle subtended at 
a point by a circuit is the following. Let ABODE (Fig. 273) 
be the circuit, and 0 the point at which the conical angle is 
subtended. Then if a is the radius of the sphere described round 
0, the conical angle is the area of the spherical curve abcde 
divided by Through 0 draw any line, Ozy meeting the 
surface of the sphere in .2: (not represented in the figure). For 
definiteness, suppose z to be within the part of the spherical 
surface which we regard as the area of abcde. Then the position 
of any point, py within abcde may be expressed by its angular 
distance, 6% from Zy and the angle, 0, which the plane pzO makes 
with any fixed plane through Oz, These angles are the co- 
latitude and the longitude of p. An element of spherical area 
at p is a? sin O' d 6' dip, so that the strip of area of abcde contained 
between two longitude planes including an angle dcp is 

a^dcpj sin 0'd$'^ 
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where 0 is the colatitude of the point in which the arc zp 
intersects the contour of ahcde. 

Hence the conical angle is given by the equation 

0) = / (1— CO8 0)^(|) (13) 

since </> runs from 0 to 2 tt round 

It is, of course, quite indifferent which portion of the spherical 
surface (the upper or the lower) we regard as being the area of 
any curve traced on the sphere. If Oz is drawn so that z is in 
that portion of the surface which is regarded as outside the area, 
the longitude, </>, of a point within the area will not run from 0 
to 2 7r, but from its initial value it will, after increasing and 
diminishing, return to this initial value, so that /d(f> = 0. With 
an axis Oz so chosen, we should have 

o) = y’cos (14) 

the upper and lower limits of </> being identical. 

In the case of any p)lane circuit we obtain another expression 
for the conical angle subtended at any point in space. Taking 
the plane of the circuit as that of a?, let (a, ^8, y) be the co- 
ordinates of the point, at which the conical angle is required. 
At any point, P, in the area of the curve let the element of area 
be il8y and let AF = r. Then in (a), p. 239^ we have 

cos xj/ = do) = ~dS. But = — j— 
therefore 

The method of calculating oo from this equation will be under- 
stood when we come to the treatment of Potential ; and it will 
then be seen that (15) expresses the fact that the conical angle 
subtended at any point by a plane curve is the same (to a factor 
prk) as the component of the attraction-intensity normal to the 
plane of the curve exerted at the point by a uniform plane lamina 
bounded by the curve. 

Thus for a circular curve of radius a, if F is the distance of A 
from the centre, 

^ p2ir na rd^dr 

^ Jo — 2y/*cos^ + /^’ 

which reduces to Elliptic Integrals, 




( 16 ) 
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Examples. 


1. Find the conical angle subtended at any point on a sphere by a 
given circle lying on the sphere. 

A ns. Let r be the angular radius of the given circle, a = angular 
distance of the point considered from the pole of the circle, 


r-fa = 2cr, r~a = 26, 




sin a sin r 
sin* O’ 


, and n 


sin a sin 
cos*o- ’ 


then (0 = 2ir- — ] -cosr . /’(A;) + — n(w,/i:)l, 

sino* ( ^ ^ coscr ' 

where F(k) is the complete elliptic integral of the first kind with 
modulus and IT (w, k) the complete integral of the third kind with 
modulus k and parameter n. 

The com2)lete integral of the third kind is expressible in terms of 
integrals of the first and second kinds (Hymers’s Integral Calculus. 
p. 290 ) ; thus 


cos^ 

sin <T cos (T 


where 


n (71, k) 



{Si? ^>1 /3). 

jj sin6 , . ^ cos O' 

K = -T — > and sin p = r • 

smo* COSO 


2. Show that the conical angle subtended at any point, - 4 , by a 
circuit is the line-integral along the circuit of the tangential com- 
ponent of a vector whose magnitude at each point, P, of the circuit is 


1 cos d cos A 
T sin*d ’ 

the vector being perpendicular to -dP in the plane of AP and the 
tangent at P, r AP, d is the angle made by -dP with a fixed line, 
and A the angle made with this line by the normal to the plane of .d P 
and the tangent at P. 

3 . Find the conical angle subtended at any point, P, in space by 
two intersecting right lines OA, OB, their extremities A and B being 
both at infinity. 

Ans, If and </>' are the angles between the plane AOB and the 
planes containing P and the lines OA, OB, and a = LAOB 

0) = TT— <^ — (|)' + cos“^ (sin sin (|)'cps a — cos <j!> cos (/)'). (1) 

When a = 0, the plane from which and (]>' are reckoned is inde- 
terminate, but in this case 0 -f is tt, so that o) is constant whatever 
be the position of P. When a = -tt, ^ = <^', and co = 27 r — 2 (^, which 
is indeterminate and may be taken as 2 simply, where (j) is the longi- 
tude of P with reference to any fixed plane through the infinite line AOB. 

If t = tan</), f = tan<|)', the equation of the surface locus of con- 
stant conical angle is 

(t 4. sin (n + ttl (cos ca— cos a) -f 2 sin* ^ = 


0 . 


( 2 ) 
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To all points on the same right line OF, through 0 belongs the 
same value of co ; moreover, this equation shows that the planes deter- 
mining any given angle co can be represented in pairs by the points 
of an involution system. 

The surfaces of constant conical angles are cones of the second degree 
whose equations are easily found from (2). For, if OA is taken as 
axis of X, and the plane AOB as that of xy, we find for the locus 

2 2/(05 sin a— y cos a) sin®- (a? sin a -h 2 2 / sin® sinco 

+ ;2;®(cosa) — cosa) = 0; (3) 

or, taking the internal and external bisectors of the angle AOB as 
axes of X and y, 

sin" - {x^ sin* - —2/ cos® ^ 2 2 ) + - sinco = 0. (4) 


The conical angle is a measure of the Magnetic Potential at any point 
due to a current in the given circuit ; hence the case a = 0 corresponds 
to a current returning on itself, which, of course, produces no effect at 
any point; while a = tt corresponds to a straight current of (practically) 
infinite length. 

4. In the case of any plane triangular circuit whose angles are 
A, B, G, prove the following construction for points on the surface- 
locus of constant conical angle, co ; — ^ 

From any point, 0, on a sphere draw arcs, OL, OM, ON, of three 
great circles including between them angles equal to tt— (7, tt—A, 
tt—B', then describe any spherical triangle, L, M, N, whose vertices 
lie on these arcs, such that the sum of its sides = 27 t— co ; the angles 
OL, OM, ON will be the inclinations to the plane of the triangle 
ABC of planes drawn through its sides BCy CA, AB intersecting in a 
point, jP, at which the conical angle is co. 

Thus, then, to find the point on any given line, AP, drawn through 
A at which the triangle subtends co, we take two given points M, N 
on two of the arcs and find the point, L, on the third such that 
LM + LN is a given quantity. There are two solutions, since, given 
base and sum of sides of a spherical triangle, the locus of the vertex is 
a sphero-conic. 


5. Show that the complete solution of equations (8), p. 246, from 


n, V, w will necessarily be indeterminate. 

(To any values found for u, v, w may be added terms 


^ ^ ^ 
daf ^ dy dz 


where P is any function of x, y, z which has a single (unambiguous) 
value for given values of x, y, z.) 


6. For the conical angle subtended by a given plane circle at any 
point in space, show that the angles a, r, cr, d in example 1 can be 
exhibited by a plane construction. 
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317 .] Attraction of a Thin Uniform Straight Bar. Let the 
line A£ (Fig. 276), represent a straight bar the area of whose 

transverse section is i square centi- 
metres, this area being very small ; 
let the mass of the bar be p grammes 
per cubic centimetre of substance ; let 
JP be the position of a mass of i gramme 
supposed to be condensed into an in- 
finitely small volume. It is required 
to find the magnitude and direction of 
the attraction of the bar on the particle at P. 

Draw PO perpendicular to A £ ; take any point, M, on AP ; 
let OM = and consider the attraction on P of the elementary 
length ds at Jif, The mass at P being 1 gramme, and the mass 
of ds being p . Ms, if y is the constant of gravitation (Art. 315 ), 
the attraction of ds on P is, in dynes, 

kpds 


P 



Fig. 276. 


This force acts in the line PAT. Resolve it into a component 
along PO and a component perpendicular to PO. Let 
<t>-lOPM, let PM=r, let PO = p, 
and let these components he dY and dX, respectively. 

Then dX = ^ sin (p . ds. 


dY = cos (p . ds. 

But s — p tan <p, ds s=^ sec® (j>d<j), and r — p sec <p. Hence 
dX = sin <l>d(l ) ; 

dY=^ cos <l,d(t>. 

Then, obviously, if Z OP A = a, and Z OPP = and if X and 
Y are the total component attractions parallel and perpendicular 
to PA produced by all the elements of the bar, we have 
v_y^P f’- ^ ykp 
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If the resultant attraction on P makes the angle \l/ with PO, 


we have tan i/r = ^ = tan ~ ~ yj/ = - — - 


„ w — V,™ y — — - — 7 , , Y = — ~ f which shows 

that the resultant^ bisects the vertical angle APB, Also 

B. = —y- (dynes). (4) 

We may also notice the simple fact that the attraction of the 
bar AB on P is the same in all respects as the attraction of a 
circular arc having P as centre with radius PO, this arc being ter- 
minated by the lines PA and PB, the density and area of trans- 
verse section of this arc being the same as those of the given 
bar. For, if N is the point on AB distant ds from if, and if 
the lines PM and PN meet the circular arc in m and the 
attractions of MN and mn on P are exactly the same, because if 
from M a perpendicular i/Q is drawn to PN, we have 

_ MQ _ MQ . PM __ mn . PM^ _ mn . PM^ 
~”sinPifO"“ PO '^Pm.PO'^ Pm^ ' 

therefore p^2 = the attractions of corresponding 

elements of the bar AB and the circular arc are the same. 

The attraction of the particle P on the bar is B exactly 
reversed. 

For an infinitely long bar^ or one so long that the distances of 
P from its extremities are each very great compared with the 
distance, PO, of P from the bar, the attraction is 


since the angle APB is in this case it. 

If the law of attraction be not that of the inverse square of 
distance, let the attraction of the element hpds at M on the unit 
mass at P be expressed by the law 

kpdsxXfif), 

where A is a constant and/'(r) any function of the distance PM. 
Then, if PA = and PB = , we easily find 

T=Kti,r£p£.. 

Jr, 


( 6 ) 

( 7 ) 
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The expression (5) brings us back to the observation made at 
p. 235 with regard to the application of the law of inverse square 
to particles separated by an infinitely small distance ; for it would 
appear from this expression that if ^ = 0, or the attracted par-' 
tide is on the surface of the bar, the attraction is 00 : a result 
which is obviously absurd. The whole of our investigation 
depends on the assumption that every point in the element ds of 
length at M is at the same distance, /*, from P. Now if P is in 
contact with the surface, the particles of the bar in the normal 
section at P are at all distances ranging from zero to the 
diameter of the bar from P, so that we cannot expect our result 
to hold for this case. In fact, the area of the normal section, 
ought in this case to be infinitely small, and then the expression 
(5) is indeterminate. To find what is really the intensity of 
attraction at a point on the surface of the bar, we must consider 
this latter as a cylinder of finite radius, and break it up into 
slender filaments in such a way that a filament to which P is 
infinitely close is one of infinitely small section. Such a mode 
of breaking up the bar is obtained by a polaaf resolution. Thus : 
draw the normal section through P ; take any point Q in the 
area of this section, let PQ = r, and take the usual polar element, 
rdrdB, of area at Q. Consider now the attraction at P due 
to the filament of the bar, parallel to its axis, which stands on 
this element of area. It is clear that the filaments are now 
taken in such a way that when the distance of P from one of 
them vanishes, so does the transverse section of the filament. 

For greater generality, let P be assumed outside the bar at 
a distance c from its centre, 0 ; let the transverse section be 
circular and the length of the bar 'practically infinite, i. e. P is so 
close to the surface, that for each filament the angle APB may 
be taken as it. 

The attraction of the filament at Q on a unit mass condensed 


at P is 


2yp,rd0dr 

T 


7 or 2ypdddr; and since PO is the direction 


of the resultant, we resolve this along PO; thus we have 
2yp COB 6 do dr, where 0 = jLQPO, Integrating this first with 
respect to r between the points at which the line PQ enters and 
leaves the circular section, we have 


iyp — c^sixL^d cos 6d$, 
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as the contribution of the wedge of bars corresponding to the 

angle 6. The extreme values of 0 are ±sin~^“> so that a fur- 
their integration gives 2TTypa^ 

c 

for the attraction of a cylindrical bar at a point near its surface, 
the length of the bar being very great compared with its 
diameter. Now if the position of the attracted point is on the 
surface, c = a, and the attraction is 


2ity pa. 

318.] Uniform Thin Circular Plate. Consider a circular 
plate of uniform density (p grammes per cubic centimetre of 
substance) and very small uniform thickness (r centimetres) ; 
and let 1 gramme mass be condensed into a point P situated on 
the axis of the plate, i.e. a line drawn through 0, the centre of 
the plate, perpendicular to the plane of the plate. It is required 
to find the attraction of the plate on the particle at P. Let a 
(centimetres) be the radius of the plate, and let OP = z (centi- 
metres). Take any point, Q, in the plane of the plate and 
describe a circle with centre 0 and radius OQ (= r). Concentric 
with this describe another circle of radius r + r/r, so that a nan’ow 
strip of area is included between these circles. We may in this 
way break up the plate into an infinitely great number of 
circular strips; the mass of the typical strip is 27rpTrdr 
grammes, and all points in the strip are at the same distance, 
PQ, or from P. Also, if 0 is the angle OPQ, since 

the resultant force exerted on P by the strip is obviously along 
PO, this resultant is 


2TTpTrdr 


or 27ry/or sin 


since r = ^ tan 0, y being the constant of gravitation. 

If a is the semiangle of the cone whose vertex is P and base 
the rim of the plate, 0 ranges from 0 to a, so that 

P =; 277 ypT (1 —cos a), (1) 


in dynes. iThis can be written 277ypr i ) * 


From this expression is deduced a result of great importance 
in Electrostatics. Suppose the attracted particle P to be yery 
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close to the plate, at the %am.e time that the latter is infinitely thin 
compared with the distance of P — this supposition being obviously 
necessaiy if we are to assume that all the particles in the body 
of the plate and included in a circular strip are equidistant from 
P. Then lines drawn from P to the rim of the plate are practi- 

cally at right angles to OP, so that a = - > and 

a 


B = 27rypr (dynes), (2) 

and the result is independent of the radius of the plate. Thus, if 
P is at a distance of 1 millimetre from the centre of such a plate, 
the attraction on P is practically the same whether the radius of 
the plate is infinitely great or only 1 decimetre. 

Again, the expression (1) shows that any two uniform plates 
of the same substance and of the same small thickness will exert 
equal forces on P if they are cut from the cone having P for 
vertex (their planes being parallel). Hence any two frustums 
of equal thickness, h, however great, cut from this cone will 
equally attract the particle P at its vertex, the magnitude of the 
force being (1 — cos a). 

The result holds also in the case of an oblique cone standing 
on any plane base whatever, the attracted particle P being at its 
vertex. To prove this geometrically we have merely to show 
that if two plates of the same thickness, each parallel to the base, 
be taken anywhere in the cone, they exert equal attractions on a 
particle at the vertex. Through the vertex P draw an infinite 
number of rays forming a very slender cone which intercepts on 
the two plates two small similar areas, dS and dS', at the points 


yprdS 


M and suppose. Then the attraction of dS on P is 
Td^ 

and that of d^ is * these forces being coincident in the 


line PMM\ But since the contours of dS and dSl are similar 
dS PM"^ 

curves, ^ 5 therefore these attractions are equal. Simi- 


larly for all other pairs of corresponding elements of the plates. 

This put into the usual form of analysis would be as follows : 
Let (r, d, </>) be the radius vector from P to Jf, the colatitude 
and longitude (Art. 176) of Jf. Then the element of volume at 
Jf may be taken as T^BmOdrdBd(\>, and the attraction on P of 
the element of mass included is yp&in0drd6d<l:^ and this. 
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S6T 


depends only on dr and not on r (so long as 0 and </> are con- 
stant) ; hence the attractions of the elements at M and M' above 
are equal, since these points have obviously the same 0 and (j), 

819.] Uniform Spherical Shell. Suppose a thin shell of 
attracting matter of uniform density, p grammes per cubic centi- 
metre, to be contained be- 
tween two very close concen- 
tric spheres. Then tkis shell 
exercises no resultant attraction 
on any internal particle. For, 
let P' be the position of any 
internal particle, and through 
P' draw a pencil of rays, 

QP'Q,\ RP'R\ &c., forming 
a very slender cone ; then if 
a ray PP' meet in the inner sphere in r and /, the lengths 
Pr and PV are equal ; hence the spherical surfaces at Q cut 
off a frustum whose thickness is equal to that of the frustum 
cut off at Q', and by Art. 318 the attractions of these frustums 
on the particle P' at their common vertex are equal and opposite. 
Hence the attractions of these elements of the shell destroy each 
other at P', and similarly all the vertically opposite elements of 
the shell cut off in the same way annul each others’ effects at P\ 

The resultant force on the particle is therefore zero. 

Precisely the same result holds for an ellipsoidal shell bounded 
by two very close concentric and similar ellipsoids, since the 
intercepts Pr, PV made by the shell on any line cutting its 
bounding surfaces are equal. This proof is given by Newton, 
Cor. 3, Prop. 91, Book I. These results we shall find useful in 
Electrostatics — in which occurs the general problem : Given the 
outer bounding surface of a shell, find the law of its thickness 
(or, in other words, find its inner bounding surface) so that its 
resultant attraction on every internal particle shall be zero. The 
simple result in the case of surfaces of the second degree, that the 
inner surface is one concentric with and similar to the outer, 
is due to the fact that they have diametral planes which bisect 
all parallel chords. 

If the law of attraction is not that of the inverse square, let it 



be expressed by X 



and consider the narrow belt of the shell 
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which is generated by the revolution of the element of arc Q,R 
about OP'. Let 01" == c, P'Q = r, a = radius of shell ; then 

the area of this strip = 2ir-r</r; for in the usual notation it 

c 

= 27 ryrf^, or 2r,a^smO(lO^ where 0 = ZQOA, and 

= a^—2accos rdr = ac sin 6 dO, 

so that if dS = area of belt, 

dS=2n^rdrf (A) 

and the mass of this belt = 2ti pr^rdr^ where r = thickness of 
shell. 

Every particle of this strip is at the distance r from and 
its resultant attraction on P' (which is in the direction OP) is 

2 TrXpr -rdr.'P^ . cos QP P, which is ^ — • 2 f(f) 

C C T 

Hence, if U is the resultant attraction at P', 


TT\apT 

Ja^c 


-f{r)dr. 


When the law of attraction is that of the inverse square, /(r) 
is constant, and the value of the integral is zero. 

From this expression can be deduced a result which is funda- 
mental in Electrostatics — viz. the law of the inverse square is the 
only law of attraction for which a spherical shell of uniform thick- 
ness and density will produce no resultant attraction on any internal 
particle. 

For, whatever a^c and a—c may be, i.e. wherever P' is 
situated inside, the definite integral must vanish identically. 
Denote a + c hy m and a-^c by n. Then for all values of m 
and », mn-^r^ . 

Differentiating this with regard to m and w, successively, 

— /(«)+«X ■^•>' = 0 . 

n — m .. . r*” fir) , 

— /(«)+«<X ^* = 0- 

Hence /(?»)=/(»), whatever m and n may be; i.e. /(r) 
must be absolutely constant, so that the law of attraction is that 
of the inverse square. 
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For a particle placed at any external pointy P, the attraction 
[for the law of the inverse square) is the same as if the shell were 
condensed into a particle at its centre. 

This may be shown in several ways. Thus, take the inverse 
of P with respect to the spherical surface; let this point be 
P', that is, OP X OP' = OQ^ = c?. From this equation it 
follows that the triangles POQ and QOP' are similar, and 
therefore Qp j) 


where JD = OP and a = OQ ; that is, the ratio of the distances 
of all points on the sphere from P and P' is constant. Again, 
from the similarity of these triangles AQPO LP'(^0\ simi- 
larly, AQ'PO:=z AP^Q'0\ therefore the angle QPQ' is bisected 
byPO, 

Denote QP by r and QP' by /. Let = the conical angle 
subtended at P' by the elements of surface of the sphere cut 
off at Q and at Q' by a thin cone of rays QP' Q', PP' P', — 
Then (Art. 316) the ai*ea of the element of surface at Q is 
sec OQP' ,d(d^ and the attraction of the mass of this element 

on a unit (gramme) mass at P is ypr-^ sec OQP' Jco acting in 

PQ (y being the constant of gravitation). This, by (a), is 
a^ . 

ypr T^sec OQP'.^^co. The attraction on P produced by the 

^ ... a^ 

element at Q' is similarly ypr^ sec OQ'P'. ^/oo, and these 

two expressions are identical, i.e. P is equally attracted by 
the corresponding elements at Q and Q'. The resultant of 
these forces acts in PO and is equal to 

o 

The sum of all such forces is obtained by summing ^<0 from 
0 to 2 TT. Hence the resultant attraction 


mass of shell 
- y- jp ^ 


which is exactly the same as if the shell were condensed into 
an infinitely small particle at its centre. 

S 2 
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To deduce the result analytically, break up the shell, as 
before, into strips formed by the revolution of elements of length, 

about OP, The area of such an element = 2TT^rdr, 

where r = QP ; and the attraction of the element of mass con- 
tained within this ring on the unit (gramme) mass at P is 

a dr . Ttypra — 

2 71 y /j r ^ ~ . cos QPO, i. e. — ^ ^ dr ; therefore 

irypra /'®+“r2 + i>2_a2 

— ? — * 

If the law is not that of the inverse squai*e, but expressed by 
fir) 

X j L . xTTe\ Vi o ir/i 


A*'-V ; we have 


^ = -p- / W (2) 

the limiting values of r in these integrals being PA and PB, 
i.e. B'—a and j0 + ^. 

To determine the laws of attraction for which the attraction of 
a uniform spherical shell on any external particle is the same as 
if the shell were condensed into an infinitely small particle at its 
centre. We know from Art. 23 (vol. i.) that this is the ease 
for any material body if the law of attraction be that of the 
direct distance ; and we have just proved that for a uniform 
spherical shell the result holds for the Newtonian law. We 
shall now prove that these two are the only laws. 

Denoting B-\a by m^ and J?— a by and observing that 
if the shell may be condensed into a particle of mass 47 rpra^ 


at its centre, the value of B must be 47rApra^ *^ | ^^ > we have 
from (2) 

- 72 -/W'^^ = 2(w2-a)/(— ). (3) 

Dividing out by and differentiating with respect to 

m and n successively, we have 


m{m—ny 




(m^n) 


X . 1 

n (m-^n) ^ (m --nfJn 
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therefore by subtraction. 


m ^ J 


l ^2+^2 4.2^2 


f{r) dr. 


m n Jn 

Differentiating again successively, and eliminating f (^) 

from the two equations, we have simply 

w 2 


J n 




which must hold whatever m and n may be. Hence 

f (f) = Cr^, 

where C'is a constant. If (7 = 0,/(r) is constant, and we have 
the law of inverse square, as before. If C is not zero, 

/ w , 


/ (0 = i 




oc r, 


and we have the law of the direct distance. These, therefore, 
are the only laws for which the result holds. 

320.] Solid Homogeneous Sphere. Instead of a spherical 
shell, let Fig. 277 represent a solid sphere, and consider its 
attraction on a unit mass condensed at P. Imagine the sphere 
broken up into an infinite number of infinitely thin concentric 
spherical shells, Then each of these attracts P as if it were 
condensed into a particle at 0, Hence the whole sphere may 
be considered as condensed into a pai’ticle of mass ^Trpa^ at 0, 
and if P = the resultant force on the unit mass at P, 

If the attracted particle is inside the sphere, at P', all those 
shells which lie outside the sphere described with centre 0 and 
radius OP' may be rejected, since none of them produce any 
resultant^ effect on P' ; so that the whole force 

mass of sphere with radius OP' 


or 


R ^ Y TToI/, 


(fi) 

where R' = OP', i.e. inside a homogeneous solid sjphere the attract 
lion varies as the distance of the attracted 'particle from the 
centre. 


* To be carefully distinguished from the pressure effect which is produced at 
all internal points, and which is very great at great depths., .The whole surface 
of a particle may be subject to great intensity of pressure, while the resultant 
force on the particle may be zero. 
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Also any two solid homogeneous spheres attract each other 
as if each were condensed into a single particle at its centre. 
If, then, m and nt are their masses, and if c is the distance 
between their centres, the magnitude of their mutual attraction 


IS 



(y) 


321.] Value of the Constant of Gravitation. We are now 
in a position to find the absolute constant of gravitation. 
Let the two attracting spheres be the earth (assumed homo- 
geneous and spherical) and a small particle whose mass is 
1 gramme. The following data* relating to the magnitude 
and density of the earth may be assumed as approximately 
correct: the radius of the earth is 637 x 10^ centimetres; the 
mass of the earth is 614 x 10^® grammes (its mean density, p, 
being 5*67 grammes per cubic centimetre); the weight of 
1 gramme mass at the surface of the earth is 981 dynes. 
Hence, putting E = 981, p = 5*67, 1 / = 637 x 10® in (j3), or 
using the expression (y) and making = 614 x 10^®, = 1, 

c = 637 X 10®, we find , 

1 dyne 

^ ~ 1543X 10^’ 


Now a dyne beings roughly, the weight of a milligramme, 
we see how extremely small a magnitude is the constant of 
gravitation, at least, in our region of Space ; for it is conceivable 
that in enormously distant portions of the Universe the values of 
y may be different. 

822.] Sudden Change of Attraction through a Shell. Let 


P and Q (Fig. ^ 78 ) be two points on the normal to any thin 
shell at opposite sides of the surface. Sup- 



pose a unit (gramme) mass condensed at P, 
and regard the attraction of the shell on 


Fig. 278. particle as produced by a small circular 

plate just below P, and the remainder of 
the surface. Consider, similarly, the attraction of the shell on 
a unit mass at Q. Now the attractions at P and Q produced 
by the portion of the shell obtained by omitting the small 
circular plate above-mentioned are sensibly the same in mag- 


♦ See Everett’s Units and Physical Constants^ obap. vi. 
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nitude and line of action. Eaeli of these attractions may be 
represented by/, regarded as a vector. 

But it has been shown (Art. 318) that the attraction of the 
small plate on the unit mass at P is 

2 71 ypT dynes, 

acting in the normal from P to Q ; while the attraction of this 
plate on Q is this force exactly reversed in direction. 

Denote this force on Q by the vector n. Then the forces on 
P and Q are, vectorially, 

n and /+ n, 

respectively. 

If the shell is such that it exercises no resultant attraction 
at Q, /’+ w = 0, and the resultant attraction on P is normal 
to the surface and equal to — 2 i. e. to 

— iTrypr, 

considered as acting in the sense of the outward-drawn normal, 
QP, Numerically, of course, the force on P is +47TypT, acting 
in the sense, PQ, of the inward-drawn normal. 

323. ] Force-intensity. To save circumlocution, we shall 
define force-intensity exerted by any attracting mass at any 
point P as the force exerted by the given mass on a gramme mass 
condensed into a point at P. 

If instead of having 1 gramme mass at P, we have a particle 
whose mass is dm grammes, and if the given mass attracts it 
with a force of dF dynes, the force-intensity at P is 

clF^ 

dm 

Thus the force-intensity at P of the small circular plate in 
last Article is 2 TTypT (inw^ards), which will be in dynes if p is 
the density of the shell at P in grammes per cubic centimetre, 
T is the thickness of the shell in cms., and y is the constant 
of gravitation as defined in Art. 321. 

324. ] Surface-integral of Normal Force -intensity. If 
round any particle, dm, of matter attracting according to the 
law of the inverse square any closed surface whatever be de- 
scribed, the surface-integral of the normal force-intensity pro- 
duced by the particle (the integration being taken over this 
surface) is equal to ^iry.dm] and if the surface is described 
so that the particle is outside it, the surface-integral is zero. 
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Begin with the latter case. Let 0 (Fig. 273 ) be the position 
of the attracting particle of mass dm grammes, and let the 
surface represented be any one whatever. Then the force- 

intensity at is y 5 component of this along the out- 
ward normal is y cos OP^ ; and if dS^ is the element of area 
of the surface at we have y cos OP^n-^dS-^ for the ele- 
ment of the surface-integral in question. But this is simply 
ydm.doa^ where d(d is the conical angle subtended at 0 by dS^, 
Hence, if at any point on the given surface N is the magnitude 
of the normal component of the force-intensity and dS is the 
element of area, we have 

f NdS = ydm f doc^ 

= 0. (1) 

since, as explained in Art. 316, the total conical angle sub- 
tended at any external point by the elements of any closed 
surface is zero. 

If 0 is internal to the surface, the whole of the investigation 
remains unaltered, but f d (a is now 47 r, so that for any internal 
particle, dm, ^ dm. ( 2 ) 

If instead of a single particle we have any number of them, all 
external to the given closed surface, and forming a mass which 
we may denote by we shall have ( 1 ) still holding, iV' being 
the normal component of the force-intensity due to the attraction 
of the whole mass ; and if inside the surface there is any 
mass distributed in any way whatever, we have 

/NdS = — 4 nyM^^ ( 3 ) 

y being the constant of gravitation, having in the C. G. S. system 
the value given in Art. 321. 

If attracting matter can be spread as an infinitely thin layer 
on the surface, and the total mass thus spread be we should 

fm8=-2iiyM^, ( 4 ) 

N being the normal force-intensity at any point due to the action 
of 1 /q. This is obvious by Art. 316, since for any point on the 
surface /d(o 27? , 

The expression /NdS is sometimes described as the normal 
/usG of force through the surface outwards^ It is to be carefully 
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noted that N has been measured at all points on the surface 
along the outward-drawn normal. If at any point it really acts 
inwards, it is to be considered as negative at this point. 

Many results in Electrostatics depend on the theorems ex- 
pressed by (1), ( 3 ), ( 4 ). These theorems are due to Gauss, and 
are given in his famous paper on forces varying inversely as the 
square of the distance (Taylor’s Scientific Memoirs^ Vol. Ill, 
Part X). 

325.] General Components of Attraction. Let there be any 
attracting body the matter of which attracts according to any 
law of the distance — suppose (|) (r ) — and consider its attraction 
on a unit particle condensed into an infinitely small volume at 
any point, P, which may be either inside the attracting mass or 
in void space. 

Let the co-ordinates of P referred to any fixed rectangular 
axes be {x, y, z ) ; let P' be any point in the attracting mass, its 
co-ordinates being {x\ y\ /) ; let p be the density of the matter 
at P\ so that in a small parallelopiped cut out in the usual 
manner at P' the mass is pdx'dy'dz^ \ let r be the distance PP\ 
(We may, for definiteness, suppose these quantities to be measured 
in the units of the C. G. S. system.) Then the attraction of the 
element at P' on the condensed gramme at P is p(f> (r) dx'd/dz\ 
acting in the sense PP', and the component of this parallel to 
the axis of in the positive sense of this axis, is 

— p (|) (r) . - dx'dy'dz'. 


Hence, if X, J, Z denote the total components of the ‘ attraction- 
intensity’ (see Art. 323) at P parallel to the axes, in their 
positive senses, 

(1) 
( 2 ) 


or simply. 


"-dxdy'd/, 

= -J <t> w 


a?— a? 


dm^ 


with exactly similar values of Y and Z, the integrations being 
extended to all points, P', of the attracting mass, of which in 
the more succinct form (2) dm is the element of mass. 

01 * 00 ^ 

When P is within the attracting mass, the term assumes 

0 ^ 
the form - for all the points P' in the immediate vicinity of P, 
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and though the distances of P from some points in the mass are 
zero, we must not conclude that the attraction is infinite, because, 
as we have pointed out at the very beginning (Art. 315), a law 
of attraction according to a function of the distance between 
two particles cannot be logically enunciated, or even conceived, 
except on the supposition that the dimensions of such particles 
are infinitely small compared with the (mean) distance between 
them. 

As a matter of fact — and it is one of considerable importance 
to understand — the law of the inverse square leads to no such 
result as an infinite attraction when the position of the attracted 
particle is within the attracting mass ; but the Cartesian ex- 
pressions ( 1 ), ( 2 ) do not immediately show this. We shall show 
it by taking the elements, dm^ of mass in polar co-ordinates. 

Taking the position of the attracted particle P as pole, let 
(r, d, (f)) be the usual polar co-ordinates of P'. Then the element 
of mass at P' is sin 6 dr dOd(f> (Art. 175), so that the 
attraction along PP' is (r) sin 0 dr d6d(j>i hence 


^ /yyp^^(l>{r)8in^6 C08(l)drd6 dcj), (3) 

Y = yyyp?^(l}{r)sin^08in(l)drd0d(l>, (4) 

^ = fff 9'^'^ (0 ^ (^) 

Now, for the law of Newton, ^ (^) = ~ , so that 

^ — yjyy p ^i^^ 0 cos (f) dr do d(p, (6) 


ith similar values of Y and Z ; and even when r = 0, A" contains 
no infinite term. 

If, however, the attraction between two particles increased 
according to a law more rapid than the inverse square, the 
attraction-intensity at any internal point would be infinite. 

For, if ^(^) = ^, we shall have the term ~ sin^^ cos (p dr d$ d<f) 

in the value of A, and this becomes 00 for the particles P' imme- 
diately in contact with P. This supposes the mass of P fixed 
and finite — 1 gramme, suppose. But if the particle at P is itself 
of infinitely small mass, the infinite value of the attraction (no 
longer attraction-intensity) disappears. 

As explained in the chapter on Centres of Mass, it is not 
necessary to take in all cases infinitesimal elements of the third 
order in breaking up the attracting mass. According to the 
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shape and law of density of the attracting body, we may take as 
elements, circular plates, thin bars, rings, &c., as will be illus- 
trated in the following examples. 


Examples. 

1. Whatever may be the law of attraction, the force-intensity 
exerted by the smaller of two concentric solid homogeneous spheres 
at any point on the surface of the larger is to the force-intensity 
exerted by the larger at any point on the surface of the smaller 
in the ratio (radius of smaller)^ : (radius of larger)®. 

Draw any radius OP meeting the surface of the larger in P and 
that of the smaller in 0 being the common centre. Draw a chord, 
ahy of the smaller parallel to OP ; at a and h take equal and similar 
very small elements of area, each ds ; draw lines from the various 
points of ds at a to the corresponding points of ds at 5 ; we thus 
have a uniform bar of the substance of the smaller sphere lying 
along ah* Draw lines from 0 to all the points on the contour of ds 
at A ; we thus get a slender cone ; produce this cone outwards to 
intersect the surface of the outer sphere — at Ay suppose — and let dS 
be the element of surface of the outer intercepted by this cone ; 
draw similarly a cone with vertex 0 having ds at h for base, and 
let this intercept at B on the outer an element of area dS, Joining 
the points on the contour of dS at A to the corresponding points 
of dS at By we have a bar, AB, of the substance of the larger 
sphere, also parallel to OP, 

Now, if r and R are the radii of the smaller and larger spheres, 

it is obvious that ~ • 

dS A® 

Consider the force-intensity at P due to the smaller, and at 
due to the larger, sphere. Each acts in the line PO ; hence to find 
the resultant force at P we may consider only the component at- 
traction parallel to PO due to the bar ah and to all the other parallel 
bars into which the smaller sphere can be broken up. If the law 
of attraction is expressed by A/'(r), as in Art. 317, and if dX' 
the intensity of attraction of the bar ah at P, we have by equation 
(6), Art. 317, =\kp[f{ra)-f{Ph)\. 

Similarly, if dX is the intensity of attraction at p due to the 
bar AB, dX=\Kp [/(pA)-/(p5)], 

k and K being the areas of the normal sections of the bars. 

k c^s 7*® 

Now Pa=^pA ; Ph =^pB; and therefore 

A ao R 
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where and X are the resultant intensities of attraction at F and p 
due, respectively, to the smaller and larger spheres. 

2. From the last result deduce a proof of the theorem that the only 
law of attraction for which a uniform spherical shell will exercise 
no resultant force at any internal point is the law of the inverse 
square. [This application is due to Duhamel.] 

If a shell produces no attraction inside it, all the portion of the 
larger sphere between the two spheres may he neglected in finding 
the attraction of the larger at jp. Hence, however great E may be, 

X is constant atp, so that X' a -^5 however small the inner sphere 
may be, ^ 

^ 3. Calculate the intensity of attraction of a uniform thin rect- 
angular plate at a point on the perpendicular to its plane drawn at 
its centre. 

Let 2a and 26 be the lengths of its sides; h the height of the 
attracted particle, P, above 0, the centre of the plate ; p and r the 
density and thickness of the plate. Break up the plate into bars 
parallel to the side 2a; let y be the distance of one of these bars 
from 0. Then the area of the normal section of this bar is rdy^ 
and if the extremities of the bar are A and B and its middle point 
Q, we have for its attraction-intensity at P the expression (Art. 317) 

APQ .dy. 

Let 6 = LQFO \ then y ’=■ h tan d, P^ = h sec and this ex- 
sec 

pression becomes 2ypTa and since the resultant at" 

traction is along PO, we multiply this expression by cos^. Thus 
we have 

pa cos 6dO 

where a is the extreme value of d, i.e. tan""^^» Thus 

P= 4 y p r sin'~ ^ / 7^ ■ .. 'TH' - ■ 

If the plate is of infinite length (a = a ), 

E = 4:ypTa, 

Given the whole mass of a solid, find its shape so that its at- 
traction, in any direction, on a particle placed at a given point may 
be a maximum. (Solid of maximum attraction.) 

It is clear that the surface of the solid must pass through the given 
point, 0. Let OA be the given direction, and let P and Q be any 
two points on the bounding surface of the solid. Consider an 
element of mass, dm at P, and an equal element at Q. Then, what- 
ever be the law of attraction, the element dm at P and the element 
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dm at Q must give the same component attractions on 0 along OA ; 
for if that of Q were the greater, advantage would be gained by 
transferring the element dm from P to Q, 

Hence, if the law of attraction is expressed by (/) (r), and if 
6 = APOA^ made with OA by the radius vector from 0 to any 
point on the bounding surface, we must have 

{r ) . cos 6 = const. (1 ) 

for all points on this surface. Hence the surface is one of re- 
volution obtained by causing the curve (l) to revolve round OA, If 

<|) (r) = j the revolving curve is 

cosd 1 ^ . . 

— r = = const. (2) 

or ^ ' 

Hence, if P is the resultant intensity of attraction along OA, 

E = yp / / nn 9 cos 6 dr d(j>dO 

J Q 0 

= 2t! aypf co&^0mied6 

Jo 


= -TTayp, 

The value of a must be found from the given mass of the solid, 

4 

M ; and we easily find M = j-irpco^ ; 

~ ^ 25 ^ 

The attraction-intensity of a sphere of mass M at a point on its 
surface would be y; so that the former exceeds the 

latter in the ratio (27)^ : (25)^. 

The curve (2) which generates the solid by revolution round OA 
may be thus drawn. Describe a circle with 0 as centre and OA as 
radius ; describe another circle with OA as diameter ; draw any 
line, OMN, meeting the second circle in if and the first in N) then 
take OP, a mean proportional between OM and ON, and we have 
a point P on the required curve. 

5. To find the attraction- intensity of an infinite homogeneous 
elliptic cylinder at any external point situated on the major axis 
of a transverse section. 

Let C be the centre of the ellipse which is the transverse section 
of the cylinder through the point 0 at which the intensity of 
attraction is to be found, 0 lying on the major axis of the ellipse 
at a distance f from C. Let P be any point on the circumference 
of the ellipse ; with 0 as centre and OP ( = r) as radius describe 
a circular arc cutting the ellipse again in P' ; take a point Q on 
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the ellipse indefinitely close to P, and with 0 as centre and OQ 
( = r-\-dr) as radius describe another circular arc cutting the 
ellipse again in Q', From all points on PP' and QQ' draw lines 
of infinite length perpendicular to the plane of the figure, and we 
shall have a thin cylindrical plate of infinite length cut off from 
the given cylinder. 

It is very easy to prove that the attraction of this plate on a unit 
mass at 0, in the direction 0(7, is 

4 yp sin 6 dr^ 

where 6 = Z.POO, y = gravitation constant, p = density of cylinder. 
(Consider this plate as formed of a number of bars.) Hence the 
attraction-intensity at 0 due to the whole cylinder is 

4: y pj* sin 0 dr. 

But f sin = — fr co^ OdO, the other portion vanishing at both 
limits, since sin d = 0 both at the beginning and end of the in- 
tegration. Now if a and b are the semiaxes of the ellipse, 
52(rcos0~f)2 + aV''8in®^ = a^b^; 

_ , 6fcoB0 + a\/6‘‘^cos^d — (f‘^ — a^)sin^d 
6^coB®d + a‘^sin®^^ 


If we denote the values of r by and rj, the integration will 
obviously contain the terms cos and rg cos since after 
the radius vector OP passes the position of the tangent from 0, the 
element dd changes sign. Hence, if —X is the intensity of attraction 
towards (7, , 

xr o 1 A/6^cos^d — sin^d 
X—^Sypab cosOdO, 

J 6‘‘«cos®dH-a*sin2 0 

the limits of 6 being 0 and the value for which i. e. 


tan 




Putting c’ sin 0 = 6 sin (p, we have 


X=-8ypabw^^^J^ 


C08^ (l)d(f) 


C^COB^(f} 


ab 




(a) 


When the cylinder is circular, tlm value of this expression is easily 
(P 

found to be — 2 -TT y p • 


6. Draw a diagram representing the weight of a particle, in its 
different positions as it is brought from the centre of the earth out 
through its surface and to infinity. 

7. What should be the masses of two small equal homogeneous 
spheres so that when placed with a distance of 1 centimetre between 
their centres their mutual attraction shall be 1 dyne \ 


An9, The mass of each must be 100V^1643, or 3928, grammes. 
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8. Prove that if there be two homogeneous solids of equal density 
hounded by similar surfaces, their attraction-intensities, for the law 
of inverse square, at two points similarly situated with respect to 
them are in the ratio of the corresponding linear dimensions of the 
solids. (Newton, Prop. 72, Cor. 3.) 

Hence the attraction at any point on a given diameter inside a 
solid homogeneous ellipsoid varies as the distance of the point from 
the centre. 


9. If the intensity of attraction of any body at a point is vastly 
greater when the point is very close to the surface of the body 
than when it is distant from this surface by a small interval, the 
attraction takes place according to a law more rapid than that of the 
inverse square. (Newton, Prop. 72.) 

10. Find the intensity of attraction, for the law of inverse square, 
of any portion of a thin uniform spherical shell, cut off by a plane, at 
any point on its axis. 

Ans. Let 0 be the centre of the sphere ; OA the axis of the 
given segment, A being on the surface; AB the circular arc whose 
revolution round OA generates the given segment; P the position 
of the attracted particle on AO\ a = radius of sphere, PO = c, and 
the angle PBO, Then the attraction is 

2'na^pyT. 

~(l-C 08 ^). 


If AB is a semicircle and P internal, /3 = 0 ; if P is external, /3 = tt. 

11. If P coincides with 0, find the attraction. 

Ans, TTpyrsin^a, where a = LBOA, 

12. Find the intensity of attraction of a uniform right cone at 
the middle point of its base. 

Ans. 2 Tty ph sin a [sin a + cos a — sin a cos a log^ cot ^ cot (^ — ^)}] j 

where h and a are the height and semivertical angle of the cone. 


13. A platinum wire of uniform diameter 1 mm. and 1 mfetre 
long attracts a gramme mass condensed into a point distant 1 cm. 
from the bar on a perpendicular to the bar at its middle point ; 
find the magnitude of the force of attraction (specific gravity of 
platinum = 22*06). 

8 9075 


14. If the law of attraction is expressed by any function, <jb'(r), 
of the distance, prove that the intensity of attraction of any homo- 
geneous solid, estimated in a given Erection, at any point P is 
expressed by the surface- integral 

y* </)(r) cos kdS, 

where r is the distance from P of any point on the surface bounding 
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the solid, dS is the element of surface area, and A the angle made 
hy the normal at this point with the given direction. 

Take P as origin and the given direction as axis oi x; at any point 
(cu, ill the mass let the element of volume dxdydz be taken, 
and let the attraction of this element be (f>\r)dxdydz» The com- 
ponent of this parallel to the axis of x is 

</)' (r) - dx dy dz^ or (f)' (r) ^ .dxdy dz. 

T dx 

Integrating this, considering y and z constant, i. e. along a thin bar 
parallel to the axis of a?, we have 

where and are the distances from P of the points in which this 
bar cuts the bounding surface. Now 

dydz = dS<^ . cos = ’-dS^ . cos Aj , 
the normal being at each point drawn outward ; therefore, &c. 

16. Calculate the attraction-intensity of a uniform elliptic plate 
at any point on the axis through its centre perpendicular to its 
plane. 

Ans, If a, 6 are the semi-axes of the plate, c= 
z = distance of attracted particle from centre, r = thickness of plate, 


Ji? = ) n = -5 5 5 the attraction-intensity is 

a^ + z^ + ^ 

( 1 ) 

where n( A) and F{k) are the complete elliptic functions of the 
third and first kinds for the modulus k and parameter 

Again, this can be expressed entirely in terms of functions of the 
first and second kind, since the complete function of the third kind can 
be so expressed. Thus in general (Hymers's Integral Calculus^ p. 290), 

n(-„. k)-F(i.) = 


where = •/! — and sm^ = 


Hence (1) becomes 


iypr{l^E{k', /3) . F{k)-[E{k)-F{k)]F{k^, ^)j , 


where sin j3 = ■ ' - : • 

This obviously verifies for a circular plate. 
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Section II . — Theory of Potential. 


326.] Potential due to any Attracting Mass. Consider an 
element, dm^ of mass occupying any point, If, and let a unit 
mass condensed into an infinitely small volume be brought by 
any agent along any path whatever, plane or tortuous, from a 
position Pq to a position P ; it is required to calculate the amount 
of work done in this passage of the unit mass by the force exerted 
on it by the fixed particle dm. Suppose the law of attraction to 
be that of the inverse square, and at any point of the path of P let 

r be its distance from M. In this position let the force be • 

Then for any small displacement of P — say from P to P' — 

v dvn 

along its path the work done by the attracting force is — ^—^dr^ 
where dr is MP' ~ MP. Hence the work done by the attraction 
from Pq to P is --ydm I (where MPq= rj, i.e. 




(--- 


( 1 ) 


If r and r^ are measured in centimetres, dm in grammes, and 
if y is the constant of gravitation (Art. 321), this expression, for 
the work done is in ergs. 

Now if the field of attraction is produced by several particles 
dm^ dm\ dm'\ ... at J/, Jf', Jf ", the sum of the works done 
by the attractions of all these on the unit mass in the passage of 
the latter from any initial position P^ to any final one, P, is 

/dm dm' dm" \ /dm dm' dm" n 

where r, /, ... are the distances of the final position P from 

the several particles, and the distances of the 

initial position from them. 

YOL. II. T 
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If the initial position is infinitely distant from every attracting 
... = 0, so that the work becomes 


particle, — 


/am am am \ 

y(-i+— + p7- + ...)• (4) 

The amount of work done in lyringing a particle of unit mass and 
infinitely small volume from any position in which the attractions 
exerted by the particles of any given system are zero (or insensible) 
to any point P in their field of attraction is called the Potential 
of the field at that point. 

It will be seen that since the work done involves merely 
distances of P from the several particles, it is wholly independent 
of the shape and length of the path along which P has been brought ; 
in other words, the attractions exerted by the several particles in 
the field are a system of conservative forces (Art. 272). 

In the above formal definition of the Potential at any point 
produced by a given mass system, instead of saying that the unit 
particle is brought from infinity up to the final position P, we 
have said that it is to be brought from a position in which the 
attractive forces of the mass system are zero, although, in general^ 
a position at infinity would satisfy this description. It will be 
shown soon, however, that there are cases 
in which the estimation of the work done 
on the unit particle from infinity up to the 
finite position P leads to infinite constants 
in the integration. If we define the Po- 
tential at P as the amount of work done 
in bringing the particle from infinity to 
this point, we must add the proviso that 
whe7i the particle is at infinity it is also infinitely distant from every 
attracting particle of the mass system — i.e. that none of the 
attracting mass is contemplated as at infinity. 

Throughout the sequel we shall speak of the position in which 
the forces of the field are insensible as the zero position. 

Suppose now that the attracting particles form a continuous 
body of any shape represented in Fig. 279 . Then the number 
of terms in (4) becomes infinitely great, and if we denote by V 
the potential at P, we have 



M 


Kg. 279. 
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where dm is the element of mass at any point, Jf, and r is its 
distance from P. The integration is, of course, to be extended 
throughout the whole body, the position of P being fixed. 

Thus to each position of P belongs a value, F, of the Potential. 
If P' is any other point at which the Potential is V\ the work 
done by the attractions in transferring the unit particle along any 
path whatever from P' to P is 

r-p', 

since the particle might be brought from the zero position to P 
by passing through P' on the way. 

It is to be remembered, then, that the expression (a) does not 
represent the work done in bringing a unit mass from infinity to 
P if any of the attracting matter is contemplated as being at 
infinity. 

We might take y = 1 by departing, to some extent, from the 
C. G. S. system, i.e. by taking the unit mass to be that which, 
condensed into a small sphere, attracts an equal spherical mass 
with a force of 1 dyne when the distance between the centres of 
the spheres is 1 centimetre ; and this mass would be, by Ex. 7, 
p. 270, about 3928 grammes. We prefer, however, to adopt the 
C. G. S. system pure and simple and to retain y, its value being 
that given in Art. 321. 

It is to be observed that Potential is an undirected or scalar 
magnitude — unlike force, which has direction and is a vector. 
The Potential at P has magnitude but no direction. 

Again, Potential is arithmetically additive ; i.e. if T is the 
Potential at P due to any one mass system, and U the Potential 
at P due to any other mass system, the Potential at P due to 
their combined action is simply V+U. 

827.] Equipotential Surfaces. The Potential produced at a 
point P by the attraction of any fixed masses may evidently be 
expressed as a ftinction of the position of P, i. e. as a function of 
its co-ordinates, a?, y, with reference to any fixed axes. If, 
then, F= z), there must be a surface locus of points at 

each of which F has a given constant value, C ; for the equation 

denotes a. surface. 

Let AP£ (Fig. 280 ) represent th^ surface at every point of 
which the Potential has the same value as that at P. [In the 
figure this sur&ce is represented as closed ; but, except for very 
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simple arrangements of attracting matter, the equipotential 
surfaces are very complicated, each consisting, perhaps, of several 
detached portions closed or unclosed.] Then no work, on the 
whole, is done in transferring a particle from any point JP on 
this surface to any other pointy A, on the same surface ; the 
attractive forces of the field do as much positive work through- 
out a portion of any path connecting P with A as negative 
throughout the remainder. 


If the particle is transferred from P to ^ 


along any path lying 



on the equipotential surface, then at no 
instant during the passage are the forces 
doing any work whatever ; for no work 
is done in the passage from any point 
to the next consecutive. 


Fig. 280. Hence the resultant attraction at any 

point on the surface acts along the 
normal to the surface at the point ; for, every direction of displace- 
ment for which no work is done must be at right angles to 
the direction of the resultant force, and no work is done by the 
resultant attraction at P for any displacement of a particle at 
P in the tangent plane to the equipotential surface at this 
point. 


An equipotential sm’face is often called a level surface [surface 
de niveau) from its analogy with a horizontal plane which is an 
equipotential surface for the case of gravity. (In reality, the 
equipotential surfaces for the earth^s attraction are approximately 
spheres concentric with the earth, but a limited portion of one of 
them at any place may be considered a horizontal plane.) The 
horizontal plane is such that the work done by the weight of 
a particle in the descent of the particle, along any path, to the 
ground is the same from whatever point on the plane the par- 
ticle falls ; and, moreover, the particle, if placed on a smooth 
bard substance coinciding with this plane, would not move along 
it. All points on this plane have, therefore, the same Potential 
with reference to the earth’s attmction, and are said to be at the 
^me level. Hence the use of the term level surface in general, 
in any field of attraction, gravitational, electrostatic, or magnetic. 

328.] Relation between Force and Potential. At any 
point, P (Fig. 380), construct the equipotential surface 'PAB ; 
let PQ be an infinitesimal length measured on the normal at P ; 
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and through Q describe another equipotential surface, QCD, Let 
F be the value of the Potential at P, and F+ A F its value at Q. 
Now the resultant force at P acts along PQ, either inwards or 
outwards. Let it be B, and consider the work done in trans- 
ferring a unit mass from P to Q, By definition this work = A F, 
and if P acts from P to Q, it must also be PxPQ, assuming 
that we may consider B as constant at all points between P 
and Q. Hence ^ ^ ^ ^ 

^ ^ “ a — ^ 

FQ An 


so that if A F is a positive increase of Potential, the sense of 
B is from P to Q. Similarly at P the magnitude of the 
A F 

force = > where BD is the normal distance between the two 


surfaces at B, Hence at different points on the same level 
surface the magnitude of the resultant force is inversely pro- 
portional to the normal distance between that surface and 
another level surface whose Potential exceeds that of the given 
one by an infinitesimal amount. An inspection of the figure 
(Fig. :i8o) shows the points at which the resultant force is most 
intense, and also those at which it is least ; it is most intense 
where the two surfaces are closest together, and least where they 
are farthest apart. The value of B without approximation is to 
be found by diminishing PQ, or An^ and therefore A F, in- 


definitely ; i. e. 



(“) 


which asserts that at any pointy P, the resultant force is the rate 
of increase of Potential along the normal to the level surface through 
the points and it acts in the sense in which the Potential increases. 

Again, the component of force in any direction at any point, 
P, is the rate of variation of the Potential in that direction at P. 
For at P draw PP' in the given direction, meeting in P' the 
indefinitely close equipotential surface on which the Potential is 
F+ AF. Then if P is the component force along PP', and B 
the resultant force at P, 

P = P cos QPP' 



AF 

PP'* 
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Hence if Pl‘'= A#, and its length is diminished indefinitely, 


F= 






If d$ lies anywhere in the tangent plane, the component force 
is zero ; and the resultant force acts in the direction in which 
the Potential increases most rapidly. 

Cob. The components of force at P parallel to three fixed 
rectangular axes are 

dx ^ dy ^ dz^ 

y, z) being the co-ordinates of P, and V being expressed in 
the form P= </> {x^y^ z). 

If F is expressed as a function of the polar co-ordinates (r, <^) 

of P, with reference to any origin, 0, and axes, the component 
force along the radius vector OP is 

dr ' 


and the component along the tangent to the parallel of latitude 

1 <>r 

r&m0 d<^^ 


since PP' for this direction == r&in0.A(j); while the component 
along the tangent to the meridian at P is 


r d0 


(0 


In general, F may be expressed in terms of any three inde- 
pendent variables which serve as co-ordinates to define the 
position of a point. 

Starting with the notion of work, we have deduced the force- 
component in any direction from the Potential. In particular, 

djr 

we have proved that Z = ^ . But we might have adopted the 

reverse process and shown that X is the diflferential coefficient 
with respect to a? of a certain function of a?, y, z. 

Thus (Art. 325), if ^ , we have 
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in which the integration hag reference to no',/,/-, so that we 
can write this in the form 



if we denote y by F, 

For any law of attraction, between elements of mass, 

the value of X is (Art. 325) equal to or 




das 


dV 

or — if we denote —/(#> (r) dm by T. 


Now — (^) dm is precisely the work done by the attraction 
on a unit mass from a zero position to the point P considered. 
For, the attraction exerted by dm at any distance being 
</)' (r) dm^ the element of work done by this for a small displace- 
ment of P is —<i/{r)dm.dT^ and the whole amount done from the 
zero position is —dmf(\/{f)dT^ or ^i^{r)dm* Summing the 
works done by all the other elements of attracting mass, we 

P= ^/(l){r)dm. {t)) 


The process, however, of deducing the idea and properties of 
Potential from the components of force is less in accordance with 
the methods of modern Physics than the reverse process, which 
we have here adopted. 

It will be useful to the student to imagine the whole field of 
attraction, due to any arrangement of mass, as mapped out by 
a series of equipotential surfaces, the value of the Potential 
increasing from one surface to the next by a small constant 
amount. 

829.] Differential Equations of Potential. At any point 
P describe the usual small rectangular parallelepiped whose 
edges are parallel to the axes of If in Fig. aaS, p. 1 

of this volume, we put P in place of 0, and take the edges 
infinitely small, equal to dy^ dz^ the parallelepiped there 
represented is such as we contemplate. Now take the surface- 
integral of normal force-intensity over this parallelepiped. The 
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outward narmal force-intensity on tlie face PBFC is •— X or 
— ^ ; so that the contribution of this face is 5 while 

the contribution of the opposite face is 

dF j j d / dF 7 7 \ 7 

dW 

hence the sum contributed by these two faces is j^dxdydz. 

Similarly the sum contributed by the two faces perpendicular 

dW 

to the axis of y is dxdydz^ and that contributed by the re- 


maining faces is dxdydz. The whole surface-integral for the 

elementary volume considered is therefore 

.dW d^r dW^. ^ ^ 

or V.dxdydz^ using the symbol 

^ d^ d^ d^ 
dx^ dy^ ^ dz^ 

Now if there is none of the attracting matter within the 
element of volume at P, this quantity must be zero, by Art. 
324. Hence at every point in space at which none of the 
attracting matter exists 

dw d^r d^r . 


dx^ ^ dy^ ^ dz^ 


= 0, or V2 r= 0. 


If, on the contrary, P is a point inside the attracting matter, 
and if p is the density, or mass per unit volume (cubic centi- 
metre) at P, the mass contained in the parallelepiped is pdxdydz\ 
so that by Art. 324, 

d>^r d^r dw , 


Equation (a) is known as Laplace's Equation^ while (jS) is 
Poisson's Equation, 

We now proceed to find the equivalent equations in polar 
co-ordinates. To do this, we take the surface-integral of normal 
force-intensity over the polar element of volume msqt (Fig. 219 , 
p. 299, Vol. I). Let s in this figure represent the point, P, in 
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any field of attraction, and let the co-ordinates of 8 be (r, 
let the normal force-intensity on the face msq, measured in the 
sense 0^, be JR, while the area of this face = . Then this face 

will contribute the term — to the surface-integral, while 

d ills ) 

the opposite face will contribute JRs^ + - dr ; therefore these 

d {Rs ) ^ dr 

faces give conjointly - dr. Let the normal force-intensities 

on the faces mst and tsq be T and S, and the areas of these 
faces ^2 ^3 5 opposite face will con- 
jointly give do ; and the second with its opposite will 

dO 

Hence 


give 


d<i, 


d<f>. 


= 0, or 

dr dd d<^ ^ 

= — 4 Ttypr^ sin ( 
according as there is not, or is, mass inside the element of volume. 

1 dV 


Now 


dr 


rdQ 


S = 


rsirxd d^’ 

s-^= BinO do d<j>, r^nO dr d<l>, s^ = rd0dr, 

so that the equations are 

Ir-d.^dV. 1 d.. dr. 1 #Fn ^ 

r^^dr^^ dr ^ smOdO^^^^ dO^ srn^ 9 d(j>^^ 

or-4 7ryp; (y) 

and it will be useful to note the identity (putting /ut for «r0) 

dV) 1 d^r 


T^^dr^ dr ^ ^ diJi^C d fjt,) 


(^) 


A result of importance may here be noted — namely, if the 
equation V^F =: 0 is satisfied by the value F^r'^Y, where Y 
is a function of 0 and (p only, it will also be satisfied by the 
Y 

value F = -r-r? ; for, each of these values when substituted in 


r«+i ^ 


(y) gives the equation 

L 

d^ 


Uquatioti for F iu Cylindrical Co^-ordinates. The position of 
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any point, P, in space may be defined in the following manner 
by what are called cylindrical co-ordinates. Take any fixed rect- 
angular co-ordinate axes, Oco, Oy^ Oz ; from P draw PM perpen- 
dicular to the plane of xy^ meeting this plane in M, Then the 
cylindrical co-ordinates of P are the lengths PM and OM^ and 
the angle MOx, Denote these, respectively, by (0, </>) ; then 

P at P must be expressible as a function of these. The cor- 
responding small element of volume at P is obtained by drawing 
a cylinder passing through P having Oz for axis, and another 
cylinder very close to it (having for radius a plane 

through P parallel to the plane xy^ and another plane parallel 
to this at a distance dz from it ; an ‘ azimuth plane,’ Pil/ 0 , con- 
taining P and Oz^ and finally a close azimuth plane through 
Oz making the angle dcjy with the previous azimuth plane. The 
volume of this element is CdzdCd<f>^ and the areas of 

its faces through P are <^, ^2 = d<^,B^ — dzd C; and 

the force-intensity perpendicular to the first and measured ont- 

dV 

wards jfrom the surface of the element of volume is — 7-, so 
dV 

that this face gives “"^1^ » opposite gives 


dr d . dV. 
dz dz V ^ dz ^ 


dz 


to the surface-integral. 


The sum of these is 
» dz. 


d f dY^ 
dz ^ ^ dz ' 


dz ^^dz 

Similarly the other pairs of opposite faces contribute 

SO that the whole surface -integral over this element of volume 

is 

Hence the equations for Y are 


r.dW ^ d .JY. Id^Y^^ 

dz^ <* ^^* 2 ] dzdCd<l>. 


d^F , Id .JF^ 1 d^F ^ 
Cdt\^dr)'*' 


I dF 1 d^F 


dz^ ' idC'^d^f ' 
and we have the identity 

d-^F (PF 


(*) 





INFINITE BLIIPTIO CTLINDEB. 


283 


330-] 


If the attracting matter is symmetrical, as to shape and density, 
about an axis (that of Zy suppose), equations (c) and (y) become 

d^V 1 d /j.dV\ 

c 


^ r ^ (/■, /» ^ s 

{<■ - '* ) ! = "> “'■ 

and these are necessarily the same, and can be transformed one 
into the other by the relations r = ^ = tan“^ p which 


give 


VU .U/ 

-rr = cos - 

dz dr 


sin 6 d 
'~dd' 


d * ^d cosd d 

^=: sin0 j- + 

dC dr r dd 


880.] Infinite Elliptic Cylinder. In general, to find the 
Potential at any point due to an infinite homogeneous cylinder whose 
transverse section is any plane curve symmetrical with respect to an 
axiSy it is sufflcient to know the value of the Potential at all points 
on this axis, (Laplace, Mecanique Celeste y Vol. I, Book III, 
Chap. 6,) 

For, if the axis of z is taken parallel to the axis of the 
cylinder, Y will be a function of x and y only, and the equation 
for Y will be ^^y 

dx^ dy^ ”” 

The solution of this partial differential equation is 
7= F{x+y»/—l)-)rf{!e-y^ -cl), 

where F and are two arbitrary functions. 

Let the axis of x be taken coincident with the axis of sym- 
metry of the transverse section ; then the above value of Y must 
be unaltered if for x and y we put x and — y, since Y is ob- 
viously the same at the point (a?, — y) as at the point {oc^y), 

r=/(®+yV'^)+i^(®-^'/^). 

Hence 27= {F+f){(c-\-y/ —!) + (-?'+/) 

= + yv'— 1), (o) 

so that at every point on the axis, if U is the Potential, 

U = <p{x), 
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and, by hypothesis, this is known, i.e. the form of the function 
(p is known. Then if in (p we put x+y'/ —1 and a?— y\/ — 1 
for X successively and add the results, we get 2F, by (a). 

Siiqailarly for the attraction-intensity. Its value at any point 
on the axis of symmetry of the transverse section is (/>' (a?), while 
if X and Y are its components at any point, 

2X=<t>'{x+y^/-l) + <f/{s!-y\/-l}, (^) 

27=: (y) 

which are both known when is known. 

To apply this to the case of an infinite elliptic cylinder, the 
form of (p' has been already found (example 5, p. 269). Hence 
we have for the attraction-intensity at any point (a?, y), 

7 

-2J= 4iry/)-^[a)+y'/-l— if — c^] 

+ 4iryp^[a!-^-/ 

-27= V -1— If — c^] 

-ivyp^ 

OX* z 

— Z= 277yp — 1 

~ ^ - 2 ^ , 

— 7= 27ryp^/ ~l[2yy — l—»Jx^--y’^ — c^ + 2xyV —I 

+ \/i»2~-y2_^2_2a?y>/ —1]. 
These may be put into real forms by observing that if 
A-^ £ ^ — 1 -j- A — £ a/ — 1 ~ u, 

U = 's/lyj A-\‘ 



(S) 





we have 
Hence 



33 I-] STATIC BNBBOT OP A SBLP-ATTBAOTINO SYSTBM. 286 

If the point {x, y) is on the surface of the cylinder, re = a cos (f>, 
y = 5 sin <p, and 

^ ^ db 

Z=:-4iryp^cos^, (f) 

■X7 A db , 

Z = -4^yp— sm(^, {q) 

so that the resultant is constant in magnitude, and it acts in 
a line parallel to the radius of the auxiliary circle of the ellipse. 

331.] Potential Work, or Static Energy, of a Self-Attract- 
ing System, In a system in which forces of attraction are 
exerted between particle and particle, these forces will do an 
amount of (positive or negative) work if the form of the system 
is altered. We propose to find the amount of work thus done in 
a material system self-attracting according to the Newtonian law. 

Consider a system of particles of masses ^3 j . . . with 

distances ^13, ^33, ... between them in any given con- 
figuration, and with distances ^'i3> » ^23> between them 

in any final configuration. 

First, let alone be brought into the second configuration, 
all the others being fixed. Then the amount of work done by 
the forces of attraction acting on it is 

where P135 ••• the distances between % and ... 

after this change. 'Now let be brought into the final position, 
being kept fixed. The amount of work thus done is 




^23 


Bringing now into the final position, being fixed, 

the work is 

+ + - ‘1 » 

pJ ^ V23 pgg'' ^ J 


Repeating this process for all the rest, and adding the works 
done, we have the whole work (^multiplied by i) > 

= - rJ "“i **8 ~ r) + ”*1 "”4 - 7-) + 


« • • 
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^ 23 ^23 ' 24 ^24 


+ «»3«'4 (7- -;:-) + •••• 

^34 ^34 


Now rearrange this by taking one-half of the first, second, 
third, ... terms in the first row and putting them, respectively, 
into the succeeding rows, and similarly treating the terms of 
the other rows. We thus find that the expression is the same 
as 



or ^ 4- ^ (u) 

all divided by y, where Fj' is the value of the potential in the 
final position of and its value in the first position of , 
with similar meanings of &c. 

Or we may write the work in the form 

where (2 Fm)' means the sum obtained by multiplying the mass 
of each particle of the system by the value of the potential 
at its position in the final configuration, and ^Fm the cor- 
responding quantity in the first configuration. 

If the particles are infinitely numerous and form a continuous 
mass, the work of the forces of attraction in changing the con- 
figuration is ^ {/rdm)'-^ {/rdm). (y) 

Hence to scatter the particles of a given self-attracting system 
to (practically) infinite distances from each other requires an 
amount of work equal to \fFdm^ (d) 

in which expression the integral is taken throughout the system 
in its given configuration. This expression (5) may, therefore, 
be regarded as the Potential Work of the forces of the system, 
or its Static Energy, in this configuration. 

Again, if Fg, ... are the potentials at the positions of a 
number of particles ... produced by a given system of 

particles %, and if the system (which we 

Wall denote by M) either is not self-attractive or is absolutely 
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rigid, the work of removing the system completely out of 
the field of attraction of the other system (which we denote 
by M) is obviously 

or, again, fYdm\ if the system Jf' forms a continuous mass. 

But the work of removing the system M! out of the field 
of influence of M must be exactly the same as the work of 
removing M out of the field of influence of M' — since each is 
the work of separating the two attracting systems, each of which 
is considered as either rigid or not self-attractive. 

But if F/, Fg', ... be the values of the potential produced by 
the system M at the positions of %, ... the expression for 

the work of removing M is 

...) or ^mV\ 

or fT'dm. 

Hence we have a useful theorem due to Gauss, viz. 

/rdm'^/rdm. ( 6 ) 

But this is also evidently true if the elements dm^ dm\ are 
multiplied by any function of the distance between them^ as 

well as when this function is ^ ; and, moreover, instead of two 

mass systems, M and we may have two volumes of empty 
space, so that if dm and dm' are elements of volume, equation 
(e) still holds. The theorem in this case is of course not 
physical but merely analytical. 

We shall find useful applications of this theorem of Gauss 
hereafter. 

332.] Magnetic Shell. In the study of Magnetism we have 
to deal with a magnetic shelly which behaves like a material shell 
consisting of two layers indefinitely close together, each element 
of one of , the layers — the outer, suppose — acting on a given 
material particle, placed anywhere, with a rejguUive force follow- 
ing the Newtonian law, while each element of the other layer 
attracts the same particle according to the same law. Let 
Fig. 278 , p. 262,' represent such a shell, and suppose the points P 
and Q to* be on the outer and inner layers, respectively. The 
outer layer we may imagine to be composed of positive mattefy 
the amount of which per unit area is m at any point P ; while at 
Qi the point directly opposite to P, on the inner shell we may 
imagine a quantity of negative mattery equal to — per unit area; 
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The inner shell is, then, wholly composed of negative matter^ and 
the amounts of + and — matter, per unit area, are equal at the 
extremities of the (small) normal distance between the shells at 
all points. The terms ‘ positive * and ‘ negative ’ matter are, of 
course, only provisional ; they stand merely for causes of repulsion 
and attraction. Again, the quantity m may vary from point to 
point on either shell. The product of m and the normal distance, 
A Uy between the shells at any point is called the strength of the 
shell at that point. Denote this product by (/> ; so that 

= mlin. 

We shall assume the shell to be of constant strength at all 
points ; so that if the surface-density, of matter varies along 
either layer, the normal distance between the layers will also 
vary — but in such a way that (f> remains constant. 

For ordinary gravitating matter, whose constant of gravitation 
has the numerical value of y previously given, such a combination 
of indefinitely close layers of repulsive and attractive matter 
would be almost absolutely nugatory — unproductive of anything 
but an infinitesimal force effect at any point — since, being at 

all points infinitesimal, the product m/ln would be infinitely 
small ; but if a very large quantity of repulsive ‘ matter ’ could be 
concentrated on a small surface, the product mt^n might not be 
infinitesimal, and the whole action of such a shell on a unit mass 
might amount to a very considerable force. 

The discussion of the following properties of such a shell as 
we now imagine will not only serve to illustrate the subject 
of the present Chapter but prove a useful study for the student 
of the theory of Magnetism. 

(a) The potential produced by a magnetic shell at any point in 
space is proportional to the conical angle subtended at the point by 
the bounding edge of the shell. 

Let A be the point at which the value of the potential is to be 
found ; let Q be any point on the inner surface, and P the 
opposite point on the outer surface, of the shell; let AQ=: r, 
AP = r + An Also let the constant of gravitation for the kind 
of matter now supposed be h — i.e., the number of dynes in the 
force of repulsion between two positive unit masses at a distance 
of 1 cm. — ; suppose a unit mass placed at A ; take any small 
element of area, dS, of the inner layer at Q, and on the contoui^ 
of this erect 9. cylinder which will cut pff gn equal element of 
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area, dS, on the outer at P. The quantities of matter on these 
elements being, respectively, •--mdS and mdS, the sum of their 
potentials at A is 




rnb^r 


dS. 


<r rJfC^rJ ’ “* " 

Now if is the angle made by AP with the normal to the 
shell at P, we have Ar = An.cosxjfy so that this element of 
potential becomes 

or X:(j}.dot), (2) 


by Art. 316, where <5 ? 60 is the conical angle subtended at A by 
the element dS of the surface of the shell. It is usual to assume 
the constant ^ equal to unity — which amounts to taking the 
unit mass as indicated near the end of Art. 326. On this under- 
standing, then, if V is the potential of the shell at A^ we have 

F = (3) 

where w is the conical angle subtended by the whole shell at A, 
i.e. the conical angle subtended by its bounding edge. 

Hence if the bounding edge disappears — in other words, if the 
shell is a closed surface — it produces a zero potential, and there- 
fore a null force effect, at all points outside it, and also a uniform 
potential, 4 7r0 , and null force effect, at all points inside it. 

Hence also all magnetic shells of the same strength which 
have the same bounding edge produce the same effects at all 
points in space. 

(b) The potential produced hy a magnetic shell at any point in 
space is proportional to the normal flux of force through the 
surface of the shell produced by a unit particle at the point. 

This follows at once from Art. 324. 

(c) If a magnetic shell is placed in any field of force which has 
a potential satisfying Laplaces equation^ the whole action of the 
field on the shell can be produced by a distribution of force along 
its bounding edge only^ according to a simple law. 

Let X, JT, Z be the components of the force-intensity of the 
field (forces exerted on the magnetic unit) at any point. Then we 
assume 


- dU ^ dU „ dU 

Ji SS I = -j- J = - 7 - 9 

ax dy dz 

where U is the potential of the field at the point. 


dy dx^ 


&c. 


U 


Hence 
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Calculate now the whole a?-component of force exerted on 
the shell. On the quantity --mdS at any point, Q, on the inner 
layer, the force is —mXdS, If /, n are the direction-cosines of 
the normal at Q, v the thickness of the shell at Q, and z the 
co-ordinates of Q, the co-ordinates oiV x \lv^ y z v ; 
so that the value of X at P is 

^ ^ d d d \ 

Hence the resultant ^r-component on the corresponding elements 
at i> and (2 is r d d d.^ 

and the* whole ^r-force on the shell is 


, P/jdX dX dX^ . 

Now since V^U = 0, we have 

dx ^ dy^ dz~ 

dX dY 

Substituting from this the value of -j-, and also putting -j- for 

e^affc"m(4),weh.v<,(4Te,«lt, 

or ii)/{\Z-h^7)d8. (6) 

But by Theorem 2, Art. 316, a, the first term in this integral 
is equal to the integral taten along the bounding 

edge of the shell, while the second term is equal to the integral 

/ > 

^ taken along this edge. Hence the whole x- 
component, of force on the shell is given hy the equation 


Similarly 
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where Fy^ are the components of force, parallel to the other 
axes, exerted by the field on the shell. 

Now if R is the resultant force-intensity of the field at any 
point, P, of the bounding edge, and 6 the angle between R and 
the tangent to the edge at P, the multipliers of ds in equations 
(6) are simply the y and z components of a force 

Psin^ (7) 

acting along the line which is at once perpendicular to R and 
to the tangent to the edge at P. This force, R\ may be 
graphically represented thus: at any point, P, on the edge of 
the shell draw a line representing in magnitude and direction 
the resultant force-intensity, P, of the field of force ; draw also 
at P a unit length in the direction of the tangent to the edge 
at P, and complete the parallelogram determined by these two 
lines ; then at P draw a perpendicular to the plane of this 
parallelogram proportional to its area ; this perpendicular will 
represent the magnitude and direction of the force P' to be 
applied to the edge at P, per unit length. As to the sense in 
which the perpendicular to the plane is to be drawn, a watch- 
hand rule similar to that in Art. 200 may be adopted ; or w'c 
may express the result by a quaternion notation thus : let a 
unit vector, r, be drawn along the tangent at P to the edge in 
the sense in which a man walking on the positive side of the 
shell along the edge must travel so as to keep the shell at his 
left hand, and let P be the vector representing the resultant 
force-intensity at P ; then 

P' = PrP. (8) 

We have now to show that the system R! will produce the 
same moment about any axis as the force system (X, X, Z). 

To calculate the moment of the latter about the axis of a?, let 
Q be a point on the inner layer and P on the outer, as before. 
Then the moment of force exerted on the element, 
at Q is 

Fz) mdS, 

and therefore the resultant moment given by the masses ^mdS 
and mdS at Q and P is 

TJ 2 
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But tMs is easily seen to be tbe same as 

or (1^ — 

with the notation of Theorem 2, Art» 316, and by this 
Theorem the result is the line-integral 




taken along the edge 
moment, 


of the shell. Hence if L denotes this 


Now the coefficient of dd is exactly the moment of the force 
72' about the axis ; therefore the system of edge-forces, 72', is 
completely equivalent to the given forces acting on all the 
elements of the shell. 

[d) To express the Static Energy of two magnetic shells 
occupying given positions. 

Let their strengths be <#> and </)^ 

Take any point, Q', on the inner (supposed negative) surface 
of the second shell. The potential at this point due to the first 
is (f)(a by (3) ; and if P' is the point on the outer (positive) surface 
at the extremity of the normal at Q^, the potential at P' is 


t d id p d \ 

<Pa^ + 4>v (2—,+ ^^ + ^-,) CO, 

where r' is the thickness of the shell, w', rl are the direction- 
cosines of the normal, and (x\ ^ /) the co-ordinates of Q'. 
Hence the potential work of the force of the first shell on the 
masses — vadS and md^ at and P' is 

Now by Art. 31 6, i, this is the same as 

dGs, ,rdF , rdO dF.\,„ 

and the integral of this over the surface of tbe shell is hy Theorem 
3, p. 246, the line-integral 
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taken along the edge of the shell. Substituting for F its value, 

dfX 

— > and similar values of Hy the potential work of the forces 


/ 


of the first shell acting on the second ia 

. ./ rrl /dxdF dydy' dzdz\ , , , 


this double integral being taken over the edges of the two 
shells, (a?, y, z) being the co-ordinates of any point, P, on the 
edge of the first, {x\ y\ z') those of any point, P', on the edge of 
the second, r being the distance PP', and ds, ds^ elements of 
length of the edges at P and P'. If c is the angle between 
the directions of ds and ds\ and W stands for the Static Energy, 


(10) 

which is known as Neumanns Formula. 

The Static Energy here expressed is merely the work which 
must be done against their mutual forces in withdrawing either 
shell, considered as a rigid body, to an infinite distance from the 
other. The result depends, then, merely on the shapes and 
positions of the edges and not at all on those of the surfaces of 
the shells. 

(f) Static Energy of a Magnetic Shell and any Held of Force. 
Supposing the field of force to have at each point a potential, the 
static energy, in any position of the shell, is equal to the normal 
flux of force of the field through the shell, multiplied by the 
strength of the shell. 

For, taking, as before, any points Q and P, at the extremities 
of the small normal thickness, on the negative and positive faces 
of the shell, if V is the potential of the field at Q, the potential 
work of the forces on the element ---mdS at Q is —mFdSjWhUe 
for the element mdS at P it is 


mrdS+mvdS{l^+m^ +n~) V, 

where v is the thickness of the shell at P. Hence if W is the 
whole potential work 

"nr Cr 7 d F dF dF\ ^ ^ 

which, since ^are the components of the force-inten- 

dx dy dz ^ 
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sity of the field at P (or Q), is the normal flux of force-intensity 
of the field through the shell. When =0, this can be 
expressed as a line-integral of the vector {u, v, w) along the edge 
of the shell by determining w, v, w as at the end of Art. 316, a. 


Examples. 

[Throughout these examples it may be assumed that length and mass ar^ 
measured in centimetres and grammes, so that the constant of gravitation, 
1 dyne 


y, 


1543 X 10* * 


and V is in ergs per gramme.'] 


1. If the field of attraction is produced by two particles of masses 
and at two points N and S (Eig. 36, p. 46, vol. I.), and if 
rj and are the distances of any point P from them, 


F=y(^ + ^), 

y being the gravitation constant (Art. 321). 

Now and being both essentially positive, very large values 
of V will correspond to points P very near either N or aS, while 
small values will correspond to points very distant from both, and 
zero values to points at infinity. The equipotential surfaces are 
evidently all surfaces of revolution round the line NS. If V is a 
very large constant, the equipotential surface will consist approxi- 


mately of a sphere with centre N and radius = together with 
a sphere with centre S and radius • As the values of V decrease, 


the equipotential surfaces are each formed by two oval shaped sur- 
faces surrounding the points N and S ; for a certain value of V these 
ovals join each other at a point between N and forming a surface 
generated by a kind of lemniscate revolving round NS ; and for less 
values of F each surface becomes continuous, and is nearly a sphere 
for very distant points. 

For Newtonian gravitation, however, if the masses and have 
moderate values — say a few grammes each — large values of F exist 
only at points infinitesimally distant from N or S, Thus if = 1 
gramme and = 2 grammes, and if F is only 1 erg, the radius of 

the sphere round A is y centimetres, i.e. ^ — r;^cms., which is 

practically zero. 1543 x 10 

Unless the masses condensed at N and S are comparable with 
1543x10* grammes, no sensible values of F (i.e. of the work of 
bringing 1 gramme mass from infinity into the neighbourhood of 
NS) will exist, except at infinitesimal distances from the points 
iTandA 

This inconvenience does not exist in Electrostatics and Magnetism, 
because in these domains the analogues of the unit (gramme) mass 
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in Newtonian gravitation act upon each other at small distances 
with forces incomparably greater than that exerted by two condensed 
grammes at a distance of 1 cm. 

If we suppose to exercise a repulsive force at P, while 
exerts an attractive force, we shall have 


r=y(-^+^), 

and the surface of zero potential, instead of being wholly at infinity, 
is a sphere, with regard to which N and S are inverse points 
(p. 259). 

The field produced by both particles together may be studied by 
superposing the fields produced by them separately- Thus the 
equipotential surfaces due to each are spheres. Describe round N 
the spheres for which the potential due to are C, C + k, C + 2 k.., 
where k is any small potential magnitude ; and round S the spheres 
for which F is C\ C''— 2A,... ; then the curves of intersection 

of these trace out the surface on which the potential is (7 + (7'. 

2. To calculate V at any point for a thin uniform bar (see Fig. 276, 
p. 252). 

With the same notation as before, 

V=ykpf = 

This may be put into another form. If PA = r, PB = r', AB = 2 c, 

r = y&plog '^'^K-^y > 

— 2c 


or F = y^plog^^-^> (/3) 

OL — C 

where a = semi-axis major of the ellipse described through P with 
A and B for foci. 

The equipotential surfaces are surfaces for which a is constant ; 
they are therefore ellipsoids of revolution having the extremities 
A and B for foci. 

If we assign to F a series of values, the corresponding values of 
a may be graphically represented. Equation (fi) gives 

V y_ 

«“-JL _JL' 

Draw a line Ox and represent a series of values of F by successive 
lengths measured along it from 0, Construct a catenary whose 
equation is ^ ^ 

0 being the origin and Ox the horizontal axis of this catenary. 
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Along the other axis draw a line parallel to Ox at a distance 
c(s= J length of bar) ; then the lengths intercepted on the successive 
tangents to the catenary between these two parallel lines are the 
semi-axes of the corresponding ellipses which generate the equi- 
potential surfaces by revolving round AB, 

From the value of V given in (/3) we can deduce the value of 
the force-intensity at P. For, the resultant acts in the bisector 
of the angle APB, and if ds is an element of length of this line 

^ — • Now if ZAP^ = 2 <^, AP = r, we have 

dr . 

COS 9 . Also r-l-r =2 a, and since at a point near P on the 
bisector of APB (tangent to a hyperbola confocal with the ellipse) 
r—r' IB constant, we have dr = rf/, therefore ^ = cos d>. and 
dV 2ykpc 

Again, cos = A / ~ elementary trigonometry, and if 
V rr 

p is the perpendicular from P on A B, we have 2 cp = r/sin 2<f); 

therefore — o 7 • ^ 

ay ^ 2ykpBm(f> 

ds jp ’ 

which is the value already found (Art. 317). 

A particular case must now be noted. If the bar is infinitely long, 

the expression (a) gives V = 00 , i. e. the sum —is really infinite 

in any given position of P, On the other hand, we can see that the 
work which would be done by the attraction of the bar in bringing 
the condensed unit mass from infinity up to the finite position P 
w not 00 . For if we imagine the bar to be a circle of immense 
diameter 00^, the point 0 being near us and 0^ remote, and also 
that the unit mass is brought from O' up to P, it is quite clear 
that while P is moving from up to the centre of the circle, the 
attraction of the circle is doing negative work, the resultant force 
being all through this motion directed towards O ' ; and that when P 
leaves the centre and moves towards 0, the attraction does positive 
work ; so that the total amount done in the motion from O' to the 
final position P is numerically equal to that which would be done 
in bringing the unit simply from 0 to P — which obviously is far 
from being 00 . 

But observe that, with some of the attracting mass contemplated 

as existing at infinity, we are no longer to regard the integral y'— , 

in a given finite position P, extended over the body, as the work 
done by the attraction in bringing the unit mass from infinity to P. 
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That, in the case of an infinitely long bar, the amount of work 
done by the attraction in bringing the unit from a perpendicular 
distance g to a perpendicular distance p is simply 




(y) 


may be seen by taking the resultant force, i?, at any distance, a?, viz. 

5 and taking ~ /Rdx. 

00 

We must bear in mind that (y) will not hold for positions of P 
very close to the surface of the bar, i.e. for very small values of p ; 
because for such points the linear dimensions of the transverse section 
become comparable with the distances of P from the various points 
in the section — as has been already pointed out in Art. 317. 

3. Without any consideration of force or of work done, show that 
the difiference, , 

-I > 




of the summations over an infinite bar with reference to any two 
finite positions P and Q is finite and, when multiplied by the gravi- 
tation constant, equal to the expression (y). 

Instead of finding each integral separately, perform the summation 
in a different order. Thus, M being any point on the bar, and 
OM = s (Fig. 276 ), take at once the difference of effects at P and Q 
produced by the particle at if. This gives 


ykp{ 


+i 


)d8. 


Integrating this from 5 = — Z to 5 = + ^, we get 


which assumes an indeterminate form when ? = 00 ; but a simple 

binomial development of (1 + 
to be (y). 

4. To find the potential at any point on the axis of a thin uniform 
circular plate. 

With the notation of Art. 318, the potential at P due to the ring 

of radius r is y , or y « therefore the po- 

« sec 9 cos* 9 

tential produced by the whole plate is 

2?rypT«(seca— 1), 

or 27rypr(V«^ + a^— «), 

where a = radius of plate. 

6 . To find V for a uniform spherical shell. 

Firstly, at an internal point, P' (Fig. 277 , p. 267). Breaking up 




P 


) shows at once the true value 
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the shell into elements QB, Q^R' which are thin conical frustums, 
as in p. 259, if diD is the conical angle subtended by either at P', 

2c(pT 

the volume of the frustum is pr » P^Q^ sec ^0^* 

The potential due to tliis at P' is 2yapT-^,do), Similarly the 


potential due to the frustum Q'P' is 2yapT-j^,d(»i and the sum 
of these = 2yapTd(i>, Hence 

V=^4cTiypT ,a; ( 1 ) 

which shows that V is constant wherever P' may be inside — a result 
for which we are already prepared, since everywhere inside the 
resultant attraction = 0, and this requires that V is constant. 

Secondly, for an external point, P. This may be deduced from 
the value of V at the inverse point, P'. For, the element con- 
tributed by the frustum QE is y where dm = mass of frustum. 


But PQ = — • P'Qy therefore the element of potential 


ya dm 

'd^Fq' 


which bears the constant ratio, to the potential of the element 

at P'. Hence the potential of the whole shell at P is ^ times the 

potential at P', or . ^ . 

^ „ 4'7rypTa* 

V~ ’ 

which is the same as if the shell were condensed into a particle at 
its centre. 

The resultant attraction-intensity at P = (measured towards 

0), which gives the same result as before. 

These results can also be easily deduced analytically by breahing 
up the shell into zones, as has been done (p. 258) in calculating the 
force-intensity at P and P'. Thus, the mass of a zone being, as 

in p. 258, 27rpr- rdr where r = P'Q or PQy the potential produced 
c 

by the zone is 2'nypT - dr ; and for the internal point the limits of 
c 

r are a + c, while for the external point they are c + a. 

The value of V can also be deduced from the differential equation 
(y), Art. 329. For V depends solely on the distance, r, of the in- 
ternal point from the centre, and not on d or Hence (y) reduces 
to ^ fjY 

dV 

therefore r® — = (? = constant. But at the centre the force-intensity, 
— > vanishes, .*. (7=0, ^ = 0 everywhere inside, 


F at any point = F at centre = y . 


mass of shell 
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It follows that for a homogeneous spherical shell contained between 
a sphere of radius a' and a sphere of radius a, the potential at any 

point inside the inner sphere (a') is dTryp/ rdv, i.e. 

• U' 

V = 27ryp(a2— a'*), 

while at an external point at a distance D from the centre 

p, * a®— a'* 

At a point inside the matter of the shell, at a distance c from the 
centre 

F= 2iryp(a*-c’)+f7r7/)C-^. 

6. To find V at any point for a solid homogeneous sphere. If the 
point is outside the sphere (radius a), 

XT 4 
^ 

If it is inside, at a distance e from the centre, add the potential 
due to the shell contained between the surface of the given sphere 
and that of the sphere of radius OP', to the potential due to the 
solid sphere of radius OP'. Thus 

V = 2'n‘yp(a*— + f Txypc* 

= 27rypa^— |7rypc®. 

V can also be obtained from the differential equation (y), Art. 329. 
Thus, at any internal point this equation gives, since T is a function 
of r only, 1 d , 

dV 

dV 

Now ■^= 0 1^6 centre, C =: 0, and V = — |7rypr^ + 0'. 

But at the centre V is easily seen to be 27rypa^, this = cf 

7. To find V for an infinite homogeneous circular cylinder. If P 
is outside, A’* r= 0. Use cylindi^ical co-ordinates. Then V is simply 
a function of f (p. 282), so that 

d^ridV ^ ... 

3?^C3r='>' 

Therefore by integration q 

To determine 0, suppose P to be very distant from the cylinder, 

dV 

so that the latter may be treated as a thin bar. Then — is the 
force-intensity at P, which 

__2^_ (7=— 2yAp = — 2wy/)a*, 
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if a = radius of cylinder. Hence 

2TTypa^ . . 

dC- C ’ , 

which shows that the intensity of attraction at any point outside the 
cylinder varies inversely as the distance from the axis. Integrating, 

r = — 2try/oanog«C+C7; 

and to determine (7, let the point F be supposed so far from the 
cylinder that the latter may be taken as a mere bar, or wire. Now 
in this case V is given in example (2), and since A and B are both 
zero, F = 00 , therefore ^7 = oo. 

When none of the attracting matter is at infinity, V is, as has 
been explained, the work done in bringing a condensed unit mass 
from infinity to the position F, but it ceases to have this meaning 
when attracting matter is contemplated as existing at infinity. The 
. r dm 

summation / — for an infinitely long bar is, in every position of P, 

really infinite. But if we are concerned only with the amount of 
work done in bringing the unit mass from one finite position, 
to another, P, we can easily show that the difference 




is finite, notwithstanding that each integral itself is of infinite mag- 
nitude (see example 3). 

Moreover, the supposition itself on which the equation for V is 
(1) falls to the ground; for it is only for points finitely distant 
from the cylinder that F depends simply on f. 

Hence instead of choosing infinity as the zero position of P we 
must choose some other. We may choose a position on the surface 
of the cylinder, and define the potential at P as the work done by 
the attraction in conveying a gramme mass from P to the surface of 
the cylinder. With this definition, we have 

= 2 irypa'Xogt - > 

\ dV . . . . “ 

and now ^ will be the force-intensity in the negative sense of 

If P is inside the substance of the cylinder, (1) must, by Art. 329, 
be replaced by 1 ^ jy 

fIV 

C;^ = -2i7ypC* + C, 

, . dV ^ /V o 

and since 0 on the axis, (7 = 0, .*. ^ — 27rypf, 

F=— -7rypC^ + C7'= 7ryp(a®— 
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8. To find the potential and attraction-intensity at any point pro- 
duced by a spherical shell whose thickness (or density) varies inversely 
as the cube of the distance from a given point. 

Let the thickness of the shell at any point Q (Fig. 281) vary in- 
versely as the cube of the distance of Q from the given external 
point 0, and let the potential at any internal point, P, be required. 

Produce OP to S so that OP . OS = OQ . OR = square of tangent 
from 0. Imagine the spherical surface broken up into elements by 
cones described about Sj each with 
very small conical angle, d(d. One 
of these cones is represented by 
the line RSU^ which must be 
understood to stand for a slender 
double cone of rays with vertex 
S. Joining 0 to all points on the 
contours of the small areas at R 
and U by lines represented by 
OR and OU, we obtain small 
elements of area at Q and T ; 
joining the contours of these to S, we obtain two small frustums of 
cones at Q and T* 

It is the sum of the potentials at P produced by these frustums 
that we shall take; and it is clear that the assemblage of such 
frustums as those at Q and T will exhaust the whole shell. 

Let a be the radius of the sphere. Then (Art. 316) the cone of 

2 ^ 

rays through S cuts off an area,-ji^'SR^.d(o at R. Also, since the 


Ji 



Fig. 281. 


elements of area at R and Q are equally inclined to the line OQR, 
they are to each other in the ratio OR^ : OQ^ ; therefore the element 
of area at Q is 


Og^ 2a 

OR^'RU 


.SR^do). 


But — — (from the similar triangles ROS and POQ); therefore 

RO PO pnt 2 a 

this element of area= Let the thickness at Q be 

where ifc is a constant^ Then the potential of this element at 

P is and similarly the potential at P due to 

lio .og .po^ pji 

the element at T is 2yakp j^^ ; and the sum of these 


2yakpda> PQ.0T+PT.0Q_ 2yakpda> QT 
~W7P^' OQ.OT RU.PO’OQ.OT 

(by Ptolemy’s theorem for the quadrilateral OQPT, which is inscribable 
in a circle). But the triangles OQT and OUR are similar, 

QT RU 
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lienee the above sum = where ^ = OT . OU ; 


lienee tne aoove sum = wiiere r = uu = square 

of tangent. ^ z' 

Now the whole shell is exhausted by summing <fco from 0 to 277 , 
and as the multiplier oi d (a is constant, we have 
^_47rya^p 1 


where D is the distance of 0 from the centre. Hence the remarkable 
result that the potential at any internal point varies inversely as its 
distance from 0. 

For a reason to be given hereafter, we shall call 0 the inducing jmnt. 
The mass of the shell is easily found. For (p. 258) the area of the 
belt generated by the revolution of the element of length at Q about 

the line joining 0 to the centre is 27T™rc?r, where r = QO. Hence 

the mass of this = , and if = mass of shell 

D 

since the limits of r are D + a. 

Hence from (1) and (2) D ^ 

(3) 

which shows that the potential at any intemod jioint is the same as 

if a mass greater than that of the shell in the ratio — were concentrated 
at the inducing iwint, ^ 

Of course it follows that the attraction of the shell on a particle at 
P acts in the line PO, and is equal to 

R.m 

a 

yup' 

per unit mass at P, 

The inducing point being still external, let the attracted particle 
be also external to the shell — at P', suppose. 

Take the inverse point P, which will be internal. Then since 
QP^ R 

- 7 ^ is constant, = — > where B is the distance of P' from the centre, 
QP a a 

it follows that V at P' = F at P multiplied by ^ > 

••• y=7-w 

But instead of OP we can put ^ O'P, wliere O' is the inverse of 0, 
on account of similar triangles. Hence at any external point 

IT ^ 

y=y7vo’ 


( 4 ) 
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SO that for an external 'point the mass of the shell may he concentrated 
at the internal point which is the inverse of the inducing point, and 
the attraction is directed towards this inverse point. 

Finally, consider the case in which the inducing point is inside. 
This is at once reducible to the case in which the inducing point 
is outside, by taking the inverse point. Let 0 be the inducing point, 
and O' its inverse. Let the attracted particle, P, be inside, and let 


k 

the thickness at any point, Q, of the shell be ; thus it will also 
kjy^ 1 

be where L is the distance of 0' from the centre; so that 

the values of V and M are given by (1) and (2) in which we replace 
]c by ; and we have the result (3), viz. 


~M 

y=y^' 


( 5 ) 


which shows that the attraction is directed to O'. 

Let P be external, while 0 is internal. Take the inverses of both, 
so that P' is internal and 0' external. 

If F' is the potential at P', we have by (3), 


-M 

F' R 

But if F is the potential at P, we have -77= where R is the 

F a 

distance of P from the centre ; also, as we are finally concerned with 
P and not with P', we shall substitute OP for O'P' by the equation 
O'P' OP 


rr- ^ 
^ ~ "^OP' 


( 6 ) 


Four different cases may therefore arise, viz. inducing and attracted 
point both on same side of surface, or on opposite sides ; and sum- 
marising the results, we may say that the effect on the attracted 
particle is always the same as if a certain mass were condensed at 
a point on the opposite side of the surface ; this mass is always equal 
to that of the shell when the attracted particle is outside, and always 
greater than that of the shell when the particle is inside. The point 
at which the shell may be condensed is always either the given 
inducing point or its inverse. 

The solution of this question by the ordinary application of the 
Integral Calculus would be very much more difficult than the simple 
and elegant solution here given, which is due to Sir William Thomson. 
(See his Pa^;er5 on EUctrostatws and Magnetism, pp. 60, &c. ; or 
Thomson and Tait's Nat Pfdl,^ vol. 1, part II.) 
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Newton also made use of the relation between inverse points 
in discussing the attraction of a sphere (see Book I of the Prindpiay 
Prop. 82 ). 

"9. To find the attraction of a thin circular plate of uniform thick- 
ness and density on a particle in its plane, the law of attraction being 
that of the inverse cube of the distance. 

Let F (Fig. 282) be the position of the attracted particle, whose 

mass may be supposed to be one unit. 

From P draw two very close radii 
vectores intercepting a narrow strip 
/ plate between them. 

j — — Let 0 be the centre of the plate, 

\ j let d be the angle OP A made by one 

\ y of the radii vectores, and let 9 -\-d 0 

be the angle made by the other, with 
Fig. 282. OP, Let Q be a point on PA, and 

PQ = JT, Then the mass of the ele- 
ment at Q included between circles of radii r and r-f-cfr described 
with P as centre is prdrd 9, 

k and p being the thickness and density of the plate. 

The attraction of this element on P resolved along PO is 

kpdrdO . 

y — -i — 

hence the resultant attraction is 

, rrdrd9 „ 




the integrations in r being performed from r = PA to r = PB, and 


those in 0 from 0 = — sin" 


^ - to d = sin ^ where a is the radius of 

G c 


the plate and c = OP, the extreme values of d corresponding to the 
two tangents that can be drawn from P to the circle. 

Now denoting PA by and PB by r^t and integrating first with 
respect to r, the attraction is 




cos Odd, 


The values of and are given by the equation 
r®— 2crcosd-f-c*--a® = 0, 

1 1 2A/a®— c®sin®d 


^ence the attraction is 
c(c®— a®)/. 

where i is put for c sind. 


^ r 

a)J-» 


t’dt, or 


'nkpya^ 
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In this case we might have found the attraction from the potential. 
The latter is easily found by dividing the plate into rings with 0 as 
centre. If r is the radius of one of these rings, we have 

Y — f f rdOdr 

2 JJ r^— 2 cr cos d-^c^ 

Integrating first from 0 = 0 to 0 = 7 r, and doubling the result, we have 

in which r runs from 0 to a. Hence 

r=^iog-^. 

But V may also be easily found from the attraction, thus : 

d V Trkpya^ 

dc c(c^ — a^)’ 




- + const. 


■ V C dTKh 

Now, since F= ^ it is clear that at infinity F = 0, or F = 0 

hen c = CO, This gives the const. = 0, 

. T7 _ '"^py 


• 10. If Vn and ¥^-2 denote the potentials of an attracting mass when 
the law of attraction is the and (n— 2)*^ power of the distance, 
respectively, prove that ^2 y 

d~ d‘^ 

where — "bT^, the co-ordinates of the attracted particle 

U/X ^ dy (i ^ 

being x, y, z. 

We have F„ = ^ 

where A is a constant. Therefore 
d V 

-^'==‘ — Ay’(cr— 

d®F • 

and dS ~ + (w— 1) d/ni, 

dW d^F 

Adding to this the similar values of -rr-5 and -7-^, we have 

dy^ dz^ 

V^F„ = (n-l)(n+2)F„_,. 

This equation enables us, generally, to find the potential for the 
(w.--2)*h power of the distance when that for the titt is known ; but 
it fails in two most important cases, namely, when n =: 1 and when 
n= — 2, 


VOL. II. 


X 
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If the attracting mass is a plate, r® = and the 

result is easily proved to be 

V*r„ = (n’-1)F„_,. 


In the last example we find the Potential of a circular plate for the 
inverse third power ; hence we have at once the Potentials, and there- 
fore the attractions for the inverse fifth, seventh, &c., powers of the 
distance. 

11. Calculate the attraction of a uniform spherical shell of small 
thickness on an external particle when the attraction varies as the nth 
power of the distance. 

Using the expression (A), Art. 320 , for the element of surface, and 
assuming the law of attraction to be we have 


F = - 


2TrXpT a 
n+ 1 D, 


PD+a 

I / 

JD—a 




2'jT\pTa 




(n "f* 1 ) (n + 3 ) D 

where D is the distance of the point from the centre. 

If we wish to find the attraction of a full sphere of radius r, we 
observe that r is <fa, and we integrate this expression from a = 0 to 
a = r. 

d V 

In each case the attraction towards the centre is — • 

dD 


12. From the theorem of Gauss (p. 287 ) deduce the following 
result — the mean Potential over a spherical surface due to matter 
entirely outside the sphere is equal to the Potential of this matter at the 
centre of the sphere, (Gauss, Papers on Forces varying inversely as 
the square of the distance, TayloFs Scientific Memoirs^ voL iii. part x.) 

For, let mass of uniform density p and small uniform thiclmess, r, 
be supposed to be distributed on the sphere ; let dS be an element of 
its surface at any point -P, Y the Potential at P due to the external 
attracting mass, and a the radius of the sphere. Then, since the 
Potential of a shell at an external point whose distance from the centre 
^ 4'7rypra® 


it follows that if dm is an element of the attracting matter, 

pr J VdS = irtypra^J^ = iirpra^Vf,, 

if Fo is the Potential at the centre of the sphere. Hence 

/VdS_ 


47ra’ 




which proves the proposition, since fVdS divided by the whole surface 
of the sphere is the mean value of the Potential over its surface. 

More elementary proof Let there be a particle of mass m outside 
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a spherical surface of radius a at a distance J) from its centre. The 
mean value of the Potential over the sphere is J ' where 
r is the distan<?e from m of the element dS of surface. But (p. 258) 
c/aS'= 27 r~rc?r, and the limits of r are D ±a. Hence this mean 


value is 


ym 


i.e. the Potential at the centre; and the result therefore holds for 
any assemblage of external particles. 

1 3. Find an approximate value of the Potential of any solid mass 
at a very distant point. 

Let G be the centre of mass of the solid body, P the distant point, 
jP' any point in the mass at which the element of mass is dm. Take 
G as origin and GP as axis of x ; let GP = r, GP^ = and let the 
X of P' be x\ 


I r, n! /■ 3 a/"., 

T 

neglecting all higher powers of — than the second. 

Now = 0, and if we denote by A and A' the radii of gyration 

of the solid about the axes of y and and by h its radius of gyration 
about GP, we have 


dm 


f, 

H f > \MIIV -irx 2 

where M = mass of body. 
Hence 


r'^dm = 


A^ + A'‘>+P 


F=-(l + 

r 


, J'l/'^dm = M 
A2 + A'2 — 


A» + A'2-*® 




But if ;i:i, Aj, k, are the principal radii of gyration *t G, we have 
A’® + A'* + = Aj" + ^ 2 ® + V ; therefore 

„ yM ,, , V + V + 

By differentiating this with respect to x, y, and z separately, we find 
the components of attraction in the_ directions of the principal axes at 

y JliT 

on a unit mass at P, For very distant points Y = ^ to a high 

degree of accuracy, 

1 4. If F=/ {x, z) be a function satisfying Laplace's equation, 

F = 0, show that the function ~ jf "p") will also satisfy 

it (where = x^-ty^ + z^). 
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If 0 is the origin, P the point (a?, z\ Q a point on OP produced 
such that OQ = , the co-ordinates of Q are ^ . Let 

OQ = p, let 7), Q be the co-ordinates of Q, and let 




Then ~ satisfies the equation 
P 


sind 


£ 

dp 












) -f. -J L- ^ 0^ 

c? d sin d c? 


But ~ therefore this equation becomes 


. .d^(Ur) d .dU. . 1 dW 

dd dO sin 0 d(l>^ 


dr^ 


= 0 . 


The first term being the same as sin d— this equation is, by 
Art. 329, tlie equivalent of 


d^U d^U dHJ 


d:^ ^ dy^ 


dz^ 


• 15. A homogeneous fluid, self-attracting according to the law of 
nature, completely fills the space between two spherical non-concentric 
surfaces one of which entirely surrounds the other ; find the resultant 
attraction at any point of the fluid, and also the level surfaces. 

Let O be the centre of the larger and O' the centre of the smaller 
sphere; P any point in the fluid ; 00'= c; radius of smaller sphere 
= h ; OP = ry O' P = \ p = density of fluid. 

To calculate the resultant force at P, imagine that the place of the 
smaller sphere is occupied with fluid ; then the larger is completely 
full, and there is a force | ir ypr in the line PO towards 0. Now let 
the effect of the fluid which we have introduced be annulled by com- 
bining with the above force the force exercised at P by a repulsive fluid 
of same density filling the smaller sphere. This latter force would be 
47ryp5* 

— • and this would act in the line O'P from O'. 

The resultant of these forces is the resultant force at P. If V 
is the Potential at P, 


y 

y “ 


4 iiTpb^ ^ , 

.-^prdr+-j^dr' [p. 299]; 


This value is otherwise evident, since the Potential at a point due 
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to any attracting bodies is the sura of their separate Potentials at the 
point. If a is the radius of the larger sphere (see p. 282), 




47r/)6^ 


4- 27r/)a^ 


The level surfaces are given by the equation 


2b^ 

■^'7 


= const. 


^16. If two different masses have the same external level surfaces, 
the values of their Potentials on any one common surface of level are 
directly proportional to the quantities of the two masses. 

Let M and M' be the two masses ; let V be the Potential of the 
first and F' that of the second at any point P outside both. Then 

V2F=0, ^^7' = 0. (1) 

Now since when F is constant, F' is also constant, F' must be some 
function of F. Let F' = </)(F). Performing the operation V® on 
both sides of this equation, we have 

V v’= nv) ■ V' w 

which (1) reduces to (F) =0, since the coefficient of (f>^^ (F) cannot 
vanish. 

Hence <^(F)=:cF4-7, F'=cF-fc'; but since at infinity 
F = F' = 0 (if none of the attracting matter is at infinity), 

c'=0; F' = cF. 

Again, for very distant points (example 13), 



and F' 



Hence, finally, 


Z'-Z. 


17. If and X^^^ denote the component atti'actions of a given 
solid at a given point along a given line when the law of attraction is 
that of the nth power, and that of the (n— 2)th power, of the distance, 
respectively, prove that 

(n-l)(n + 2)’ 

18. Find the attraction of a circular plate of uniform thickness and 
density on an external particle of unit mass in its plane, the law of 
attraction being that of the inverse distance. 

Am. The mass of the plate divided by the distance of the particle 
from its centre, multiplied by a constant. 

19. Prove that if a material lamina attract according to the law of 
the inverse distance and if X is its attraction on a unit mass at any 
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point of a closed curve, measured outwards along the normal, we shall 
= or =— 27ry%, 

according as there is no mass or mass inside the closed curve, and 
hence that F = 0, or = — 2 Tryp, 

20. Prove that the values of V^F calculated for external points 
and for internal points do not agree for points on the surface of a 
solid sphere. 

21. Prove that neither Laplace’s nor Poisson’s equation holds for 
points on the bounding surface of an attracting solid. 

22. If a number of uniform bars of the same section and density 
form any closed polygon with no re-entrant angle, prove that they 
produce the same Potential (for the law of the inverse square) at any 
point inside the polygon as a polygon of bars formed by joining the 
feet of the peiq)endiculars from the given point on the sides of the 
given polygon. 

Extend this proposition to any curve. 

(See equation (a), p. 295.) 

23. If a self-attracting sphere of uniform density and radius a 
changes to one of uniform density and radius a^, find the amount of 
work done by its mutual attractive forces. 

Ans. 

5 a' 

where M is the mass of the sphere, and y, as usual, the gravitation 
constant. 

24. Two equal uniform bars of given sections and densities are 
placed parallel to each other and at right angles to the lines joining 
their extremities ; find the amount of work done against their mutual 
attraction in drawing them a given distance asunder. 

Ans, If y is the distance between the bars in any position, I the 
length of each, m and mf are their masses, the work done in changing 
the distance from to y^ will be the difference of the values of the 
expression ^ ^ 

-p (y— V C‘ + y^ — l\og )> 

y 

when and y^ are successively put for y. 

25. The gravitation Potential of an attracting mass cannot have a 
maximum or minimum value in empty space, 

[Let it have a maximum value at A, Then round A, and in- 
definitely near it, can be described a closed surface, at every point of 
which F is less than it is at A, Therefore if dm, is an elementary 

di F 

length along the normal (measured outwards) to this surface^ 

d^F 

is negative all over the surface; but ; hence equation (2), 

Art. 324, is contradicted.] 
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833.] Earnshaw 8 Theorem. If a particle is in equilibrium 
under the action of forces varying according to the law of inverse 
square of distance^ its equilibrium is unstable. 

If its equilibrium were stable for all displacements, positive 
work would have to be done against the attractive forces, i.e. 
these forces would for every small displacement do negative 
work, or, in other words, V must decrease in all directions from 
the point. Y is therefore a maximum at the point — which, by 
last example, it cannot be. Therefore, etc. 

334.] Method of Inversion. Supposing that for any dis- 
tribution of mass forming either a continuous solid body M 
(Fig. 283), or a thin shell ^ 

of any shape, or a series 

of isolated pai*ticles, we f \ 

know the value of the . 'J® I 

Potential at any point, \ J 

we may by the aid of an 
analytical transformation at 

deduce another analogous q 

mass, 3/', whose Potential ^ 

at any point, A' may be 

deduced from the previous Potential. 

Thus, suppose the mass M' to be deduced from the mass M in 
the following way. 

Take any fixed point, 0 ; join it to P, and take the inverse 

point P', so that j 10 r \ 

rr = (a) 

where r = OP, / = OP'. Round P let any very small closed 
surface be described, and take round P' all the points cor- 
responding to those on this surface. We shall thus get a very 
small closed surface at P'. Denote the volumes of these elements 
by and dOf, respectively. Now dil is filled with a quantity 
dm of matter belonging to the mass M, and it remains with us 
to fill d Ql with matter according to any law we please. Fill 
dil' with a quantity dm' bearing to dm the relation 

dm' hr' 

-p- = - , or = y , O) 

dm r k ^ ' 

and let this be done for all the elements, of volume in the 
derived body iK', related as above to the corresponding elements 
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J12 of Jlf. Given the volume-density, />, at each point, P, of M \ 
we must now find the volume-density, p', at each derived point P'. 

Now dm:=^ (id£l = ^m6drd6d<l> '=z--pr^drd\kd<\>^ in the 
usual notation of polar formulae. Similarly, dr' being taken 
positively without reference to dr^ 

dm'^ -^p'r'^d/dfxdtf ) ; 

and from (a), if dr and dr' are taken connectedly, we have 
rdr'^/dr = 0 ; hence (/3) gives 

\y) 

so that if p is constant, p' will vary inversely as the fifth j^ower 
of the distance, OP", from 0, 

Let A be any point, at which the Potential of M is P, and 
take the invei'se point A', It is required to find P', the Poten- 
tial of M' at A', 

lid Vis the Potential at A produced by the element dm at P, 



where y is the gravitation constant. Also if dV' is the Potential 
at A' due to dm' at P', 


dV' 


dm' 

-yj'P'’ 


d V' Jc AP 

Hence triangles PAO and A' P' 0 

are similar, if OJ ±= P, ^ ; hence ^ ; and this 


constant relation holds between the Potentials of all correspond- 
ing elements, and therefore between the whole Potentials, so that 

r=|.r. (8) 


In this transformation the angle at which any two curves in 
the original system M intersect is equal to that at which the two 
derived curves intersect. For, let Q and n be any two very close 
points in the system M, and let Q' and n' be their inverses. 
Then the quadrilateral Qnn' (^' is inscribable in a circle, so that 
Q,n and Q'n' are ultimately tangents to the circle and therefore 
equally inclined to OQ. Similarly, if a and / are two corre- 
sponding points very close to Q and the arcs Qs and QV 
are equally inclined to OQ ; therefore the angle between the arcs 
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Qn and Qs is equal to that between Q'nf and Q' s' , Hence if 
the contour M is the outer surface of a shell whose thickness 
varies in any manner, being Qn at the point Q, the inverse 
points will trace out the contour M' of another shell, and if n' is 
the inverse of n, Q' n' will be normal to the new shell, and will, 
of course, be its thickness at 

By similar triangles since Q' and n' 

are nearly coincident. Hence if t and t are the thicknesses of 
the shells at corresponding points, 


since Q' and n' 


and hence by (y) 




so that if pT is constant all over the shell 3/, p'r' will vary in- 
versely as the cube of the distance from 0 at every point on the 
derived shell. 

If the mass M forms a spherical shell of uniform thickness and 
density, its Potential at A is at once known. Hence is known 
also the potential at A! (any point) due to a spherical shell in 
which the product p'r' (which is the mass per unit area of its 
surface) varies inversely as the cube of the distance from a fixed 
point, 0 — a case which has been already discussed (p. 301 ). 
Supposing ilf to be a spherical surface whose centre is P, the 
inverse point, P", is not the centre of the sphere J/', but is the 
inverse of 0 with respect to the sphere W * For if / and eT are 

JP P'J' 

any corresponding points on the contours, ^ = -jTq y and since 

M is a sphere with centre P, the left-hand side is constant, there- 
fore the right side is constant, and the two points 0 and P are 
well known to be inverse with respect to the spherical locus of J ' . 


Again, (d) gives, since M' ^ k 


which shows that the level surfaces of M' are spheres round P 
as centre ; and the result (»?) holds both for the case in which M 
is a uniform spherical shell, and therefore M' a spherical shell 
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in which the surface-density, p'r', varies inversely as the cube of 
the distance from 0, and for the case in which Jtf is a solid 
uniform sphere, and therefore a solid sphere in which the 
density varies inversely as the fifth power of the distance from 0. 

In this method of transformation we may notice that the mass 
of the derived distrihution^ M\ is proportional to the Potential of 
the given mass at the origin of inversion, (It is equal to this 
, , h 

Potential multiplied by - • ) 

335.] Continuity of the Potential. The gravitation Potential 
of any attracting solid mass varies in a continuous manner from 
point to point in space, whether the points chosen be inside any 
portion of the mass or outside it. 

For, if r be the distance of any element of mass, dm^ of the 
attracting body from P, the point at which the Potential is 

/ dttv 

— • Let P be taken as origin, and let the 

position of the element dm be defined by the radius vector, r, and 
two angles, 6 and <|>, and let p be the density of the element. 
Then dm pr^ sind drdOdcf)^ and 

F = yfffpr sin 0 drdO d (#>. 

This form of V shows that even if r is zero, i. e. if P is inside 
the mass, the value of the Potential is finite, no infinite term 
being introduced by the infinitely close proximity of P to some 
of the (infinitely small) elements of mass. 

Hence the Potential varies continuously throughout space, and 
diminishes from the vicinity of the attracting mass towards the 
space very remote from it in all directions. 

The field of attraction of any matter, according to the 
Newtonian law, may therefore be compared with a country con- 
sisting of hills and valleys which vary gradually^ even though 
they may rise or fall rapidly in certain places, — precipices and 
chasms being wholly absent ; and in the field of attraction the 
Potential at each point is the gravitation level of the point, and is 
the analogue of the height above the sea (or other arbitrary) level 
in the other. 

336.] Continuity of the First Differential Coeflaoients of 
Potential. In a field of attraction in which every attracting 
element is one of finite volume-density ^ there is likewise a complete 
continuity of the first diflferential coefiicients of Y from points 
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within to points without the attracting masses. For these first 

differential coefficients, ^ ~f are simply the components 

of force-intensity ; and if in (3), (4), (5) of Art. 325, we put 

= “ : the elements under the sign of integration never at 

any point contain r in the denominator, and are therefore never 
infinite, even when r == 0, i.e. when P is inside the mass. 
Evidently the case would be different for a law of attraction 
according to a power higher than that of the inverse square. 

And the case is different again, even for the Newtonian law, 
when the attracting matter forms an ivfinitely thin shell with 
(necessarily) infinitely great volume-density. In this case the 
force components in some directions vary abruptly for a small 
change of position of the attracted particle P, although in other 
directions they vary continuously. Of this more hereafter ; but 
the fact is already sufficiently clear in the case (Art. 322) of the 
normal component of a thin shell. 

337.] Discontinuity of its Second Differential Coefficients. 

r r/ 


Since V 


/ dm 
- 


we have 


tPV 


dx^ ~ dx^ 

dinates of the point, P, at which the Potential is F, being a?, y, z. 
Now if {os\y\z') are the co-ordinates of dm, and {x,y,z) those 


•dm, the co-or- 


of P, we have 


and since 


Similai’ly 


dx^ r 7^ 

1 dW_ ^j2 

y dx^ 

\dW 
y dx^ 

A _ I 

y 

1 d^r_ ^ 


V r(2 /dr\^ 1 (Pr) , 

J-j 5^:? W “ 


HI 


( 1 ) 

( 2 ) 

(3) 


y dz^ J I r® 

If in these expressions we substitute for a? — a?', y— — 
and dm, as in last Article, we have 

== f (B&in^d — ~ smO dr do d<f) I 

y dar J ^ r 
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hence, when r = 0, i.e. when I is inside the attracting mass, 
the expression under the integral sign becomes infinite, and the 

, ^ ^ ... 

value 01 ceases to be continuous from points inside to points 

outside the mass. 

dV V 

Fig. 284 represents the values of F, — , and-—, when the attract- 

dx dx^ 

ing solid is tliat contained between two concentric spherical surfaces 

whose radii are Oa and Oa, and the 
A B point P occupies positions along a 

1x9 fixed diameter, Ox, varying from 0 to 

infinity. The distance of P from 0 is 

^ D here denoted by x, and the values of 

^ V are given by the ordinates (dis- 

^ X tances from Ox) of the continuous 

curve ABCD, of which the portion 
— ^ /I ''' AP is a right line corresponding to 

/ ^ the constant potential within the 

« inner surface. 

Fig. 284. dV 

The values of ^ are given by the 

ordinates of the continuous curve Oafhc, of which Oa corresponds to 
the constant zero value within the inner surface. 
d^V 

The values of are given by the ordinates of the discontinuous 
cuive Oa'mnjyq, 

^ when P is completely outside the mass, we 

d^ ^ ^ when P is inside the shell between 

the two surfaces, dW 2a'\ * 

_ (1 +-^- ) . 

By putting D ^ a in. the first of these values we have the value, ap, of 
d^V 

' vjii when P comes to the outer surface from the outside ; and putting 

-D = a in the second we have the (negative) value, am, of when 
P comes to this surface from the inside. 

The above figure is copied from Thomson and Tait^s Nat Phil, 


838.] Lines and Tubes of Force. If at any point, I, in the 
field of attraction an elementary length is drawn in the direction 
of the resultant attraction at P, and if this is prolonged at each 
point P', J so as to be in the direction of the resultant 
attraction at all points, P',P", ... along it, we obtain a con- 
tinuous curve which is called a line of force, A line of force, 
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then, is a curve such that its tangent at every point coincides 
with the direction of resultant attraction at that point. 

If the field is mapped out by a series of equipotential surfaces 
(Art. 328), every line of force will cut every equipotential surface 
which it meets at right angles, since (Art. 328) at every point 
on such a surface the resultant force acts in the normal to the 
surface. 

Let P be any point in the field ; at P describe any very small 
closed curve whatsoever ; through each point on this curve draw 
the line of force and prolong it indefinitely. We thus get what 
is called a tube of force. 

These terms are due to Faraday. 

339.] Surface-integral for a Tube of Force. Let PAQB 
represent any portion of a tube of force, P and Q being elements 
of two level surfaces intercepted by the tube. Then 
the attraction on a unit mass at P is normal to the 
section P, and the attraction on a unit mass at Q is 
normal to the section Q, while at every point, A or 
P, on every portion of the lateral surface of the tube 
the attraction is wholly tangential to the surface. 

Let Pbe the force at P, that at Q, and w and ^ 
the areas of the sections P and Q. Then, supposing 
that the tube contains none of the attracting matter, equation 
(2) of Alt. 324 gives 0, (1) 

since the only portions of the closed surface PA QB which con- 
tribute elements to the surface-integral of normal attraction are 
the sections P and Q, 

Hence, at all poinU in empty space on a given line of foi'ce the 
resultant attraction-intensities are inversely proportional to the normal 
sections of the same tube offeree at these points. 

This simple theorem gives the law of attraction very readily 
in certain cases. For example, let the attracting body be a 
sphere whose density is the same at the same distance from its 
centre. Then the lines of force are obviously right lines drawn 
from its centre ; the tubes are therefore cones whose vertices are 
the centre, and since the normal sections of these cones are 
directly as the squares of their distances from the centre, the 
attraction of the sphere at any external point is inversely 
proportional to the square of its distances from the centre. 
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Again, let the attracting body be an infinite cylinder whose 
density is the same at the same distance from its axis. Here 
the lines of force are right lines emanating from the axis per- 
pendicularly, the tubes become wedges, and the areas of their 
normal sections are directly proportional to their distances from 
the axis; hence the attraction of an infinite cylinder at an 
external point is inversely proportional to its distance from the 
axis. 

Knally, for an infinite attracting plate, the tubes are cylinders 
and the attraction is constant at all points in empty space. 

If the tube of force contain within it a quantity of the 
attracting matter whose mass is dq^ we have by (2) of Art. 324 

ATiydq, ( 2 ) 

This equation can in like manner be employed to find the re- 
sultant force inside a sphere, a cylinder, or a plate. 

In the case of a sphere of uniform density, let the tube be 
contained between the spheres of radii r and r-\-dr. Then 
dq z=z pcudr^ p being the density at the attracted point, and (2) 
becomes d^Fo)) = iirypoidr, 

or d{Fr^) = iirypr^dr, 

since co is proportional to r^. Integrating this last equation, 

Fr^ = C. 

Now jp'is evidently zero at the centre, therefore (7=0, and 

4 

^ 

For a point inside an infinite cylinder at a distance r from the 
axis we have, since w is ultimately a rectangle of breadth pro- 
portional to r, ^ ^ 4 , 

F = 2TTypr. 

In general, if the tube is terminated by two level surfaces 
whose distance measured along the lines of force forming the 
tube is ds, we have dq = pcads, and (2) gives for the determina- 
tion of F ^ (^F<a) = 4 Try p 0) 

340.] Unit Tube of Force. If at any point P we draw a 
tube of force such that the product of the force-intensity and the 
area of the normal section is unity, the tube is called a unit tube. 
Thus, in C. G. S. measures, if the product of the force-intensity, 
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expressed in dynes per gramme mass, and the area of the normal 
section, expressed in square centimetres, is numerically unity, the 
tube is a unit tube. 


Sectiok III. 

The Attraction of MlipBoida. [Method of Chasles.'] 

341.] Shell bounded by Similar Surfaces. Let vr^ jf and rq^ 
be two concentric, similar, and similarly situated surfaces whose 
normal distance from 
each other is at all 
points very small. Sup- 
pose the space between 
these surfaces to be filled 
by attracting* matter of 
uniform density, and let 
0 be an attracted particle 
in the interior of the 
shell. With 0 as vertex 
let any slender cone be 
described, intercepting on the shell two frustums whose thick- 
nesses measured along the generator of the cone are pf and 
rr\ Then, since by the property of similar, similarly situated, 
and concentric surfaces of the second degree, the intercepts pf 
and r/ are equal whatever be the direction of the line pr^ we 
see by Art. 318 that the attractions of these frustums on 0 are 
equal and opposite. Hence the corresponding frustums of all 
such cones exert equal and opposite attractions on 0 ; and the 
resultant attraction of the shell on any internal particle is there- 
fore zero. 

Hence, if the law of attraction is that of nature, every shell of 
uniform density and small thickness^ hounded hy similar^ similarly 
situated^ and concentrie ellipsoidal surfaces produces a constant 
Potential at all points in its interioty and exertSy thereforCy at these 
points no attraction. 

The same is true for a solid of uniform density and any thick- 
ness bounded by two similar, similarly situated, and concentric 
ellipsoidal surfaces, since the thicknesses of the frustums inter- 
cepted between its bounding surfaces will still be equal. 
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342. ] Corresponding Points on Confocal Ellipsoids. Let 

rpq and PQ (Fig. 286) be two confocal ellipsoids, let tbe axes 
of the first be a', /, and those of the second a, y, let the 

co-ordinates of a point p on the first be x\ y\ z\ and those of 
a point P on the second a?, z. Then, if 

X x' y y ^ ^ 

y““7’ 

the points P and p are called corresponding points on the ellip- 
soids. Also, let Q and q be two other corresponding points. 
Then it is very easy to prove that the distance Pq is equal to the 
distance Qp, (Salmon’s Geometry of Three Dimensions^ Art. 181.) 

343. ] External Potential of an Ellipsoidal Shell. Let it be 

required to find the Potential at an external ^oint, P, of a shell 
bounded by the similar, similarly situated, and concentric ellip- 
soids v/p^ and rq p. Through the point P describe an ellipsoid, 
PQ, confocal with rq jo, and describe also an ellipsoid, msn^ con- 
focal with vr' p' and similar to PQ. This latter surface is 
completely determinate, since its axes must be fxa, /xy, and 
since must be equal to where jut'a', jut'jS', 

p'y are the (given) axes of the ellipsoid vr'f ; or p = p\ since 

Now at q draw the normal distance, dn\ which separates the 
surfaces rqp and vr'p\ and about q describe on the ellipsoid rqp 
any small closed curve whose area is dS, Round Q, on the 
surface QP describe the small closed curve, of area dSy which 
consists of points corresponding to those forming dS^\ and let 
dn be the normal distance between the surfaces QP and msn. 
We shall now prove that the elements of volume dn . dS and 
dn\dS ^ which we may denote by Jco and respectively, are 
connected by the equation 

(5?a) d(3i> ^ ^ 


Let 0?', y, z^ be the co-ordinates of q with reference to the 
principal axes of the ellipsoids, and let da/ df be the projection of 
d&^ on the plane xy. Then, since the cosine of the angle between 

• 7/ ^ 

the normal at q and the axis of z is where p' is the perpen- 
dicular from C on the tangent plane at q^ we have 
dSf ^^fdaf df . 
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Now since the surfaces rq^ p and t/ r'p'. are similar, we have 
dn' , 

dn' .d^= {l—p)^d!dd/. (2) 

Similarly dn .dS = {\ —p)^ dxdy, (3) 

z 

where a?, z are the co-ordinates of Q, But since 
dx dx' dy _ dy' 

T 

these equations give (1) at once by division. Moreover the 
Potential at P due to the element of mass <*>' at is proportional 

to , while the Potential at p due to the element pdca Q is 
Pq n 

proportional to ; and since Pq = 

HP , 

Pote ntial at P due to element of mass at q ^ dai 

Potential at p due to corresponding element at Q din 

a'^'y' __ mass of shell rq p ^ 
”” ttjSy ^ mass of shell PQ 

Now the shell rqp can be broken up into elements of mass 
formed as rfcoTias been formed, and the corresponding elements, 
rfo), will completely exhaust the shell PQ ; hence, taking all the 
elements of the inner shell, and all the corresponding elements 
of the outer, and thus exhausting both shells, we see that 
the Potential of the inner shell at P _ mass of inner shell 
the Potential of the outer shell at p mass of outer shell 
Now since these shells are bounded each by similar surfaces, the 
Potential of the outer shell is constant at all internal points, and 
(in virtue of the continuity of the Potential) this Potential is the 
same as the Potential of the outer shell at P. 

Hence the Potential of an ellipsoidal shell bounded by similar 
snrfaces is constant at all points on the surface of any ellipsoid 
confocal with the surface of the shell — that is, the level surfaces 
of an ellipsoidal shell are confocal ellipsoids, and its attraction at 
any point is therefore normal to the confocal ellipsoid through 
the point. 

Let V and P be the Potentials of the -shells PQ and rqp at 
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We shall show in the next section (example 4) that these 
shells produce at all points outside both Potentials which are 
proportional simply to the masses of the shells, i.e., related as in 
(4) ; so that at all such points their attmction-intensities also 
bear this relation to each other. Hence at any point outside 
both shells — even though it is just on the outer surface oi PQ , — 
we have dV' ^ ^ 

dx ajSy ^ dx ‘ ' ' 

For this reason the calculation of the attraction of an ellipsoidal 
shell at an external point is reduced to that of a shell at a point 
on its surface. 

344.] Attraction of an Ellipsoid at an External Point. 
Let API) (Fig ii86) be a solid homogeneous ellipsoid, and let it 
be required to find its attraction on a unit mass condensed at P, 
Break the ellipsoid up into an infinite number of thin shells 
bounded by ellipsoids similar to each other and to the surface 
APP ; let one of these shells be that between the surfaces v/p' 
and rqp. Denote this shell by (s ) ; and describe the ellipsoids 
PQ and similar to each other and confocal with the surfaces 
of (#), as in the preceding Articles. Denote this shell by (or). 

Let the axes of APP be a,h,c\ let those of rqp be ka^ kb, kc, 
and let those of v/jff be {k + dk) a, {k + dk) i, (k -f dk) c. Also, let 
the axes of the ellipsoid PQ be kVa^ + h!^, k*/ kY ^^4- ; 
then, by Art. 343, those of imn will be {k^dK) Y + {k^dk) 
(k-\-dk)Yc^ Y^^ Now (Art. 322), the attraction of 
the shell (rr) on a unit mass at P is 

47ryp.P«* 

where Pn is the normal thickness of the shell at P. This at- 
traction acts in the direction of the normal Pn^ whose direction 


cosines are poa py pz 

p being the length of the perpendicular from (7, the centre of 
the ellipsoid on the tangent plane at P, and x, y, z the co- 
ordinates of P. Hence the attraction of (o-) on P parallel to the 
axis of in the positive direction, is 


4tTsyppX 


• P«. 


( 1 ) 


. ♦ The curiouB compensalion of errors involved in the proof of this is well 
noticed by Collignon {Dymmquef p. 
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Draw the line CF meeting the inner surface of (a-) in s. 

Then ^ therefore P^ ptb* TTn = — = — F»7^ 

Ps CP ^ CP CP axis of PQj^ 

lC’\‘(lh n Ps dk - ^ pdk 

= therefore ^ = --j, and Pn = — ^ * 

Substituting this value in (1), we find- the attraction of (or) 
parallel to the axis of a? to be 

^Ttypjp^xdk 

Multiplying this by the ratio of the mass of (e) to that of ((t), 
we have the component of the attraction of («). Denoting this 
latter by dX, we have 


dJ = 


47rypa3cj)^xdk 


k^ (a^ + (3^ + A2^ (c^ + a2) 

Now, by the equation of the surface PQ, 

/ft2 aj2 »2 

^ ^ 4. ■ — 12 


( 2 ) 


Differentiating this, regarding k and A as variables, we have 

la 

A^A = 

by the well-known value of the perpendicular from the centre 
on the tangent plane of an ellipsoid. 

Substituting this value of dk in (2), we have 


dX^ 


Afty pa3cxKd\ 

(a^ 4- -h A^) + A2) ’ 


To find the limits of X, we observe that when the shell {s) is 
taken at the centre, = 0 ; but the axes of (cr) must be finite ; 
and as they are i + A^, fee., the value of A corresponding to 
a vanishing shell at the centre is oo. Again, if ^ = 1, or (^) is 
a shell at the surface ABB^ we have ^ where is 

the semi-axis of the ellipsoid confocal with ABB^ and passing 
through P. Denote this value of X by X^. Then, if iMT be the 
mass of the solid ellipsoid ABB^ we have 


3yMi»f 


\dK 


ii j 00 


« /(a* + A»)» (4* + X®) (c* + \*) ’ 


(3) 
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and in the same way for the other components, T and Z, 

Xdk 

= SyMyJ^ ;^ 2 ) ’ 

Z = 3yMz I ■ 


(4) 




V'(a'* + A*)(62 + A==)(> + A"f ^ 

= , we have evidently 


X = — QyMx 


V'(a* + A‘*)(i2 + A«)(c2 + A'^) 

dL 


d{a^y 


Y --3yMy Z - 3yMz^^^y 


The expressions for X, Y, Z may be put into other forms 
whicli are useful in practice, by putting 


\ = 




Then ^ 3 yMx C ^ u^dn ^ ^ 

^ Jo 

jr_ 3yi/j^ rj u^du 

0^ Jo ^/(l -f 

3y3fz Ii'^du 


(5) 


where = — 5 — , and e'^ = — 5 — , the least semi-axis being c. 

If the attracted particle is on the surface AJBJD of the attract- 
ing ellipsoid, the limits of u are 0 and 1 , since = c. 

If the attracted point is inside the ellipsoid, let an ellipsoid be 
described through it concentric with and similar to the surface 
ABB, and the portion between these two surfaces exerts no 
attraction at the point (Art. 320). 

Equations ( 6 ) show that the components along the principal 
axes of the attraction of a homogeneous ellipsoid on a particle 
placed anywhere on its surface or inside its mass are of the 
forms Ja,, By, Cz, (6) 

where A, B, C are constant quantities. 

845.] Potential of an Ellipsoid. Potential of a homogeneous 
EUi^oid at its centre. Let ABB (Fig. '^ 86 ) be a homogeneous 
Ellipsoid of density p, whose semi-axes are a, 5, c. The polar 
element of volume mxiO drdO^^, the Potential of this 
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at C is ypr &m 6drd$d(l> I and integrating this from C to the 
bounding surface, we get ^ypR^ sinddOd (f), so that 
jr _ I f ^ smdddd(l> 

0 — Jo sin^ 6 cos^cj) sin‘^ d sin^0 cos^’ 

p + ~ 

where Fq is the Potential at C, This, again, is the same as 

0 — sin^ 6^ cos^ sin^ 0 sin^ cj) cos^ 

^2 + ^ 

Integrating with respect to we have 

r - 2 ts sinede 

® ^Jo /,sia^d eos^^x /sin^tf C08^tf>. 

V y-^ + -c^)y-ir'^~?~) 

Putting tan ^ we have 

TT r o r 

Vf. = 2 TTypahc^ / 1 : 1 ^ : : ; 

<* Jo V{\+(^){a^ + c^t%b‘^+(»f^) 

or, finally, putting = X*, we have the symmetrical form 

FJ) = 2irypabc f — . .. . . ^2) 

“ Jo -/(a2 + A2)(i" + A2)(c2 + X2) 

Potential of Ellipsoid at any internal point. Let p (Fig. a86) 
be the internal point the Potential at which we desire to find. 
Drawing the ellipsoid pqr^ which is similar to the bounding 
surface BBA^ the values of X, Z p are due entirely to 

the matter within pqr. Hence if the axes of pqr are ha^ kb^ kc, 

we are to put = 0 in equations (3), (4), p. 323, and 

M = ^nk^pabc. 

Thus we have 

^ y 

^ Jo. >v/(>{;2^‘^4.A‘")»(F62+a2)(F6*2 + A2) 

Putting A^ = 

X= 4:TTypabc.xf - ^ (3) 


X = 4:TTypabc . i 


Similarly 

ro 

Z 4:Ttypabc , z I - 7 -——= 
v/« V(a2TT? 


fiAp. 




( 6 ) 
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Denote these values of X, X, Z by Cz^ the quantities 

B, C being obviously the same for all internal points. Then 
if r is the Potential of the whole ellipsoid at jt?, 
d X= Axdx + Bydy + Czdz. 

Integrating, 

7^7^^\{Ax^^By^^Cz^\ ( 6 ) 

Substituting the values of B, (7, just found, we have 

r= 2nypabc£ (i 

— . fy) 

The integrals involved in these several coefficients are easily 
reduced to the ordinary forms of elliptic integrals. Thus, as- 
suming that the axes in order of descending magnitudes are 
a, b, c, assume ^^2 _ J2tan®<^ — c*sec^0. (8) 

Denoting -/(a** 4- m®) (i* + M^) ^y/M> we have 

(Q\ 

/(m) v'a«-c2-(a2-i2)sin^</) ' ’ 

1 d<}> 

in the ordinary notation of elliptic integrals. Also 

— 1« — f 

M 

|0 sin*"!-- 

0 

• • C 

Hence, denoting sin"^ j by », we have 


T^_ 2iTYpabc 

° A</)’ 

TT dirypa^c r^coa^ <f)d(b , ^ 

r- /•' »”* W „, ,,,v 

(») 

The integral in (12) is reduced to elliptic integrals of the first 
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and second kinds by the formula (Hymers’s Integral Calculm, 
P'219) fd<^ _ I A»8in</.cos(#) 


A8</. “ k'^ 


<!>)• 


while that in ( 14 ) is reduced thus : 

r coi^(f>d(l> r dcot(l> fd<f>_ cot<f> C 

J A0 J A</) J A(f> A(/) J 

h' being the complement of Ic, i.e. F-f- = 1. 

Potential of an PllipBoidal Shell at any external point. Let it be 
required to find the Potential at P (Fig. 286) doe to the homo- 
geneous shell contained between pqr and pi r^v. By Art. 343, 

this Potential = — 7^ ;.=: — times the Potential 

produced at C by the shell PQms ; and since the axes of the 
outer surface, PQ, are kVa^-k-h?^ &c., it is easily seen that this 
latter Potential is 

Jo Jo 


Sn^Jco?^ sinTSsin^^ co^ 


But we have shown that the double integral in this expression 
is equal to 

?/ W f - . (16) 

where /(X) = 4- A^) ( 4 ^ + A‘^) (c^ -f K^), Hence if JFis the 

Potential of the shell pqr at P, 

dr^-inypahcMkr^^> (17) 

>'0 XW 

where x(m) is the denominator under the integral in ( 16 ). 

|QD CO 

We may put A^ + = v\ so that /a = r , and 

10 A 

dV =i^^Ttypabe ,kdkj 

But (p. 323 )M = + (c2 + xs)s]^'^^’ 

Hence integrating from A = ootoA = A2,soasto include the 
whole given ellipsoid, 

r= {[(3^< + (jsfp? + i 
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This is easily reduced to a simpler form thus* Let 

, r*r 1 

r=iitypabcj^^ + + 

[0(00 ) ~ 0 (A)] A A. 

Now taking the term in os only, we have 

r°° a!^ XiA. 

~ A, + 

1 • 

Adding the terms in y and Zy we have, since g— . "2 +*•• = ! 




r / \ / \ r*"/ ^ \A^A-n 

r=2^ypabc [<t>{cc)-<l>(K,)-J^^ 

-2vypa6cJ (1 ^2 + ^2 cHA'^^VlA)’ 


rVi__^! (19) 

a2 + A!S 6'^ + K^ cHA'VW ^ ^ 


Examples. 

. 1. Find the attraction of a homogeneous ellipsoid of revolution 
round the minor axis (oblate spheroid) on a particle placed on its 
surface. 

Here a = 6, and e = e' in equations (5), p. 324 ; therefore 

SyMxT^ u^du 

^Jo{l+e^uJ 

The integral is most easily found by putting eu = tan 6, We then 
find ^yMx,, , e , 

Z=— {e — tan“‘e). 

These expressions are of importance in the theory of the figure of the 
Earth. 

% A homogeneous fluid mass, self-attracting according to the law 
of nature, is acted upon at every element by a force proportional to 
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the mass of the element and its distance from an axis passing through 
the centre of mass of the fluid. Prove that an ellipsoid of revolution 
round the axis is a possible figure of equilibrium of the fluid. 

Let hr be the force emanating from the axis on a unit mass at 
distance r from the axis. Take the axis as axis of and assume the 
surface of the fluid to be an ellipsoid of revolution whose axes are 
c\/ 1 cV l + e\ c. 

Then the aj-component of force on a unit mass on the surface is 
(— .d + ^)cc, where A has the value in example 1. Hence if V is the 
potential at the surface 


dV = (—A + h)xdx + (^A + &)^d^—‘Czdz, 

which is zero, since if the potential is not constant over the surface of 
a fluid, there will be a force in the tangent plane causing a flow from 
one point to another. Also by differentiating the equation of the 
surface, we have xdx+ydy 


l+e'“ 


■ + zdz = 0. 


Hence we must have 


— ^ + 1 


Substituting the values of A and C from last example, and putting 
J/= where p is the density of the fluid, this equation 

gives Z..3 

h 3« = (3 + e®) tan“”'e. 

2'Kp ' 

Put k = ^TTp,qi then we have 


2qe^’{-9e 
3(3 + 6’’) 


— tan“’c = 0, 


which determines e, the eccentricity, in terms of q ; and c, the least 
axis, is known from M, the whole mass of the fluid. 

There is a major limit to the value of q in order that equilibrium 
in the ellipsoidal form may be possible ; but into the discussion of 
this, which is somewhat tedious, we do not enter. [See the Micanique 
Celeste, or BesanPs hydromechanics,^ 

^ 3. If from a solid homogeneous ellipsoid there be removed any 
complete ellipsoid, find the attraction at a point — (a) inside the 
remaining mass, (6) inside the ellipsoidal cavity. 

The attraction is to be found by considering the cavity to be filled 
with matter of the same density as that of the rest, and then sub- 
tracting the results due to the matter which is imagined to fill the 
cavity. 

Let the axes of the complete ellipsoid be taken as those of reference, 
and let the axes of the cavity make angles (oj, y^), (og, jSj, y^), 
(®8> Xs) with them. Also let the co-ordinates of the attracted 
particle with reference to these axes be (», y, z) and (a/, y\ «'), 
respectively, and let the components of attraction along these «ets of 
axes be (X, F, Z) and (X', r, Z'), 
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Then 


X = Ax^ Y = Z = (7«, 


where B,C are constants; and 


Z'= 4 V, r = Z' = (7V, 

where if the attracted particle is outside the cavity, A\ C' are 
variables, but if inside, constants. 

The whole force parallel to the axis of a on a unit particle is 
obviously X - (Z' cos Oi + r cos a* + ^'cos «,), 

with similar expressions for the components along the axes of y 
and z. 

If the attracted particle is inside the cavity, the level surface 
passing through it is easily found. For, the virtual work of the 
attraction of the whole ellipsoid iBXdcc-f- Ydy-\-ZdZy or \d(Aa? By'^ 
and that of the attraction of the small ellipsoid is X' Sxf 
+ F' dy^ 4- Z'dz\ 0 T\d{A V** -f- B'y ^'^ -|- O ' Hence the level surfaces 
inside the cavity are given by the equation 


+ = const. 

They are therefore quadrics. 

We could in the same way find the effect due to an ellipsoidal mass 
which contains in its interior another ellipsoidal mass (or nucleus) of 
density different from that of the remainder. If p and p' are the 
densities of the two portions (p'>p), imagine the whole to consist of 
a homogeneous mass of density p, and add the effect due to the 
nucleus, supposed of density p'—p. 

4. Prove that an oblate spheroid of uniform density cannot have 
its own surface for one of its level surfaces. 

[The condition that its own surface should be a level surface is 
3c 




3 + 6* 


j, which cannot be satisfied by any value of c, except 


tan~^e 
zero.] 

5. Prove that a prolate spheroid of uniform density cannot have its 
own surface for a level surface. 

[By putting e = 1 in the last result, the required condition 

becomes ,, 1+i 3k 

which gives by expansion 

(3-**)(l + P^+i**-h...) = 3, or 
which is, of course, quite impossible.] 

6. Prove that in the spheroid considered in example 2 the re- 
sultant attraction at any point on the surface is proportional to the 
length of the normal between that point and the axis of revolution. 

7. Express gravity on the surface of such a spheroid in terms of 
the latitude. 


1 2k^ 

. = 0 , 
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[The latitude of a point on the surface is the angle made with the 
plane of the equator by the normal at the point. 

If E denotes the value of gravity at the equator, (r the value in 
latitude A, and c the eccentricity of the generating ellipse, 

6^===— P=£==; 

€®sin®A 

BO that if € is small, the increase of gravity at any point above the 
equatorial value is proportional to sin* (latitude).] 

8. The components of attraction of a homogeneous ellipsoid at an 
internal point (cc, y, «) being Acc, By, Gz (as in p. 324), prove that 

iH-5+(7= — 4iryp, 
where p is the density at the point, 

9. From a continuous mass, M, a portion is removed and 

reduced to a state of infinite diffusion ; show that the work thus 
done is /Fdm'- J /F'dm', 

the integrals being extended throughout the volume of (while 
it forms part of M), V being the Potential at any point of M' due to 
the complete mass, V' the Potential due to A/' alone, and dm' an 
element of M\ 

10. A homogeneous ellipsoid of density p and semi-axes a, b, c, 
contains a concentric spherical cavity of radius r ; prove that the 
work done in filling the cavity with homogeneous matter of density 
p, brought from a state of diffusion, is 

where /(A) = \/(a* + A*) (6* -h A*) (c* + A*), and verify this result for 
the case in which the ellipsoid is a sphere (example 23, p. 310). 

(Use the value of V in (6), p. 326, and observe that 
A + — 47ryp, 

and also that fx^dm' =:/y^dm' —fz^dm^ = A'jrp’*®-) 

11. If the external level surfaces of any attracting system are 
confocal ellipsoids defined by the parameter A in the equation 

t ^ -1 

o» + a‘^6>+X‘^c* + X ’ 

shew that the potential is given by the equation 

„ M C ^ 

“ ’'TJ y(a» + X)(6*+ A) (c«+X)’ 

where M is the mass of the attracting system. 

(Transform the equation V* F = 0, which holds for all points 
outside the mass, into a differential equation in which A is the 
independent variable. Thus 

7 . 4 = 0 . 
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But if 2> is tlie central perpendicular on the tangent plane to the 
ellipsoid at any point, we easily find by differentiating the equation 
connecting A with a?, y, that 

d\ 2]y^x j , ^ o 




Section IV. — Green! s Eq^iation and Sj^herical Harmonics, 

346.] Green’s Equation. Let U and T be any finite and 

continuous functions of the co-ordinates of a point in space, and 

^2 ^2 

let stand, as usual, for the operation + 7^ + 4*2 • 

(ix^ ay^ clz^ 

Take any closed surface (Fig. 2^87, or 

Fig. ^74, p. 238); let d^i represent an ele- 
ment of volume of the space inside this 
\ j surface, and let d 8 represent any element 

y of area of the surface. Then we shall have 

Fig. 367. the following equation, which is due to 

Green : 

/Vrr72i7-^n C^VdY dU dV dUdV. , 

dn in this equation being an element of the normal to the sur- 
face drawn outwards, as in Art. 329. 

For, d£L dxdydz, so that the left-hand side is 

jJJ + 2 / + ^)<bd!,d.. 

, d'^V r d^V 

Consider the term U ^ separately. Taking / TJ dx^ and 

integrating between the extreme values of x, considering y and z 
both constant — i.e. in the figure, performing a summation along 
the line parallel to the axis of ^—we get 

rrrdV^ rrrdV. cdUdF. 


/Vrr72i7-^n Cridy .o CrdVdY dU dV dU dV . , 




dx dx 


in which the suffixes denote the values of the quantities in 
h^kets at the extreme points jp, and jPj of the integration. 
Fig. 387 represents the line Pi as meeting the given closed 
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surface in only two points, but our result holds whatever be 
the number of these points — observing that it must be an even 
number, since the surface is closed. Fig. p. 238, will repre^ 
sent the more general case if we imagine the line OQ to be 
parallel to the axis of x ; and with this figure the terms outside 
the sign of integration in (1) would be 



The integration along ^ performed in reality along a 

very slender parallelepiped whose transverse section is dy dz^ and 
not along a line. Multiplying the difierent terms of (1) by 
dydzy we have the right-hand side equal to 

( )/■*'*- j w S 

Now if dS.^ is the element of surface cut off by the parallele- 
piped at and if Ag is the angle (represented by the dotted 
line) made with the axis of x by the outward-drawn normal 
at , we have . (4) 

and if dS^ is the element of area cut off at while A^ is the 
direction angle of the outward-drawn normal at meaeured 
in the same sense as at j) 2 , we have 

dydz = — cos Aj . dS ^ ; (5) 

with exactly like results in the general figure, Fig. 274, p. 238, 
the cosines being negative at the points and positive 

at i^. Hence (3) becomes 

(^U^cosXdS) + (u'^cosKdS)-dpdzf^'^da>-, ( 6 ) 

and hence 

(7) 

A denoting the angle made by the normal at any point with the 
axis of X. 

In the same way, if /x and v are the angles made by the 
normal with the axes of y and z^ we have 
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Adding (7), (8), and (9) together, we obtain the equation (a). 
Writing down the value of /FV^Ud^l^ and subtracting the 
result from (a), we obtain 

/iuvr-rv‘u)da=j{u^-r^)ds. (s) 

If U is taken identical with F*, we have the result 

frvwda=jr%is-j[(-^)\ (^)% (,) 

Green’s Equation is probably the most remarkable and power- 
ful analytical result in the whole range of Mathematical Physics. 
It is put by Sir W. Thomson into the following somewhat 
generalised form 


= f u/-^d8-f<i>{u^ r, + v^r,)d£i, (s) 

where is any function whatever and 

' ‘ 

This is at once deducible as before. 

Green’s equation holds also for the space included between 
^ any closed surface S (Fig. 288) 

and any closed surfaces, 

/ iiicluded by 8, In this 

\ boundary of the space 

I ^ p * considered is not continuous — 

V ^ ^ J that is, starting from any one 

C point, Pi, on the boundary, it 

^ is not possible to reach every 

other point (such as P4) on the 
boundary by travelling merely over the boundary itself. 

The figure represents a line ijig***^ parallel to the axis of 

/ ^2 Y 

U dx is performed, and the 

lines P2^2> ••• ^^e the elements of the normals drawn 

outwards from the space considered, i.e. the space included 
between the contours of 5, Jfj, and 
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The functions U and V may be any whatever — subject to the 
conditions of being finite, continuous, and (as we shall assume 
for the present) single-valued. 

Take 17 = (7 =: any constant, for example, and the equation 
(a) becomes ^ 




V^rdQ=J^dS. 

If V is the Potential due to any attracting matter, 


( 10 ) 


(p. 280), and we have at once the equation 

-.47ryl/<=/iV^5, (11) 

as in p. 264 ; and if the surface 8 has all the attracting matter 
outside it, we have in the same way /NdS = 0 (p. 264) ; for in 
Fig. :z88 let the contour of represent any closed surfece, 
let represent any attracting matter outside this surface, and 
let 8 be any surface completely surrounding both. Applying 
Green’s equation (10) to the space included between the surfaces 
8 and 3/2 contours of these surfaces, we have 

-4 7ry3/i 

where N and dS refer to the surface 5, and and d8' to the 
surface of J/g. But, ignoring the surface of altogether, 
gives 

Hence 0, 

The quantity — V^F^is called by Clerk Maxwell the concentra'^ 
tion of V, Hence (10) asserts that if a function has no concen- 
tration at any point inside a closed surface, the surface-integral 
of the normal variation of this function over the surface is zero. 

As another example, take [7 = F, and let V be the Potential 
due to any attracting matter. Then the equation becomes 



dS + Jma, 


(*) 


where B is the Iresultant force . intensity at any point inside 
the closed surface, dm ^ pdQ*^ element of mass at any point 
inside, and y,as usual, the gravitation constant. Now (Art. 331) 
the left-hand side of (e) is 8iry times the Potential Work of 
the attractive forces of the system, or, in other words, Biry^times 
the amount of work done by these forces in bringing the system 
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from a state of infinite diffiision to its present configuration. 
Hence the right-hand side is another expression for the same 
thing. A simpler expression is obtained by taking the closed 
sur&ce S of infinite size, i. e. every point of it at infinity. Now 
if none of the attracting matter is infinitely distant, T = 0 at 
every point of this infinitely distant surface ; nevertheless the 

integral i® finite and =— 4wyilf, where M is the 

%j r dV 

quantity of the given matter. Hence / ^ over this sur- 
face must be zero, and we have 

^■nyfVdvi — J'S^dQ,, (C) 

the integral on the right-hand side - being taken all through 
the attracting matter and through infinite space outside the 
attracting matter, and the work required to reduce the given 
self-attracting system to a state of infinite diffusion is 


\i!yj 


the integration extending through all space outside the matter^ 
and through the matter itself . 


Examples. 

• 1. Take the case of a homogeneous solid sphere of radius a. 
Then at any point inside V — 2TTyp{a^—ir^), r being the distance 
of the point from the centre. We may take dm = 47 r/)r®o?r, and 

we find I fYdm = -|y — , where M = mass of sphere. 

® y M 

At any external point R = ; therefore 

y* E^da = ^ drdixdd> = 4 Tr/Jf" X- 

At any internal point R z=z ^^Ttypr, •. fR^d£l = ^7ty^M^.~; 

CL 

and the sum of these two integrals divided by 8 Try gives the same 
value of the Potential work as before. (See p. 310.) 

2. Supposing that a sphere of water is brought together by mutual 
attractions of particles from a state of infinite diffusion, find its radius 
if the amount of work done by these forces is sufficient to raise its 
temperature 1®C. 

Let a centimetres be its radius. Then the number of ergs done by 
the forces is f yif® . where M = its mass in grammes = |7ra*. 
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But 1 water-gramme-centigrade degree is equivalent to 42 x 10** 
ergs (Joule's Dynamical Equivalent of heat). Hence the heat, in 
ergs, required to raise M grammes through 1® is 42xlO®xJ/. 
Therefore i 

|yJ/2.-=42xlO«xJf; 


and we know that y = dynes (Art. 321) ; 

1543x 10* 


a — ^ 


210x1543 


x 1 0® centimetres 


= 16x10® (roughly). 

Now the Earth's radius = 637 x 10® cms. ; therefore the diameter 

. , Earth’s diameter 

of the required water sphere = , roughl3^ 

,3. If any surface, enclosing a given distribution of mass is a 
surface of zero potential for this mass, the potential of the system is 
constantly zero at all points outside S. 

Draw an infinitely distant sjihere enclosing the system, and apply 
Green’s equation, taking C/ = F, to the space between this sphere and 
the given surface S, The volume-integral y'FV^F. taken through 
this space is zero, since V^F is everywhere zero. Also the two surface- 

/ dV 

V — dSy one taken over S and the other over the infinitely 

distant sphere, both vanish — the former evidently, the latter because 

F is of the order while is of the order and dS is of the 
r dn 

type r^dfjLdcj), so that the infinitely great value of r reduces to zero 
d V 

each term F -y-dS. Hence Green’s equation reduces to = 

dn 

where, as in (e), Art. 346, R is the resultant force-intensity at any 
point in the space considered ; i? = 0 at each point, i.e. F is con- 
stant, and equal to zero everywhere. 

4. If for each of two different material systems, M and M\ a cer- 
tain surface, /S', which encloses both, is a surface of constant potential, 
all the external level surfaces of M are also level surfaces of M ' . 

For, let A be the constant value of the potential of M on and let 
be the constant value for M' on S» Then, if we increase the 

density at every point of in the constant ratio we obtain a 
mass system occupying the position of whose total quantity is 
and whose potential on *5 is A. Reverse the sign of every 

Ax 

element of this new mass, and take this reversed system conjointly 
with M, We then have a mass system, M— -j-fM', producing con- 
stant zero potential over the surface S, and therefore at every point 
VOL. II. ' Z 
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outside S, by last example. Hence every level surface of M between 
S and infinity is also a level surface of M\ and the ratio of the poten- 
tials is, on all, * 

Thus is proved the equivalence of the ellipsoidal shell, qp\ Fig. 286, 
with the shell Qs so far as attraction at all points outside both, or at the 
outer surface of the latter, is concerned. 

5 . If two different masses of equal amounts have the same external 
level surfaces, prove that y ff p U dxdydz is the same for both, where 
U is any function satisfying Laplace’s equation. 

By example 16 , p. 309 , we see that their Potentials must be 
identical at all external points. Let V be the Potential on any 
common level surface. Then applying Green’s equation (^), p. 334 , 
to the volume and surface of this level surface, we have for one of 
the masses r C dV CdU ^ 

-i,yfufda=fu^ds-rj^ds. 

Now since U has no concentration inside the surface (p. 335 ) we 
Cd U 

have / — dS = 0 ; also pd^l = dm = the element of mass; therefore 

J 4:TTy J dn 

dV 

For the other mass — is the same as for the first, since their 
dn 

Potentials are equal at all points. Hence for it 

which gives fJJdm = fU dm\ as required. 

If the two masses are not equal, these integrals are proportional to 
their amounts; or fUdm _fUdm' 

M “ M' 

6 . If two different masses have thq same external level surfaces, 
they have the same centre of mass and the same principal axes at 
this point, and their Ellipsoids of gyration are confocal. 

For, let I/' = a? in (a), and we have a = ^. Similarly iiU = and 
U =5?, we obtain y =y, &c. We may take the centre of mass as origin. 
Secondly, let = ajy (which satisfies = 0 ) ; then 


~Jxydm=^,jxydm'-, 


SO that if the products of inertia round the axes of co-ordinates 
vanish for the first mass, they also vanish for the second. Take the 
principal axes as axes of co-ordinates. 

Thirdly, let U = and if are the principal 

moments of inertia, we have 

1 (S+C'-24)= A(5'+C"-2^0- 
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Two similar equations also follow. Hence 

XX. 

M~ M''^ ' M~ M’ ’ M~ M' 


7. Prove that the mean value of any continuous function, taken 
over a sphere of radius a exceeds the value which the function has 
at the centre of the sphere by 

this integral being taken through the volume of the sphere, and r 
being the distance of any point from the centre. 

Round the centre of the sphere describe a circle of extremely small 
radius, 6, and apply Green's equation to the space between the two 
spheres. This space has for boundary the surfaces of the two spheres. 

Let taken as U, Then from (/3), Art. 346, since = 0, 



h^dS- 

a' dr 



dS 



dS^ 



dS, 


the integrals with suffix 1 referring to the surface of the outer sphere 
(for which dn = dr), and those with suffix 2 to the surface of the 
inner (for which dn = —dr). Now the first integral on the right- 

hand side is zero, *.• r a i the third integral =: (j)dS ; the 

fourth = — 0^*3 '=— 477 <^)q (where is the value of (jy at the 

centre) because <fy at every point on the surface of the small sphere 
is very nearly constant, and J*dS = 4 716 ^. Also the second integral 

is zero, because ^ is very nearly the same at all points on the small 
dr 

sphere, and r = 5 at all points, so that this integral 




which is infinitely small since h is so. Hence we have 


which gives the desired result. 

If (jy is the Potential of matter wholly external to the sphere, we 
have the result in example 12, p. 306. 

If there is matter internal as well as external to the sphere, it can 
be shown at once that the mean value of the Potential on the surface 
is equal to the Potential at the centre due to the external mass, plus 

z 2, 
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the Potential which would be produced at the centre by distributing 
the internal mass as a shell over the surface ; in other words, 


4 IT a 








8. If is any function of the co-oi’dinates of a point, P , and round 
P as centre a small sphere, of radius r, be described, prove that if (|) 
is the mean value of <#> (i.e., mean volume-value) for all points within 
the sphere, 0 _ ^ ^ ^2 y 2 


347.] Remarkable Consequence of Green’s Equation. The 
first result that we shall deduce from Green’s Equation is the 
following, which is of fundamental importance in the theory of 
Attraction — 

There canvot he two different fwictions which both satisfy La- 
places equation at every point of a closed region of space ayid which 
have both the same value at every point of the surface or surfaces 
bounding this region. 

If possible, let there be two different functions V and U such 
that at every point in the region enclosed by the surface in 
Fig. 2^87, p. 332 , or at every point in the region included between 
the surfaces of and in Fig. 288, we have 

0 and = 0, 


and also such that F U at every point on the bounding surface 
in Fig. 287, and at every point on the surface 5 , every point on the 
surface of and every point on the surface of in Fig. 288, 
Then our theorem is that V and U must be identical. 

For, by Green’s equation, if </> is any function, 

in which is any element of volume of the space considered 
and an element of area of the boundary. 

Let ^ = r— U. Then by hypothesis = 0 at every point 
in the volume, and ^ 0 at every point on the boundary ; hence 

($)>=«• 

Now this asserts that a summation of a sum of squares is 
zero, which cannot be unless every term in the summation = 0. 
Hence at every point in the volume considered we must have 

dV ^dU ^ 

doo ^ dx * dy ^ dy * dz dz ^ 

and these require V ok every point of the included space. 
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The application of this result to the theory of Potential is 
obvious. distributions of attracting matter 

and S an infinitely distant surface. If no portion of the attract- 
ing matter is contemplated as at infinity, the Potential has a 
zero value at every point on 5. Then the Theorem just proved, 
when applied to the region included between the infinitely distant 
surface and the contours of 31^ and 31,2 — i-e* to the whole of the 
space external to the masses and 3/^ — comes to this : if we 
know any function, F, of the co-ordinates (a?, y, z) which vanishes 
for all points at infinity, which at every point on the contours of 
31^ and J/g has the value of the Potential of these masses at the 
point, and which at every point outside these masses satisfies 
Laplace’s equation = 0 ; then F is the Potential produced 
by the masses at any point (a?, z) of the space external to them. 

For, the Potential satisfies all these conditions, and as there is 
only one function which can do so, the given function, F, must 
be the Potential. 

348.] Central Solid of Revolution. Theorem of Legendre. 
For the case in which the attracting matter forms any central 
solid of revolution we shall now prove the following remarkable 
result which was first proved by Legendre : ^ in the case of any 
body which is symmetrical^ both as to shape and to density^ about an 
axis^ we know a Potential function {of x, y, z or any other co- 
ordinates which determine the position of a point) which for all points 
on the axis outside the body is the Potential of the body at these 
points, this function is the Potential at every pioint outside the body. 

[The expression ‘ Potential function ’ is here used for brevity 
to signify one satisfying Laplace’s equation, = fi-] 

Legendre’s proof of this theorem (which is that commonly 
employed) will be subsequently given. The following seems to 
be more simple and elementary. 

The Potential for this case must be simply a function of the 
two cylindrical co-ordinates z, C (Art. 329). Hence if F is the 
Potential at any point, 

d^F d^F . IdF ^ ... 

dz^ (le c dc ' ^ ^ 

Let U be the function which w^e know, and which satisfies the 
conditions above enunciated. Then U also satisfies (1). Let 

= T— U ; then </> also satisfies the equation (1), or 
.d^^ d<t>_ 

^^dz^ ; + dc~^' 


( 2 ) 
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Now all along the axis of z we have ^ = 0, and therefore 


With these conditions, and with the condition that (2) holds for 
all values of ^ and we wish to show that all the differential 

coefficients of </>, such as > vanish at all points on the 

axis of 2 , 

Firstly, at all points on the axis of ^ (since f = 0) we have 

V (2) d<t> 

— ^ = 0 

Again, differentiating (2) with respect to ( and putting C= 0, 
we have ^ 

Differentiating (2) # times with respect to C, we have by 
Leibnitz’s Theorem 

so that at all points on the axis of z 




Hence if at all points on the axis -- -- ^ = 0, we shall have 

^ T. .deb ,d^d>, , y' 

~ iiave both been proved to vanish 

at all points on the axis, and therefore all the differential co- 
efficients of ^ with respect to C vanish on the axis ; and hence 
also, on account of the independence of the order of differentiation, 

all of the form vanish on the axis. 

Now, by Maclaurin’s Theorem, if (ft =/ [z, Q, we have 

^dd} \ 

where (f>Q, \-^) » ••• mean the values of (l> and its differential 
coefficients when (0, 0) are put for (z, ^). Hence, by what has 


— — = 0, we shall have 
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just been proved, (f> is zero everywhere — that is, V is identical 
with U. 

The same proof shows that if we know a Potential function, i7, 
which at every point inside the attracting mass satisfies the 
equation V^U = — 47ryp, and if U for all points on the axis of 
symmetry is the Potential, it is the Potential for all points in the 
mass. For, putting <^ = T—iT, we have still the equation (2), 
with all its consequences, for <!> ; and, as before, we prove 0 = 0 
for all points. 

349.] Laplacians. Let 0 be any fixed origin, P a point 
whose polar co-ordinates are (r, d, 0) and P' a point whose 
co-ordinates are (/, 0'). Then, denoting, as previously, 

cos 6? by fx and cos d' by pi', the reciprocal of the distance between 
P and P' is 


y - - — ' 

V — 2 r/ {fjLf/ 1 — V 1 — pi' ^ cos (0 — 0')} 

Now since the reciprocal of the distance between P and any 

other point is the type of a Potential function ip^ 

the Potential at P due to a mass m condensed at P'), it follows 

that the expression (a) satisfies the equation ~ ^ 

where -f ^ , or its equivalent opemtion in 

dy^ dz^ ^ 

(^j <#>), or in {z, C 0) ; and again that (pp?) ~ where 

V'^ signifies the same operations with reference to the co-ordinates 
ofP'. 

Again, the expression (a) may be developed in an infinite 

/ 

series proceeding by powers of the ratio — , or of the ratio 

?* . ^ » • 

-7, the coefficients of these successive powers being functions of 

T 

pt, pi', 0, 0'. Moreover, any one coefficient — as, for instance, that 

i ^ 

of (— ) — is a rational integral function of pi, v'l~pi2cos0, 
— pt^ sin0, and ia the very aame function of pt', f 1 — pt'‘^ cos0', 
\/l —pi^ sin 0'. It is, again, obviously the same whether 

T T 

is developed in powers of or of — • 
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Let this development be 

1 If ^ 'I 

The coefficients of this development possess very remarkable 
properties, and we shall call them Laplacians^ after Laplace, to 
whom their employment is due. 

Thus is the Laplacian of the degree. We may speak of 
it as the Laplacian of the degree for the two points P, P\ 
whose angular co-ordinates are involved in it. 

If, regarding /, </>' as constant, we perform the operation 

on the right-hand side of (/3), since the result is zero for all 
values of r and /, the coefficients of the several powers must all 
separately vanish. Thus we must have 

= «• (y) 

Similarly, if, regarding r, jx, as constant, we perform the 
operation V'^ we must have V'^{r'*Li) = 0, and therefore of 
course, by symmetry, _ q 

Substituting for F in (6), p. 281, we have the differential 


equation 






— j +^(^4- = 0, (e) 


and the substitution of r*L^ for V gives exactly the same 
equation. 

The value of L- can, of course, be found by simple binomial 
expansion of (a) ; but such a method is very tedious, and we 
shall adopt a different one. 

Let X be put for /x/x' + v^l a/i — cos (<#> — </>'), and let 

(1 — 2X^4'^^)^= 1 — osh, 


This gives 


gs = X4-^ - 


from which we can expand x in ascending powers of k by La- 
grange’s Theorem (Williamson’s Piff. Cal,^ chap. VII.). 

Thus 
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Now from (l) we have — = (1 — 2A.A-f whichby hypo- 
thesis, when expanded in powers of h is 

“b -^2^^ “b . . . 4- 4* . . . . 

Differentiating (2) with respect to X, and identifying the 

dx 

coefficients of hf’ in the two values of -t- , we have 

ak 

T. _ 1 


Pig. 389, 


By actually expanding 1)* and differentiating, we have 

A- = ^[2 * (2 i- 1). . .(* + 1) V - &c.]. 

which shows that is a rational integral function of the 
degree of fx, \/ 1 — y?' cos <#>, V I— y? sin (j!), 

and the very same function of /x', ^ ^ 

V'i — cos (/)', V\— sin </)'. ^ 

In the figure (Fig. 289) let the spherical 
triangle be that in which a sphere is 
intersected by the axis of z (from which $ 0 

and & are measured), and the lines OP 

and O'P'; these lines meeting the surface in respectively. 

The point 0 being the pole from which angles are measured, the 

function satisfies the differential equation 

but if y is taken as pole, the expression for PP' involves only 
OPy OP\ and cosyj/ (or A), without any term in longitude. 
Hence we have 

and putting here for the development (^), and equating to 
zero the coefficients of the several powers of r, we have 
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being given by (C), and satisfying (»?), we conclude generally 
that any function, X of the form 


( 3 ) 


where (t does not involve will satisfy the equation 


The value of as given by (f) is not of much practical use. 
To make it useful, it must he exhibited as a series of cosines of 
multiples of <#> — <#>' (which we may denote by a>) thus : 

= Jf^ + il/icosca+il/g cos 2<*) + ... -f il/i cosico, (5) 

the series ending with cosio), because the highest power of 
cos o) in is the and we know by elementary Trigonometry 
that 


2*'"^cos*ct) = cosi<»>+ 2 cos(i— 2)a)-f 


-^--'^COS 4)6)+ .... 


Laplace deduces in the desired form (5) by elementary 
algebraic processes; but as we prefer to present it in a more 
succinct form than that given by Laplace, we shall turn in the 
next Article to the consideration of functions, generally, which 
satisfy the equation V^F = 0, 

It is to be observed that if /x = /ut' and (f) = </)', the points 
p and jd' (Fig. coincide, and PP^ = r— /, so that every 

Laplacian becomes equal to unity — as is verified by putting 
A = 1 in (C). 

In general, any Laplacian for two points, p and p\ has 
reference to a certain fixed point or pole^ 0 , and is a function of 
the position-angles (d, cf), d', </>') of these points with regard to 
the pole. If either point, as p, is taken as pole, the Laplacian 
(being always simply a function of cos xj/) will reduce to a function 
of f/ alone, and its value is then obtained by taking fx = 1 and 
0 in its general expression. In this case — i.e. when one 
of the two related points in the Laplacian is the pole — the 
Laplacian is called a Legendre's coefficient^ which therefore ex- 
presses exactly the same thing as the Laplacian, but by a 
transformation of co-ordinates. In this special form these 
functions were employed by Legendre before Laplace used them 
in the general form. 
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350.] Spherical Harmonios. To determine a homogeneoue 
function of x, g, z, of the most general form, which satisfies the 
equation = 0. 

Firstly, such a functiou involves 2i + l arbitrary constants, 
because it contains f (» ’+ 1 ) (2 + 2) terms; and being' a 

rational integral function of degree i — 2, will contain |i(i— 1) 
separate terms. The condition that should vanish for all 
values of x,g, z is that the coefficient of each of these — 1) is 
zero; so that we have ^i{i—l) equations between the^{i+l) 
(r+ 2 ) coefficients. This leaves 2? -f 1 of them independent. 

Changing from Cartesian to polar co-ordinates, such a function 
will be of the form r'Y,, where Y( is, of course, a rational, in- 
tegral, and homogeneous function of p, fl—ix^cos^, and 


n/1- 


sin</), and Y^ will satisfy the equation («), p. 344 

rr + *(*' + i) = 0- 


d_ 

etn 






1 -/ 4 .^ d<t)^ 


( 1 ) 


We can now show that a value of which is the product of 
a function of fx only and a function of (f) only can he found to 
satisfy this equation*. Let F. = i!/4>, where M is a function of 
/ut only and a function of (\) only. Then we have 






Assume 

where ^ is a constant. 


1 d^^ 
Then 


3r ld^<P 
1-/^2 ‘cp d<i>^ 


= 0 . 


( 2 ) 

( 3 ) 


^ = A cosn(f>'\- JB sinn<p, (4) 

Equation (2) for 31 now becomes, putting* k for i (i-f 1), 




d^M 


• 2/a 


dm 

djx 




Now if V = — — - y we have shown (last Art.) that 


(5) 


( 6 ) 


and we proceed to show that x can be determined so that the 
value = X will satisfy the equation (5). 


♦ This method is found in Ferrexs’s Spherical Harmonics, p. 78, a work which 
ought to be studied by IMi student who desires to pursue this subject further. 
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For brevity denote ^ by j^i^y f.+i. X . &c- 

Then (5) becomes 

(1-M^)x*’*+2+2 {(1-m’^)x'-MX}*’«+i ^ 

+ |(l-f^^)x"-2Mx'+(^-Y^2)x}^«=0. (7) 

Differentiate (6) n times, employing the theorem of Leibnitz. 
Then 

(1-M®)*'«+2— 2(l+«)M*’n+l+{^-«(«+l)}^» = 0- (®) 

Now identifying (7) and (8), if possible, we have 

0-M^)x' + «>*X = 0 , (9) 


(i-m®)x"-2mx'+«|»+i-y3^|x = 0; (lo) 

and since (lO) is deducible from (9) by differentiation, the iden- 
tification of ( 7 ) and (8) is possible. From (9) we have 


where a is any constant. Hence 
and the function 


(«) 


where n may obviously be any integer from 0 to i, satisfies the 
equation (l); and this function when multiplied by r* is the 
type of rational integral functions of a?, y, z satisfying Laplace’s 
equation V^F z=z 0, 

All such functions are called Spherical Harmonics. 

/ . 

The coefficients of the various powers of — in the expansion 

1 . f 

of -p ^ , which we have spoken of as Laplacians^ are, of course, 


Spherical Harmonics particularised. 

The function r^T. (which is a homogeneous function of 
y, z) is called a Solid Spherical Harmonic, or simply a Solid 
Harmonic, of the degree ; while the portion which is 
a function of fx and 0, is called a Surface Harmonic. 

Again (see Art. 329) corresponding to a Solid Spherical 
Harmonic f^Y^ of positive degree, i, there is a Solid Spherical 

j 

Harmonic, -jipj , of negative degree, — (i + 1). 
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Any expression of the form (/3) is called a Tesseral Surface 
Harmonic of degree i and order n. 

When ^ = 0^ the Tesseral Harmonic becomes 

dyf ^ 

multiplied by a factor independent of fx, and this is called a 
Zonal Harmonic of the degree. The Zonal Harmonic of the 
degree becomes identical in form with the Laplacian when jf 
is taken as pole (Fig. 289), and in order that it may assume 
the value unity when /x = 1, we take 


1 

^ 2 * dy^ ^ 

(p. 346) where we use^i^ to denote the Zonal Harmonicof the 
degree. 

It is evident that the sum of all such terms as (/3), each mul- 
tiplied by an arbitrary constant, n receiving all values from 
0 to i both inclusive, wdll satisfy (1); and that this sum of 
terms gives us a function, involving 2i+l arbitrary con- 
stants. It is, therefore, the function sought. 

It is thus seen that the Zonal Harmonic is the base or 
source of the general Spherical Harmonic of the i^^ degree. 
Thus, for example, the Spherical Harmonic of the 3rd degree is 
derived from the source j ^3 

i.e. from 120iu^— 72jui, or, neglecting a numerical factor, from 
5/x^ — 3jut; and this Harmonic will be the sum of the terms 
obtained by giving n the values 0, 1, 2, 3 in the expression 

(1 — (5/x^— 3fx) . [A cosncf) -f- JB sin?i<jf>). 


It is therefore of the general form 

Aq (5/x^ — 3jut) + (1 — /x^)^(5/x^ — 1) COS0 + Bi sin ((>) 


+ (1 —y^)fx{A 2 cos2<^ + 52^1^2 (p) 

-f ( 1 — (^3 cos 3 </) + ^3 sin 3 </>), 

the coefficients A^^A^, ,,, being all arbitrary consfants. 

The corresponding Solid Harmonic is obtained by multiplying 
this by r®. 

The homogeneity of the expression for as a function of /x, 
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■v/l— n®cos0, -y/l— fi=*Bin<#i may not be at once apparent. For 
example, the term Jq{ 5 h^— 3 h) comes from the function 
^,{5^®— + or Afy{ 2 z^ — 3 x^ — 3 y^)z, 
from which the term in ^ disappears in consequence of the 
relation sin® <#> + cos® </> = 1. 

We are now in a position to express the Laplacian L^. Since 
it is a spherical surface harmonic of the i*** degree both in the 
co-ordinates (f*, 4>) and in the co-ordinates and involves 

both in identically the same way, its general term must be 

A(1 -4 (1 -mY cos« (<#>-<#.'), (S) 

where is a factor i dependent of 4, /x', 0, 0' ; and is the 
sum of all such terms obtained by givings 7 i values from 0 to % 
inclusive. 

For the purpose of actual calculation, it will be better to 
write the coefficient of cos ^ (0 — 0') in the form 

cn u'hi <) 

M j (A IX ) + n ^ ^ 

Since the determination of 0 ^ is merely the analytical pro- 
cess of identifying the expression (e) with the coeflicient of 
cos ^(0—0') in the value of given in (C), Art. 349, we may 
obviously suppose 4 = 4^ In this case (e) becomes 

and the highest term in 4 in this expression is 

( 12 ) 

Now using o) for 0—0', in this case 

A = 4^ 4. (1 — cos a> ; 

A® - 1 = (2 sin |) 1 ) (#i® sin® | + cos® |) 

= (28in^) +^)» 

if we put — 1 = £• 

Again, 4 - = — - — • Hence the value of i/, becomes 

a\ o • s“ *6 
2 sin® - 
2 




( 13 ) 
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We shall derminine by equating the coefficient of the 
highest power of (x (or of £) in the coefficient of cos 9i<^ in (13) 
to the expression (12). Now obviously the highest term in ^ 
“(13) is o,- 1 


\i sm 2 


SO that the highest term in /ut is 


sin^^-'/u^^; (14) 

and the coefficient of cos /ico in this must be identical with (12). 
But, by elementary Trigonometry, 

( — iy.22»sin2M= 2 cos2e^+... 

+ (—1)^2 cos(2i~2j?)g-t- .... (15) 

Hence if jo = i— we have 
(— 1)* . 2^* sin^*’~ = 2 cos ia)+ ... 

4- ( — r-r cos^a)4- 

therefore by (14), 

Cn{2i ly 

1 2i. 2^-l...i-f 1 2i.2/— l...e + w + l 


As before said, n is to receive all values from 0 to i, and when 
91 = i, the expression | is to be taken as unity. 

When w = 0, the value of C given by (r?) must be halved, 
because there is a middle term in (15), which is independent of 
< 0 , and it is not multiplied by the 2 which affects all the other 
terms* 

Hence for the Laplacian of the order, we have 
= (2< \i^ ( 1 -M ) ( 1 Ml 

in which the first term (corresponding to = 0) must be halved. 
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351.] Fundamental Property of Spherical Harmonics. If 
and are any two Spherical Harmonics of degrees i and i', 


ri r 2 n 


or, in other words, /T^Z-idS extended over a sphere of unit 
radius is zero — that is, the spherical mrf ace-integral of the product 
of any two Spherical Harmonics of different degrees is zero, 

For;' V^ which gives ( 1 ) Art. 350 ; and (Art. 329) 

Similarly V^Z-f = — 1)^* Now in Green’s Equation, 

(^), Art 346, let F F^, U — Z>, and let the integrations be 
extended through the volume and over the surface of a sphere of 
radius a. Then, the centre of this sphere being the origin of the 

co-ordinates (r, /ut, 0 ), it is clear that = 0 = • Hence we 

liave r gci 

But dO^ = r^drdpdcl), and F-Z/ does not involve r; there- 
fore we have 

[i (e q- 1 ) — i' -f* l)] affF^ Zj dixd<f} = 0 , 
which gives the result (a) except when i == i'. 

We postpone for a moment the investigation of the value of 
the double integral when I and F are the same. 

352.] Spherical Harmonic Expansion of a Function of g 
and <p» Let P (Fig. ^^ 77 , p, 257), be any point outside a spherical 
surface of radius a, at a distance R from the centre, and let r 
be the distance, PQ, between P and any point on the surface. 
Then if dS is an element of surface at Q, we have 

CdS _ 2‘na f 1 1 ) 

Jlr"" (n-2)B ~ (R^f^^y 

as is easily found by using for dS the expression (A), p. 258. 
Hence wherever P is, we have 

((«+<■)--(«—)-(■ w 

If P is at i.e. on the surface, its distance from one of the 
surface elements becomes zero, and R :sz a \ so that the left-hand 
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side of (a) assumes an apparently indeterminate form. (See, how- 
ever, the remarks, p. 254.) But it is really finite and, as the 

right-hand side shows, equal to 


>n— 1 


TT 


n — 2 


n— 2 


Of course, of the whole surface of the sphere it is only an in- 
finitely small element of the tangent plane at A that contributes 

to the integral, each element, (-S^ — of the integral being 

zero when r is appreciable, H being equal to a. 

Again, if U is any function of the co-ordinates of a point, 

(a?, y, z) or (r, /la, 0), the value of (j?^ — a^)***'^ f when P is at 

A is obviously Ua X — J , assuming that when 

r is anything different from zero, U is never = oc ; because in 
this case it is only an infinitely small element of the tangent 
plane at A that contributes to the integral. In other words, if 
for no point, Q, on the sphere U is oc, we have 




JiJ = a ^ 






(y) 


where Ua denotes the value of U at A, 

We may assume U to be, definitely, a function of fx and <#>, 
which does not become infinite at any point. Take the case 
^ = 3. Then denoting by dashes the values of functions at 
variable points on the sphere, such as / (Fig. aSq, p. 345), the 
ftinctions without dashes belonging to a fixed point, p, on the 
sphere, we have 

(S) 


Now taking = R^^2aBk + a^f with the same meaning of 

dr R — a\ + 


A as in Art. 349, we have ^ = 


2Rr 


and 


i ^ 

dR'^ 7^' dR 


VOL. II. 


P2- 


2Rr^ 2Rr 


; therefore 


P2. 


dX 

T 


dR T 


(1) 


A a 
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Now 



therefore (1) becomes 

Multiplying both sides of this equation by U^dS^ that is by 
we have, whatever be the value of 72, 

y'™= L,U'd/d<t>'+ 3 ^fj L,U'di/d<l>'+... 

+ (21+1)- Jfz,U'd/dct/+...y, (e) 


the limits of fx being 1 and — 1, and those of 0 being 0 and 27 t. 
Now put 72 = in this equation, and we have, by (6), 
//L^U'dix'd<t>' + 3 f/L^ U'd^'dit/ + . . . 

+ (2 i + l)ffL, U'di/d(l>'^,..=^^TrU. (C) 
As a particular case let ?7 = = any Spherical Harmonic of 

the degree. Then, since 7/< is also a Spherical Harmonic of 
the same degree, every term except one in (f) vanishes by last 
Article, and we have 

which expresses a most remarkable property of a Laplacian, 
namely — ^ over a apJiere there he taken the suTface^integral of the 
prodiict of any Spherical Harmonic and the Laplacian of the same 
degree^ i, with reference to any fixed point on the sphere^ the result 
is the value of the given Spherical Harmonic at this fixed pointy 

multiplied hy - • 

This result enables us to express any function of /x and tp 
which does not become infinite for any values of ix and (p in the 
form of a series of Spherical Harmonics. 

Thus, let U be the given function, which belongs to the fixed 
point p, Kg. p. 346, and let 

(3) 

the quantities ... to be determined. 

To determine 1^, substitute running co-ordinates /tx', (those 
of in both sides of (3), multiply by L^ where 7/,. is the La- 
placian of the degree for p and p', and integrate. 
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Then by (»?) and last Article, we have 

Ti = • ( 4 ) 

and by giving i all values from 0 upwards, we find the series 
of r‘8. 

The above method is due to Ivory (see Todhunter’s History of 
the Theories of Attraction^ &c., Vol. II, p. 261). 

It is scarcely necessary to observe that a given function of m 
and can be expanded in only one way in a series of Spherical 
Harmonics ; for every Harmonic of the series is perfectly and 
uniquely determined by (4). 

There is, however, another method by which a function of fx 
and (j) can be expanded in a series of surface Harmonics without 
integration and the employment of Laplacians. To explain this 
method, suppose F(os, y, z) to be any rational, integral, and 
homogeneous function of a?, y, z of the n^^ degree. Then this 
function can be expressed in the form 

F{x,y,z) = -S’„+r2 5„_2 + r*AS„_4+..., (5) 

where , . . are solid Harmonics of degrees — 2, . . . , the 

last term being r'^S^ if n is even, and if n is odd. 

Terms involving odd powers of r cannot appear in (5) ; for we 
can easily prove that 

V^,r^S^ + ( 6 ) 

being a solid Harmonic of degree q. Now if a term 
occurred in (5) and we performed the operation on both 

sides, this term would give rise to the only term in i in the 

equation. Hence this term must be absent. Similarly a 
term could not occur; for, after performing twice on 

each side of (5), we should have the same result as before. 
Successive performances of the operation on (5) will give the 
required Harmonics ••• if ^ i® even, or /S3, ... 

if « is odd, in this order. 

For example, to express in the form (5). Let 

xyz^ =. 8^ + t^S^ + r* 81, ( 7 ) 

^xyz = 18/93+ 28r2/9j, 

0 = /9„ 

by performing twice. Hence ^3 = i a?y-^, and (7) gives 

^6 === i (2 

Kdi,% 
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Now this enables us to exhibit sin^^ cos^^ sin <j> cos as a series 
of surface Harmonies ; for when this is multiplied by r®, it 
becomes and we have 

r® sin^ 0 cos® ^ sin <p cos <^ = i (2 — y^) + i 

so that the given expression in 0 and <l> is of the form Fg + I 3 , 

where = and r3 = ^3^ry^, 

and j; = /;t®)sin<;)COS«#). 

/ I /'2ir 

/ TiZ^dixdff). The spherical surface- 

integral of the product of two Spherical Harmonics of the same 
degree is found by Laplace very simply from the results of last 
Article. 

Denoting by M„ the factor in m in (iS). P- 348, we may write 

Yf=: J^M^+Mi{AiC0s<t> + Bj^3m(t>) + ... 

+ M„{A„coan(l> + S„Bmn4))+ ( 1 ) 
Zf = + cos (/) + 5i sin (/>) + ... 

+ if„(a„cosa(#) +i„sinM^) + ... ; ( 2 ) 

the two functions differing simply in their constants A‘s, £‘s, 
a% i‘s. 

Now since in the integration <#> runs from 0 to 2w, it is 
obvious that the integrals of all products will vanish except those 
of the type 

If,® (A^ cos n<t> + B„ sin n 4>) (a„ cos n<f> + b„ sin » ^), 
and the integral of this is 

'n{A„a„ + B„b„).M„^, (a) 

but for the first term the integral will be 

2’nA^a^M^. (o') 

We have therefore to find J M^dfx, which Laplace finds as 

follows. With the notation of Art. 350, write 

cas + ... 

C„M„M„'coan{^—4>') + .... (3) 

Put running co-ordinates into (1), multiply by (3) and take 
the surfece-integral over a sphere. Then we have simply a sum 
of terms of the type 

C.if, y' J 3f,'® {A^ cos n <!>'+£„ sin « <#>') cos n((f>—(i>')diYd <l>' . 
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Perfoming the integration in <p', this becomes 

It CnMn {A„ COS n<p + JB„ sin n<fj .j /. ()3) 

The sum of all terms of the type (/3) is therefore the value of 
//LiY{ df/ d<p'. But (last Article) this = - 2^; therefore 

by identification of coefficients of like terms, 




2 i -j* 1 

Putting for its value given in (jj), p. 351, 

\i-\-n 


L 


1 2(2''|j)2 

1 


2 ^ -f* 1 \i — 7 


(y) 


which holds, without change, for the case ;^ = 0, notwithstanding 
that the value of (Art. 350) must be halved when ^^ = 0 ; 
because in the product of (1) and (3) the term independent of 
is which in the integration will give 

Hence we have 


A A"’ j i \i4-n 


the first term (that corresponding ton = 0) being doubled, by (o'). 
Putting we obtain the value of 





354.] Table of Laplacians. For convenience of reference the 
following table of the Laplacians as far as is given ; but, to 
save space, we give in the coefficients of 

cos (<#>— cos 2 ((jf) — (f/)y , . . 

only the portion which depends on /z. This portion is to be 
multiplied by exactly the same function of jiz'. Thus, for example, 
in 2^3 the coefficient of cos 2(<^— ^') is ^jui(l— fi^).jui'(l— fx'^), 
of which only the part ^ /x (1 — /a^) is given in the column under 
cos 2 (0 — <^') ; in Z4 the term involving cos 3 (<#>—</>') is 

M (1 . m' (1 -m'*) * COS 3 (<#)-^') ; Sec. 
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Values 

ofi. 

Tern in ^ only. 

Coefficient of cos 

Coefficient of 
cos 2 

Coefficient of 
cos 8 (^-00 

Coefficient oi 
cos4(^--^') 

0 

1 

(i-M’)’ 




1 





2 



la-/*”) 



3 





4 

.V(36/-30n’ + 8) 




54(1-/*? 


The column of terms in /x only gives the values of the first 
five Legendre’s Coefficients, with the numerical coeflScient squared ; 

thus, 

^2 = i 1)) 

-P3 ~ 

P, = |(35M^~30iLi2-f3). 

The Solid Zonal Harmonics play exactly the same part with 
regard to the Potential of a body symmetrical about an axis 
(see example 2 following) as the variables a?, y, z do with respect 
to the equation of a plane surface, the equation of such a sur- 
face consisting of the sum of these co-ordinates each multiplied 
by a constant, and these constants depending on the position of 
the plane. Similarly, the Potential of a symmetrical body at 
any point consists of the sum of a number of these Harmonics 
each multiplied by a coefficient which depends on the shape and 
law of density of the body and not on the position of the attracted 
particle. In fact, Zonal Harmonics may be considered as the 
running co-ordinates of the Potential of such a body. 

Of the Zonal Surface Harmonics P3, P5, ... are all of the 
form and P2, P4, P^, ... are all of the form For, 

in the identity 

(1— ... ... (a) 

change /x to — /x, and we get 

where ij', ^2^ ... denote the values of the Harmonics when /x is 
changed to — /x. Again, changing only the sign of 

(l + 2/xa!+iK2)-* = ^— + (y) 

Identifying the results ( 0 ) and (y), we see that Pj, Pj, ... all 
change sign with n ; while Pj, P., ... do not. Therefore, &c. 
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Examples. 


ri ru 

1. Find J L/di/d(l>'. 

Let P be any point outside a sphere of radius a, at a distance 


over 


/ dS 
— 

the surface, where r = 

Now 1= + + + 

and -^will involve such terms as which will vanish (Art. 351) 

in the integration. Hence, obviously, since dS = --a^di/d(t/^ we 
have pdS CCr,^ 

But c?aS'= 2-71 rc2r (see p. 258) ; therefore the left-hand side is 

d R A- CL ^ CL 

2 7r_ log — . Develope this in a series ascending by powers of , 
R R — a ^ 2t+3 ^ R 

and equate the coefficients of (^) on both sides (since the develop- 
ment holds for all values of R), and we have 

/ I r2ir d^r 

■ilo 

The result is therefore quite independent of the pole o (Fig. 289, 
p. 345) from which fx and fx' are measured, and is the same as if the 
line OP (or Op) is the axis of d, or p the pole of the Laplacian. 

2. Prove the theorem of Legendre (Art. 348) by Spherical Har- 
monics. 

Taking the centre of the solid as origin, and axis of revolution as 
that from which 6 is measured, let {R, p, (/>) be the co-ordinates of 
the attracted particle, P, (/, fx', </>') those of any point, jP', inside the 
solid, p the density of the solid at P', and y the constant of gravitation. 
Then F, the Potential at P, is given by the equation 

Now, assuming the distance of P from the centre to be greater 
than that of every point P' in the solid, ^ may be developed in the 
convergent series (/3), p. 344. Hence 

+ + ( 1 ) 

But by hypothesis p is a function of and only ; and if when 
is produced out to meet the surtace of the solid its value is R^, 
this latter will be simply a function of p\ and will not involve 
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Take the general term of the series (1), and first perform the integra- 
tion in / from 0 to R\ taking the term 


p/'+’d/ = X0*')» 


where the form of x is unknown if the shape of the surface and the 
law of density are not given. Then we have 

V = LiX(jx')dii'd<i>'+ .... (2) 

Now perform the integration in We shall have simply 

r2ir 

jo ' 

which, of course, reduces to the first term of Z,., and is therefore 


(Art. 350) 


IT- JL r (u')du'+ (3) 

Let V be the Potential at a point on the axis distant z from the 
centre. Then (3) gives 

But supposing, as we do, that v is known for all points on the axis, 
let it be expanded from the given form in a series, so that 

Clf. Ct, (Zj f V 

® = -+4+...+ -7^+.... (6) 


Then identifying (4) and (5), we have 

(2*Lf)*V_i d(i'* 

80 that the unknown coefScient in (3) is thus known. Hence 
„ M a, d‘(M®-iy 1 

+—2<[^ dja* (®) 

yM 

the first term being easily seen to be^ , where M is the mass of the 

solid. If denote, as before, the several Zonal Harmonics, or 

Legendre’s coefficients, for the attracted point with reference to the axis 
of the solid, we may write, by (y), p. 349, 

Y -1- Iff P I I I I I K /7\ 

^ + /P +.. + /Ji +--J (^) 

The components of attraction at P are of course known from this 
value of F. 

Thus, then, the Potential of a solid symmetrical about an axis, both 
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as regards shape and density, is in all cases given by a series of Solid 
Zonal Harmonics (of either positive or negative degrees, according as 
the point considered is internal or external), in which series the only 
things unknown are the coefficients a^, Oj,... and the values of these 
depend on the nature of the particular attracting body. 

3. Application of this method to the case of a uniform circular 
ring. 

The Potential at a point distant z from the centre on the axis 
of the ring (that is, the line through its centre perpendicular to its 

plane) is given by the equation t? = 27ryp^a — - - - - — where p, h. cb 

are the density, area of transverse section, and radius of the ring. 
If M is the mass of the ring, M = 2tx pka ; and if the point is at a 
distance > a from the centre, we have 

1.3a^ ...1.3.5...2t-l a®* } 

2?+2:4 • + - 2.4.6...2f 

Hence, by last example, if the attracted particle is anywhere off the 
axis, at a distance r from the centre (r > a), 

r=^h-iP-+ ,/ .w l-3-2f-l a« I 

rl * *^+ - + ( ) 2.4...2i 

If z IB <a, the radical («^ + a^)""^ must he expanded in direct 
powers of and for a point anywhere at a distance < a, 

ar ^ 2.4...2i 

If the point is at the distance a from the centre, it is easy to prove 

yM r^ir 

that V = : — , 0 being the angle between 

2 77 a V 2 Jo V 1— sindcos<|) 

the axis of the ring and the line joining the point to the centre. 
This is equivalent to the convergent series 

. 1 .3.5...4?i— 1 1 .3.5...2n-l , ) 

-L sin^"^4-... >'• 

2.4.6...4n 2.4.6..,2n } 


Of course in this and in all similar examples, the value of V for a 
general position of the attracted particle, P, can be written down m 
virtue of Legendres Theorem solely (Art. 348) by first calculating v, 

Jc k P' 

and in its expression replacing any such term as ^ by , because 

this latter satisfies the equation = 0, and it coincides with the 
former when P is on the axis, since ju = 1, = ... = = 1. 

The expression thus obtained (somewhat tentatively) can, by Le- 
gendre’s Theorem, be none other than the Potential sought. 
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4. Application to a uniform circular plate. 

The position of the attracted particle being at a distance z from 
the centre on the axis of the plate, v = 2y— (>/«“ + a® — «). "When 

Of 

«>a, we have 
AT f 1 


2/ 


1 a* 


a^\2' z 

+(-i) 


ll_ 1.3.5. 


.2f— '3 a 


Tr 


Hence 

^ ^ Jf (la* 1 1 . 

^~^'^aH2r 2»|2 r> 


Li 




.( .w-,1 1.3...2t-3 P,,_,a»^ I 

When z< a, we easily find 

V=2y^Aa-P,r+iPj^+ ... 

+ ^ 2< [£ + • •J 

5. To find the conical angle subtended at any point, P, by a given 
circle. 

Draw the axis of the circle, i.e. a perpendicular to its plane through 
its centre, 0. Let OP = r, a = radius of circle. Now if P were on 
the axis at a distance 5 ; from 0, we should have 


, = 277(1- 


5 )’ 


( 1 ) 


a)j> being the conical angle subtended at the point ; and since conical 
angles satisfy all the equations of Potential functions, the theorem of 
Legendre applies to them. 

an • • 

Developing (1) in powers of - or according as « is > or < a, 

Z Of 

we have 

«>o = 277 |i ^ J- -f ... - (-ly ^ 2^. 4 ^ 2e ^ + -} ’ 

. = 2w|i-^4-...-(-i/-^S:1....^. (3) 


a«+‘ 

Hence when ie ofif the asds we have in these two cases, respectively, 

1 . 3 f.g* . 1 . 3 . 5 Py 
r* 


(0= 27r|| 
ft) = 277| 


2.4 7 -^ ^2.4.6 r* 




Pr . , ilr® 1,3 P,r» 


■ + i 


2.4 o» 




(4) 

(5) 
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6. Find the conical angle subtended at a point 1 0 feet distant from 
the centre of a circle 1 foot in radius, the colatit^ide of the point with 

reference to the axis of the circle being 

Ans, TT X *0050328, nearly. 

7. If I] is the Zonal Surface Harmonic of the fth degree (Legendre^s 
coefficient), show that jp 

'^-4-'^*= -S'- w 

"We have by definition 


— 2/XCC4' 


= = Po + Pia?+ ... .... 


Denote the radical by P, and differentiate both sides with regard 
to X. Then 

^=P,+ ...+*T, =«•-«+.... (2) 

Differentiate (1) with respect to fx; then 

Multiplying (2) by a? and (3) by fx — a?, we obtain two series which 
must be identical; and equating the coefficients of af in them, we 
have at once the result (a). 

This result enables us to write down the values of the successive 
Zonal Harmonics when the first is known. For treating (a) as a 
linear differential equation for P^., we have 




Then, as Fq= 1, this gives P^ = Ofx, and each P is to be unity when 
/x = 1 ; therefore (7 = 1. Similarly P^ is deduced from P^ ; &c. 

The expression (y), p. 349, gives, however, the values of the Har- 
monics directly, and is the most convenient form for actual calcu- 
lation. 

8. Prove that (f + l)-^*+i — (2 1 -f 1 + ^*^-1 = 

Divide (1) by (2) and equate coefficients of like powers. 

rv -r. .r_j. /I ..2\ I J.. p .* P 


9. Prove that 




We have from (a), Example 7, 


P,_7 = /' iJ.^*dix—if -{i+l) f 

n Jin dn d/» |» 

Jlk 
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But from the fundamental equation for ij, 
we have by integration 

S' 

Substituting in (1), we have the result (a). 

10. For an attracting body or system symmetrical about an axis, 
in shape and density, prove that if the Potential (external) is arranged 
in the series n T P T 

— + ai^ + aj^+...+a,.^+... 

of Zonal Harmonics, the lines of force trace out surfaces given by 
the equation 

••• -{i+ 1) dM- = 0, 

in which different constant values are assigned to C. 

Let 0 be the origin, and P any point external to the body, OF 
being r ; let ^ be the radial attraction intensity at P (acting in the 
direction JPO), and T the attraction intensity perpendicular to OP in 
the sense in which Q increases. 

Then, the resultant of S and T acting along the tangent to the 
line of force at P, we have as the differential equation of this line 

— ( 1 ) 
Tde T ^ ^ 

But P=-^=l(a. + 2jp,+ ...+(t+l)^P,+ ...), (2) 

, ^ dV \ sa.dP. a.dPi . 

Observing that ^ = — V^l— fi* we get, by substituting from 

(2) and (3) in (1), the equation 

MM + ai|2ydjix+ +... 

+ «.•{(*+ ( 4 ) 

Now, by example 9, the coefficient of a^ in this equation is 

' that is, -(*+l)P|-^y'p<dM|, 

where D stands for the total differential of the quantity in brackets 
(with respect to /x and r). Hence, integrating (4), we have the 
equation which was to be proved. 
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In particular, if the series for the Potential stops with J,, the 
equation of a line of force is 

«o M - 2 Mm- 3 ^ i (3 /a’- 1) cf/x = (7, 
or Uj cosd— — sin®^— ? ^ cos 0 ain^O = G. 

T 2 


11. If the density at any point of a solid sphere is proportional to 
the distance from a given central plane, find the Potential at any 
external point, P. 


Ans. If a = radius of sphere, R = distance of P from centre, 
and where is the perpendicular from any point on the 

plane, 

^ 4X7ra* 
y* .ft 

^ 15P* 


[Here F = yX JJJ + ...)dr' dpf d^'. Integrate 

first from 7 ^= 0 to r'= and since pf is a Harmonic of the first 
degree, the only term not vanishing is that in ; therefore 


F= 


yAg^ P r 
5R^J^i Jo 


L^fx' dpf d(\/ ^ 


yka^ 



&c.] 


1 2. In the same way exactly prove that if the density at any point 
in a solid sphere of radius a is proportional to any solid Harmonic, 
of positive degree in the co-ordinates of the point, the Potential of the 
sphere at any external point whose distance from the centre is R is 


4A7ra**+" Si 

(2i+l)(2i + 3)’P‘'‘-^"^ 

the co-ordinates (a?, y, «) involved in Si being those of the given ex- 
ternal point, and k being the constant involved in the density. 
Deduce the result also for a spherical shell and any internal point. 


13. If the origin of co-ordinates is transferred from 0 to a point 
O' along the axis of z (from which 0 is measured), calculate the solid 
Zonal Harmonic of degree i with reference to O' as origin in terms 
of the solid Zonal Harmonics with reference to 0. 

Let Zi be the solid Harmonic of degree i with reference to 0, and 
Z^i, that with reference to O'. Then, with the notation of Art. 329, 

Zi:=zf{zy C) ; and if 00'= A, C) ; 




dZi A* 
dz 1.2 



( 1 ) 


[Here («, C) are the cylindrical co-ordinates of a point P ^th 
reference to 0, and («4*A, () are the co-ordinates of the same point, 
P, with reference to 0'.] 
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Now where is the surface Zonal Harmonic, and 

d i— /ut® d d ^ 

dz T dll dr 

= (by example 9) 

= 

d^Z> 

Hence, again, &c., and therefore 

zf=z^+ihz,_,-^ h^z,_,+ ...ihf-^z,-k-h\ 

Let ns find in the same way the value of the Solid Harmonic of 
negative degree, — (i-f 1). Let this Harmonic, with reference to 0 


Then 


dU_ 1 
dz r*'*’* 




=P+2{*^-i-( 2»+ (by example 9) 

= - (t + 1 (by example (8) 

= ~(* + ^)^<+r 

Hence U{= r,-(t + l)hUi^^ + ^^~ad infin. 

. cos^d sin®dco8®<h sin^dcos^cf) 

14. Arrange the expression 4 -A ^ as 

a series of Spherical Harmonics. 

+^)(1-M’)cob2<^. 

15. Express the central radius vector of a nearly spherical ellipsoid 
by Spherical Harmonics. 

Ans, If ^ — -=:k, - — if, we have 
c c 

r = c { 1 + 1)— i(^'— A) (l — fP) cos 2</)}, 

which is of the form r = c (Fo+ FgX 
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16. If the expression (1— 2/uta? + a^) ^ Le developed in a series 
in the form Qq + a? 4- (Ja + • • • + + • • • , prove that, in analogy 

with the Legendrian coefficients, 

Differentiate the given identity (a) with regard to a?, and we obtain 
an identity (^)j differentiate (a) with regard to /a, and we obtain 
an identity (y) ; from ()3) and (y) we have, by equating the coefficients 

(a) 

Multiply (a) by (2w»+l)(f*— as) and (/3) by 1 — 2jti» + a!“, and we 
have (t-H)<2,^,-(2m + 2t + l)ftO, + (2«»+t)<?*., = 0. (e) 

Differentiating («) with regard to fx and eliminating by (8), 


-( 2 »‘+*+ 1 ) 0 , = 0 . 

Replace i by t-f 1 in (S), combine with ({^), and we have 
(» + 1) 0,+i = — (1 — H*) ^ + (29» + 1 + 1) p. 


(0 


kn) 


Differentiate (?}) with respect to ft, and subtract the result from (Q 
multiplied by (i+ 1), and we have the required equation. 

17. In this development how far is it true that 


L 


QiQi'dfi = 0 , 


^ and i' being different integers ? 

It is always true if one of the numbers f, t' is even and the other 
odd. In Green’s equation, applied through the interior and over the 
surface of a sphere, let U = F= Qf, and observe that 


18. Exhibit cos^dsin®d sin^cos^ as a series of Surface Harmonics. 
The simplest method is, of course, that at the end of Art. 352, 
which deduces the result by expressing xyz^ in the form + 
Performing V*, we get and Now 

= r* F4 and whence and are at once found. 

Nevertheless it may be useful to show how to deduce the result by 
Laplacians and integration. 

The given function is sin2<^), and since the term of 

highest degree in the quantities fi, Vl— ft® sin <^, and \/l — ft*coB<#> 
is obviously of the fourth degree in these quantities, it follows that 
the given function must be of the form the term 

in Yq being obviously non-existent. 
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Now Fj is obtained by taking |^/x'®(l--/ui'*)sin 2<#)', multiplying it 
by Z,, and integrating /ut'l > <#>' 


1-1 


; but as is of the form 

Pit , 

A + Z cos (</) — and as / sin 2 ^'cos {(f>—<f/)d(f/=0, we see at 
once that = 0. 

It is clear that in Z,, Z^, it is only the terms involving 
cos 2 (<#>—<#)') that will give any result when multiplied by sin 2 <#>' 
and integrated. In Zj occurs the term (see table, p. 358 ) 

f (1 —/X*) (1 — cos2 (<#>—(/)') ; hence (Art. 353 ) 

1 o ri r2ir 4^ 

r2n 

But / sin2</>'cos2(</)— <^'){Z<#)' = 7rsin2(^; and 

•/ 0 




16 


3 . 5.7 


/. F2=yV(l--fA'®)sin2</). 

Again, in Zg the only possible term is 

^ M (1 “ '- m'")cos 2(<#)-<#)0 ; 

but the integration in destroys this, since it gives 

which obviously vanishes. Hence Fg = 0. 

Finally, in Z^ the only term to be taken is 

„ tV(1 (7m*- 1) . (1 -m'* ) (7m'*-1)- 

Hence 

i • tV(1 -M*) (7m*- 1)J_j m'* (1 -M'T {7m'* -l)<iM' 

X^' sin 2 <#)'cos 2 (</)—</>') d</)'= ^ F^ ; 
^4 = A(1 1) sin 2<#> ; 

and therefore 


cos*d sin*d sin4> oos(f) = 3^(1 — fx*) sin 2<#) -f ““M*) 1)®^^ 2<^, 

which is of the form Fg^- F^. 

19 . Exhibit cosdsin^dcos^</) sin as a series of Harmonics. 

Ans. {^fxv^l— •/x®sin</)}4- { — w (7 — 3 /x) sin </) 

+ ifx ( 1 — fx*)^ sin 3 <#> } , 

which is of the form Fg -f F4. 

( The given expression is ifx(l -“fx*)^(Bin<^ + sin 3 </>) ; hence the 
y terms to attend to in the Z's are those in cos(<^— <#>') and 
cos 3 (<#>—<#>'). The term in Zj is destroyed by the integration in 
fx^, which also destroys both the terms in Zg.] Deduce the result also 
from x^yz. 
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20. Why cannot sin $, sin® 9, or any odd power of sin 9 be expanded 
in a finite series of Harmonics 1 

2n+l 

Because they are of the form (1 2 ^ which can be developed 

in an infinite series ascending by powers of ju, and every term, such 
as can be developed in a finite series of Zonals, Pj, Pj* • • • • Also 
a function can be expanded in only one way. 


355.] Case of Spheroids. Any solid body differing little in 
shape from a sphere is called a SjpAeroid, Supposing the body to 
be homogeneous, the radius vector from its centre of mass to any 
point on its surface will be nearly of constant length. Thus 
(following the notation of Laplace), if a denote a small numerical 
quantity, and P' any radius vector from the centre of mass to 
the surface, we shall have 

« + a«/(/, </)'), (1) 

where <2 is a constant length and (f)') some function of the 
angular co-ordinates depending on the precise shape of the 
bounding surface. Laplace uses^' for the function/(/i,', (^'), and 
he assumes that y' is expanded in a series of Spherical Har- 
monics ; thus, 


^?4-aa(7(,-f r/+r2'+... + J^'4 ...). (2) 

If the series stops with Jg', the bounding surface will be that 
of an ellipsoid. 

External Point, To calculate the Potential at an external 
point, jP, produced by a homogeneous spheroid, the distance of 
P from the origin 0 being greater than the greatest radius 
vector from 0 to the surface, let OP ^ p =: density of the 
body, and (/, /a', ^') the co-ordinates of any point P' in the body 
of the spheroid. Then, y being, as usual, the gravitation constant, 
r^'p/^d/dpfd<i>' 




( 3 ) 




+-£2^2 


+. 


+ £i^ + (4) 


p/j+3 


Now from (2), neglecting higher powers than the first of a, 

Bb 


VOL. II. 
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and by substitution in the last value of V, since it is (Art. 351) 
only the term //L^¥{ dyf d^' which does not vanish, we have 


4:rpa»(l + ^ o) 

-y 3A 


Now the volume of the Spheroid is 4-^), 


choose a so that ^ 


shall be the volume, aq 


and if we 
Tq will be zero. 
Thus, attending to the result (r)), Art. 352, we have 

i 


TT M ^ M. 
r=y^ + 3«y-^( 


a 

'R^iR 




where M il the mass of the Spheroid. 

It is very easy to see that, with the origin at the centre of 
mass of the Spheroid, the term is zero. 

For if, in general, z) are the co-ordinates of the centre of 
mass, we have 

Mx = p (1 cos dr' d[x d(^' 

= d<f/, (6) 

and since (1— cos is a Spherical Harmonic of the first 
degree, in the expansion of R'^ — viz. < 2 ^ { 1 -f 4 a ( + Y^) + . . . } 
— the only term that will not identically vanish in (6) is 

apa^/Yi (1 cos <#>' 

But this is zero because = 0. Hence 


// 7 /(l eos cl>'di/d(t>' = 0. (7) 

Similarly, since y = 0, we must have 

//r/(l sin ^'dpfd<\>' = 0 ; (8) 

and since = 0, //Y{ p.' dpf d(\/ = 0. (9) 

But 7/ is (Art. 350) of the form 

ApZ 4 (1 — {B cos (I>'+C sin <|)'), 
where A, jB, C are constants, and the results (7), (8), (9) make 
5 = £7 = 0, as is easily seen either by direct integration, or 
by multiplying the left-hand sides of these equations by A^ C 
and adding. We thus get f/Y-^^dp! d(l} sz 0, which requires 
Yi to vanish identically. 

For example, take the case of a nearly spherical ellipsoid of 
revolution round the smaller axis, c. 
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In this case (see example 15, p. 366) ^ and we have 

. But the a in (5) is determined from the equation 

a^ = c^(l4-2^); £Z = c?(l+|i), 

and since jB' = (1 -f- we have a = Hence (5) gives 

in which a ox c may be used indifferently in the small term. 

If the Spheroid is not homogeneous, hut consists of strata of 
different densities, each stratum differing but little from a sphere, 
the Potential can still be very easily expressed. Thus, let 
/=«'(!+ ai/) be the equation of any stratum, a' being the 
radius of a sphere whose volume is equal to that of the stratum, 
so that /= r/ + F/+... + I^'+..., 

where the Y'^s involve o! as well as and <J)', unless the strata 
are all similar. 

Now if the Spheroid were homogeneous and of density p as far 
as the stratum a\ the Potential of this portion would be given 
by the equation 
V 4 7T 


SJK 


•pa 




R 


+ ... 




1 




■■I- 


( 2 ^+ 1 )^*' 

Let a! -f fZa' be the constant of the next stratum outside, and 
let the value of V due to the whole portion of the Spheroid, sup- 
posed homogeneous and still of density p, up to and including 
this stratum, be written down. Subtract the first result from 
the second and we obtain the Potential due to the shell of 
density p included between the strata a' and a' + da\ 

The Potential of the homogeneous solid a' da' being F'^dV, 
we have by subtracting that due to the homogeneous solid a', 

' — / * u 

y 




.the independent variable in the differentiations being a', the 
parameter which determines any one stratum of constant density. 

B b a 
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Now if the value of a! for the bounding surface of the Spheroid 
is a, we have by integrating the above 

V M 4a7r jf ,A^f\ 

" 7 = 3- + iffrX '“*('■ ^■)+ - 

Internal Faint, If the point, P, at which the value of the 
Potential is desired is inside the Spheroid, we may treat the 
spheroid as consisting of a sphere and a superficial layer which is 
everywhere of comparatively small thickness. 

The Potential of a solid homogeneous sphere at an internal 
point has been already found. We must therefore find the 
Potential at F due to the shell at the surface of this sphere — 
observing that, according to the shape of the spheroid, the 
thickness of this shell measured outwards from the surface of the 
sphere may be positive or negative. If the equation of the 
surface is r = ^^(1 + a^), the thickness of the shell at any point 
is (nearly) aay \ or the value of / ranges from / = a to 
/ = a(l +ay). If v is the Potential at F (internal) due to the 
shell, 

Performing the integration in / first, we have 
which, by Art. 352, is 

l = ‘-’/■‘■•{i'.+s* +5 t ■■■]. (>1) 

in which the J*s belong to the attracted point P. To this 
must be added 27rpa^— which is due to the sphere of 
radius a, so that 

^= 27 :pa’‘-ixTpB^ + iaiTpa’‘^... + ~jj-^Y,+ ...'^. (12) 
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As has been already proved, the terms Yq and may be dis- 


pensed with. 

The case of a heterogeneous spheroid is treated exactly as 
before. The point P being internal, let b be the parameter of 
the stratutn of constant density passing through P, and take for 
P the sum of the Potentials due to the spheroid as far as this 
stratum and to the portion between this stratum and the bound- 
ing surface (of parameter a). The point P is external to the 
first, and the corresponding part of P is given by (10) in which 
we have simply to change the limit a to 5 in the integrations. 
The Potential due to any stratum (a', p) surrounding P can be 
obtained by subtracting the Potential due to a solid homogeneous 
spheroid, (a\ p) from that due to a solid homogeneous spheroid 
[a'’\-da\p). Thus by (12) the Potential due to the straUm 
{a\ p) is 

Integrating this between = i and a' = a, we have by 
addition to the first portion, 




For the discussion of the figure and law of density of the 
strata of the earth the reader will, of course, consult the Mecanique 
Celeste. A valuable epitome of Laplace’s and other results will 
be found in Pratt’s Treatise on Attractions^ Lajplace^s Functions y 
and the Figure of the Earth. 


Miscellaneous Examples. 


1. Find the work required to scatter the particles of a uniform 
circular plate to infinite distances from each other (for the law of 
nature). 

Ana. Let M be the mass of the plate in grammes, a its radius 
in centimetres, and y the C. G. S. constant of gravitation ; then the 
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At any distance, a?, from the centre, inside the plate 

F = 4ypT / 

Jo 

where r = thickness of plate. Hence 

J fVdm = 477 y j f a^— a;®sin®d . oodxdO, 

Jo Jo 

Perform the integration in x first ; Ac. 

2. Considering the attraction-intensity of an infinite plate at a 
point near its surface, show that it is greater for the law of inverse 

square than for the law when 2, and less for the law of inverse 

square than for the law ^ when n >2. 

The attracted particle having any position on the axis of the plate 
(assumed circular), the attraction-intensity for the law is 

^ (1 — cos’^a) tan**“2^ 

27rypr^ 

n—i 

If the particle is near the plate, cos a = cr, where x is very small, 
tan a = - 5 and the most important part of this expression becomes 

X 


• from which the result follows. 

3. At a point in the plane of a uniform circular plate outside its 
circumference, the Potential is 

iypT{K-^-^E).x, ^ ^ 

where x is the distance of the point from the centre, and X and^ 
are the complete elliptic integrals of the first and second kinds with 

modulus 

X 

[Let P be the point, 0 the centre, Q any point on the circum- 
ference, LOPQ = S ; then 

V = 4yp 

where a = sin”’^— . Let a? sin d = a sin 0, where is the angle 
X 

between QF and QO ; &c.] 

4. Find a function, </), of r only which satisfies the equation 

{V'+a2)<#> = 0, 

where a is independent of r. 

par p^ar 

Ans. d)z=:A— + B^ 

The equation (y), p. 281, becomes = 0« 


tI A/a^—x’^Bin^Oddj 
Jo 
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6. Fig. 228, p. 1, represents a homogeneous solid rectangular block 
whose density is p grammes per cub. cm. ; the sides are AD = 2 a cm., 
BD = b cm., DO^ = h cm. ; find the attraction-intensity at a point, 
P, which is on the perpendicular to .4 Z) at its middle point and lies 
in the plane of the face AOBD, 

Ans, If p is the distance (in centimetres) of P from the side 
ADy and if X, Z are the components of the force-intensity in and 
perpendicular to the plane AOBD^ 


pp+h dll 

X = sin-‘;^7==:=.tfo; {dyues per gramme.) 

Z = 2yp - ^ \ . dx. (dynes per gramme.) 

X (a + V 


6. Apply the preceding to calculate the deviation of the plumb- 
line caused by a large rectangular table-land in the following 
instance. 

‘A table-land 1610 feet high, commencing at a distance of 20 miles 
from Takal K^hera near the great arc of meridian in India, runs 
80 miles north, and 60 miles to the east and 60 to the west.^ (Pratt’s 
Attractions, Laplace^ s Functions, and the Figure of the Earth, p. 48.) 

Observe that h is here very small compared with the other lipear 
dimensions. 

Assume p to be 2 . 8, i.e. about half the mean density of the Earth, 
or the density of statuary marble ; also assume 160933 centimetres 
in 1 mile. Then, since a gramme mass weighs at the surface of the 

Earth about 980 dynes, the circular measure of the deviation is ; 

you 

and the deviation is found to be about 4". 8 —so considerable a dis- 
turbance that (it is stated) the place in question was abandoned as 
a principal station of the survey. We have neglected Z in this result, 
as is, of course, allowable. 


7. When by the method of Inversion (Art. 334) a system of points 
(7/, 2/', z') is deduced from a given system (a?, y, z), show that if the 

d d d d ^ d^ d^ 

operations ^ and + — , + ^ are, 

respectively, denoted by 8 and V®, we have 

8 '= - 8 , 
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ANALYSTS OP STRAINS AND STRESSES. 

356.] Definitions of Strain and Stress. When a natural 
solid (such as iron, wood, &c.), or any material medium, is not 
acted upon by any external forces, its particles assume certain 
determinate distances from each other, and the body is then said 
to be in its natural state. But when forces act on it either at its 
surface or throughout its mass, or when any disturbance is pro- 
pagated through its interior, these natural distances between 
tts particles suffer alteration, and the body is said to be in a state 
of strain. Thus a fluid exerting pressure, a medium propagating 
sound, and the luminiferous ether when it is propagating light 
are instances of a body in a state of strain. 

The change of the natural distances between the particles is 
always attended by the production of internal forces, or, as they 
are called, internal stresses^ or simply stresses ; and these stresses 
will depend, as we shall see, both on the nature of the body and 
on the nature of the strain in any case. 


Section I, 

Analysis of Small Strains. 

357.] Displacements of a Rigid Body. It has been already 
J)ointed out (Chap. XV) that the general motion of a rigid body 
consists of a motich of translation which is the same for all its 
particles, together with a rotation round an axis through an 
angle which is the same for all its particles. These displace- 
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ments do not alter the distance between any two particles of the 
body, and they are therefore unaccompanied by the development 
of stress in its interior. Stress results only from the alteration 
of distances between pairs of particles, and hence in treating of 
strains and stresses all displacements, whether of translation or 
of rotation, which are impressed, with common magnitude, upon 
all particles of the body, may be discarded ; and again any such 
common displacement may be freely introduced if it is found 
convenient for analysis. 

358.] Changes in Relative Co-ordinates. Let a system of 
rectangular axes. Ox, Oy, Oz, (Fig. 290) be fixed in space; 
through any point, P, in the natural solid under consideration 
let Tx, Py, Pz be 
drawn parallel to 
the fixed axes. Let 

the particle at P be ^ / .q// \ 

displaced to P', and / • Q j 

suppose that the co- / v J 

ordinates {x, y, of i ^ 

P referred to the 

axes through 0 are J p 

increased by small 
quantities, u, v, w, y/ 

respectively. The ^ 

co-ordinates of P' 

are therefore «/, y -f t?, ^ Now these displacements u, v, v) 
depend on the position of the point P, i. e. they are functions of 
its co-ordinates depending on the Jaw according to which the 
strain is produced. We have then, when the kind of strain is 
specified, some such equations as 

where are symbols of functionality. 

Let Q be a particle very near P, and let its co-ordinates with 
reference to the axes drawn through P be (^, rj, f). Then the 
displacements of Q parallel to the axes are obviously 

+ i 5 ' + ’?. ^ + 0 . 
if+v> ^+ 0 . 

+ y + 'li ^ + C)» 
that is, by Taylor’s Theorem, 
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^du du ^du ^dv dv ^dv 


dz^ 


' dx 


'dy 


/.duD dw Aw 


Suppose Q to come to Q' by displacement. Then in consider- 
ing tbe nature of the strain in the neighbourhood of P, we may, 
by last Article, impress on every particle of the body a motion of 
translation represented in magnitude and sense by P'P, so that 
F will be brought back to P without in any way interfering 
with the strain of the solid. By drawing equal and 

parallel to the particle which was originally at Q may now 
be considered to be at Q '' ; and a similar process is to be repeated 
for all other particles. The part of the strain, therefore, due to 
the alteration of the distance between P and Q will depend on 
the co-ordinates of Q" with reference to P^, Py, Pz, These co- 
ordinates are, of course, the excesses of those of Q' over those of 
P' ; and therefore the relative co-ordinates of Q" are 


du \ WCV 


du 


f>dv ^ 


d'^s 


dy' 


^du 
dw 

Ty-^^y^-^dz 

in other words, the changes, Af, Arj, AC in ^5 C 
^du 

I -M _I_ / • — 1.. 

dx 


^dv 

di' 


j^dw dw ^ dw^ 


. du ^du 

^ dz’ 


dv dv ^ dv 


- j^dw dw j^dv) 


(a) 


^ Con. 1. All particles near P which in the natural state lie iu 
one plane will after strain also lie in one plane. For if the co- 
ordinates of Q" are denoted by r^', f', we have 


>/ >/- du\ du ^ 

«=f('+s)+’E+^ 


■n = 


C'= ... 


dx' ^ ' dy '^dz 
which equations, being linear, give tj, C linearly in terms of 

I', rf, C- Remembering that small, these 

equations give ^ = ^'4 small quantities of the order of ^ 5 &o. ; 
so that in any terms multiplied by ... ^ may be put for 
r{ for r\, and C' for 
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Hence we have, to the order of accuracy adopted, 



Therefore if all the points (f, t;, () lie in the plane 

+ + 0 , 

all the points r;', C) will also lie in a plane. That is, every 
plane curve is strained into a plane curve in a different plane. 

Con. 2. All jparticles near P which in the natural state lie in 
one right line will after strain also lie in one right line. For if 
we have 


+ = 0 and JS'tjH- C'C+ i>' = 0, 

we shall have also satisfying two linear equations. 

Cob. 3. Two parallel right lines in the natural state are changed 
into two parallel right lines {with a different direction) in the 
strained state, 

For^ one of the two lines being given by the equations 


the other will be given by two equations in which the terms P 
and P' alone are altered. Substitute for ry, C their values in 
terms of r}\ and^obs^e that the values of P and If do not 
influence the direction cosines of the line into which any one is 
converted by strain. 

359.] Elongation in any Direction. Supposing P and Q 
to be, as before, two particles in the natural state of the body, 
the elongation in the direction PQ is defined as the ratio of the 
change produced by strain in the distance between these same 
particles to the original distance between them. Hence the 

PQ"^PQ Ap 

elongation in the direction PQ is , or — , if p denotes 

PQ, and Ap the change in p. 

Now 

pAp = At7 + C^C; 



380 ANALYSIS OF STBAINS AND STBESSES. [ 359 . 


or if we substitute for A?;, and Af their values from last 
Article, 


p Ap = ^ 2 


dx 






dz dy 


) 




Let the cosines of the angles made by PQ with Po?, Py, Pz be 
/, respectively, let 

du ^ ^ h ^ 

' dx^ dy^ '* dz ^ 


di. dv ^ dv dw ^ dw du 
dy ^ dx^ dz ^ dy dx ^ dz 


and denote the elongation by € ; then the last equation gives 

e z= aP + hnfi + + 2 Ims^ + 2mns^ + 2 nh^ . 



The elongation in any direction may be graphically represented 
as follows : 

Construct at P the quadric surface whose equation referred to 
the spatially fixed axes Px^ Py^ Pz is 


’}-6rf^-^cC^ + 2s^^rj + 2Sj.rjC+28^C^ =z B ( 2 ) 

where k is any constant linear magnitude. If r is the length of 
the line PQ intercepted by this surface, we have 


{al^ + hm^ 4 - cti^ + 2 + 2 mn8<^ + 2 nU^ = ; 

1 ^ 


(3) 


or the elongation in any direction varies inversely as the square of 
the radius vector of the Elongation (Quadric in this direction^ if we 
agree to call the above surface the Elongation Quadric. 

It is possible, however, that equation (2) may fail to represent 
the elongation in all directions. For there may be contraction 
(negative elongation) in some directions, and then (2) will repre- 
sent a hyperbolic surface, the radii of which will give as in (3) 
the elongations, wjiile the contractions must be given by con- 
structing the surface 

a^HJ»?®+cC* + 2«3|»j + 2»,>jC+2»2Cf = ‘(4) 
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which is the hyperboloid conjugate to that which gives the 
elongations. 

Unlessa then, all 
lines are contracted or 
all lines elongated, 
there will really be 
two quadrics required, 
one to represent elon- 
gations and the other d' 
to represent contrac- Fig. 291. 

tions. 

For example, consider the simple case in which the strain is 
made by drawing out all lines perpendicular to the plane yz in 
the same proportion, and contracting all lines perpendicular to 
the plane xz in the same proportion ; so that 

u ■=. ax, i; = — w 0 . 

Then the elongation is given by the equation e = 

Now this expression is negative when >aP, and if we con- 
struct a surface whose equation is — = 0, i.e. two planes 
through the axis of z, this surface will form the boundary between 
lines which are elongated and lines which are contracted. The 
elongations are given by the radii of the surface 
a hyperbolic cylinder, the section of which by the plane xy is 
represented in Fig. 291 by the curve (DAC, J/A'C ^) ; and the 
contractions by the conjugate surface — = k^, which is 

represented by {D£C\ Ju Iff C ) ; the planes of no elongation or 
contraction being the asymptotic planes, £ 1 /, CC', of these 
surfaces. 

All lines through P along which the elongation is the same 
lie on a cone whose equation is easily found from (1). For, 
putting € 4* for e, we have 

(« — — 4- (<?—€) + 2 s^nl = 0 ; 

and if rj, C are the co-ordinates of any point on the line 
(/, m, n), we have := therefore this equation gives 

(tf— e) + (g— c) 4- (<? — €) 4“ -h 2^1 C+ 2^2^^ = 

which, if € is constant, denotes a cone whose vertex is P. This 
is called the cone of equal elongation. If € is taken = 0, we get 
a cone of no elongation, and it is evidently (when real) the 
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asymptotic cone both of the Elongation Quadric and of the 
Compression Quadric. 

Cor. 1 . The elongatiom in the directions of the axes of x^y^z 

, du dv dw 
are, respectively, a, ^ • 

Cor. 2. The elongation is the same along all parallel lines in 
the -neighbourhood of P. For if M is any point very near P, 
the value of € along a direction (I, m, n) at P is got by using the 
values of a, h, c, s^, s^, s^ at P in equation (l). But these values 
at P differ from the values at P by infinitesimals of the second 
order. Therefore, &c. 

Cor. 3. Any small parallelogram or parallelopiped in the natural 
state in the neighbourhood of P is changed into another parallelo- 
gram or parallelopiped by the strain. 

For (Cor. 3, Art. 358) any two parallel lines are strained into 
two parallel lines, and (Cor. 2, Art. 359) they are equally elon- 
gated. Therefore, &c. 

Cor. 4 . A small circle very near P in any plane is strained into 
an ellipse in a different plane. 

For, let A(^B (Fig. %()%) be a circle in the natural state ; let 
OA and OB be any two rectangular diameters, Q any point on 
the circle, and QM and QN perpendiculars on OA and OB. Let 
the lines OA and OB become oa and ob (in a different plane) by 

the strain, and let Q become 
q. The circle will become a 
curve in the plane of oa and ol 
by Cor. 1, Art. 358. Also if 
qm and qn are drawn parallel 
to ob and oa, the lines Q,M 
and QN will become qm and 
qn ; for M must become some 
point on oa (Cor. 2, Art. 358), and OB and QM must become 
parallel lines (Cor. 3, Art. 358). 

Again, if « is the elongation along OA, 

(?« = (!+ €) OA and = (1 + e) OM ; 

QM _ Om 
0 J Oa' 

ON ^ on 



similarly 
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But 


OA^ 

therefore 

orr? or? 

00? ^ oh^^ ’ 


which shows that the curve on which q lies is an ellipse having 
the lines oa and ob for conjugate semi-diameters. 

Hence every pair of rectangular radii of a circle is strained 
into a pair of semi-conjugate diameters of an ellipse ; and since 
among these latter there is one rectangular pair (the axes of the 
ellipse), it follows that some two rectangular diameters of the circle 
are strained into two rectangular lines. Hence in every plane near 
P can always be found two rectangular lines which are strained 
into two rectangular lines. 

Cor. 5. Any two small cojglanar areas in the natural state are 
strained into two coplanar areas having the same ratio to each other 
as the unstrained areas. 

For let CAB and C^A!B* be any two elementary rectangles in 
the same plane near P such that AB is parallel to A!B^ and AC 
parallel to A'C\ Then by Cor. 3 these will be strained into two 
parallelograms, cab and o'a'6', such that ab is parallel to a!V and 
ac to a' c' , 

area cab ac x ab 

Hence j tt/' — '~7 i tt/ * 

2 X^^c a o a c xa b 


Let € be the elongation in the direction AB and e' that in the 
direction AC ; then 


= (1 + €) AB, a'b' = (1 + €) A'ff ; 


ac = (1 + €') AC, a'c' = (1 + e') A'C ' ; 


therefore 


area cai _ ACxAB _ SireskCAB 
area c' a! b' "" A'Cf x A!B^ ~ area C' A!B^ 


Now, whatever be the two areas, they can each be broken up 
into an infinitely great number of small parallel rectangular 
strips, and the ratios of the strained areas of these strips being 
the same as those of the unstrained, the whole strained areas 
are to each other as the unstrained ones. 

Cor. 6. Bvery mall sphere in the natural state is strained into 
a small ellipsoid. This is evident from Cor. 4, since the sj^ere, 
being a surface every section of which is a circle, must alter into 
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a surface every section of which is an ellipse. Nevertheless for 
clearness we may repeat the proof of that Cor. Let OA^ OB^ OC 

be any three rect- 
angular semi - dia- 
meters of the sphere, 
Q any point on the 
sphere, QJR a line 
parallel to OC ter- 
minated by the plane 
OAB, and BM, BN 
parallels to OB and 
OA, Let the lines 

OA, OB, OC be strained into oa, oh, oc, and Q to q. Then by 
Cor. 3 , Art. 359 , QB, BM, and BN will be strained into qr, rm, 
and rn which are parallels to oc, oh, and oa terminated by the 
planes oah, oac, and ohc. Also by Cor. 2, 

oa ^ om . om OM 
Ol~OM' OA’ 

on ^ ON qr __ QB 
oh OB^ oc OC * 

Oi/2 QB^ 

^ OC^ 


simUarly 


But 


1 , 


therefore 


om'^ on^ qn^ 

— 2 — Ts *1 « ~ L 

oa^ oh^ oc^ 


which shows that the surface on which q lies is an ellipsoid 
having oa, oh, oc for a system of conjugate semi-diameters. 

Hence every rectangular set of radii of a sphere in the natural 
state is strained into a system of conjugate semi~>diameters of the 
ellipsoid into which the sphere is changed ; and it follows that 
there is one rectangular set which is strained into a rectangular 
set and altered in directions, the latter being the axes of the 
ellipsoid into which the sphere is strained. 

Cob. 7 . Any two small volumes in the natural state are strained 
into two small volumes which hear the same ratio to each other as 
the unstrained volumes. The proof of this proceeds exactly as in 
Cor. 6. 

860.] Lines of no Botation. Let us enquire whether, with 
the given strain, it is possible to find a particle Q, in the natural 
state of the body, such that its displaced position, Q", shall be 
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on the line PQ. If this is so, all particles (near P) on the line 
PQ will retain the same direction with respect to P; i.e. the 
line PQ will not suffer rotation by the strain. 

j,/ du\ du Jin 

The direction cosines of PQ" are , 

and those of PQ are -^ 5 .... Hence if these are the same, 


PQ" 


PQ’ 


with two similar equations. Now PQ" = (1 4 - e) PQ ; hence 
/du K ^ du du ^ 

with two similar equations ; or if n be the direction cosines 
of PQ, a line of no rotation, 

^dx du ^ dz 


du du 
^dv /dv N dv 

,clw dw /die \ 


( 1 ) 


dx ' dy ' ’’'^dz 
By eliminating /, n from these equations, we obtain the 
cubic equation for e 


du 

du 

du 

dx 

Ty' 

dz 

dv 

dv 


dv 

di^ 

dy 


dz 

dw 

dw 

dw 




dz 

— € 


= 0 , 


( 2 ) 


which gives necessarily one real value of c and may give three 
real values. 

Hence in the small general strain of an elastic solid there ts at 
every point at least one line of no rotation. 

361.] Change of inolination of two lines. In the unstrained 
state 1^ there be two points, Q^ and Qg very near P, and let <#> 
be the angle between the lines PQj and PQg. We proposq to 
find the angle between the lines into which these are strained. 
Let Cl) aiid (fa fg) be the co-ordinates of Qj; and Qg with 

VOL. II. CO 
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reference to Px, Py, Pz (Fig. 390); and supposing that the 
strained positions of Qi and Q2 are Qi" and Q2 whose co- 
ordinates are Vi Ci) and (^2^ C2 )> have, by Art. 357, 


dv 


* , , X > an au , > . /i , n 

»ji =^i^+(i+^)’;i+Ci 


dv 


dw dw 


^ ^ aw > 


P z 

Hence, neglecting^ squares and products of w® 


have d- V1V2 d* C2 — ^2 "t* ^1^2 ^1 ^2 

du 

dy dx^ 
V duy 
dx dz* 


/du dv^ 

+ 2 (« ^2 + * ^1 ^2 + ^ Cl C2) + (^i y)2 + Cj ^ 1 ) 


^dz dy 

If </)' is the angle between PQi' and PQ,^\ 
j / ii^2 + ViVi 4* Cl C2^ . 

- PQ/'.PQ^" ’ 

SO that if €1 and Cg are the elongations in the directions PQi and 
FQ29 and (^1%%), (^2% ^2) direction cosines of the lines 
PQi and PQ2, the above equation gives 
( 1 + fj) (1 + €2) cos 0' = cos 0 + 2 (a \l2-\-i % m^’>rcn^ 

+ 2 s^{l^m2 + ^2^1) + 2 + ^2^1) + 2 ^2 (^1^2 + » 

or dividing out by (1 4- «i) (1 + 
cos (f/ cos </) (l — ^1 — ^2) ”b 2 (^^1^2 4 “b 

+ 2 % (^1 % 4 ^2^1) + 2 (^i%4- ^2^1) + 2 ^2 (% h 4 % ^i)> (0 

the products of the elongations and the small quantities flf, 5, . . . 
being rejected. The change in the cosine of the angle 

^ ^ 

between any two rectangular lines is got by putting ^ = g* 
Denoting this change by 2^, we have 

+ «8 (^1% + 4^1) + h (^l®2 + + *2 (”i 4 + *24)' (2) 
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CoK. 1. The quantities 2*3 , 2 si, 28 ^ are, respecti/oely, the cosines 
of the angles between the strained positions of the axes of {x, y), 
(y, z), {z, x). 

Hence the lines through P which in the unstrained state of 
the body were parallel to the axes of reference are changed by 
strain into slightly oblique pairs of lines containing, respect- 
ively, angles equal to 

Cor. 2 . The result at the end of Cor. 6 , Art. 359, easily follows 

TT Tt 

from the value of cos 4/ in (1). For if 0 = - and also 0'= -> 

A 2 

the directions of the lines PQ^ and PQg are connected by the 
equation 

+ ^2 (« 1^2 + ^2 0 = 

or {al^ + ^3^1 + + (^3/1 + hm^ + + 

(^2^1 + + ^1) % = 

which shows that PQi and PQ^ are conjugate diameters of the 
quadric « + j ,2 + c ^2 + 2 «3 + 2 «i7,C+ 2*2 

k being any constant. 

Cor. 3 . The quantities ^ + c + a^h are, resjpectively, the 
areal dilatations^ that iSy the ratios of increase of small areas to 
their original values in the planes ofyZy zXy xy. 

For, since all small areas near P in the plane yz are altered in 
the same ratio, to determine this ratio we may take a small 
rectangle with lengths m and n along Py and Pz. The sides of 
this become (Cor. 1, Art. 359 ) (1+i) m and (l+«?) and, the 
cosine of the angle between them becoming ^1, the sine of this 
angle is 1 to the order of accuracy adopted."^ Hence the new 

area is (l-^b){l^c)mn, or mn + (b + c)mni 

or if A and A' are the unstrained and strained areas 
j'^A 

— - — = J + (? = areal dilatation. 

A 

Similarly for dilatations in the other planes. 

oca 
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Cob.. 4. The qmntiti/ a+b + c is the cubical dilatation, that is, 
the ratio of the increase of any small volume at P to the unstrained 
magnitude of this volume* 

For, since all small volumes near P are increased in the same 
ratio, to determine this ratio we may take a small and rect- 
angular parallelepiped with edges along the axes P a?, Py, P z. 

These edges become (l4-«) m, (1+^) {l+c) p, respectively, 

and the sines of the angles between them are each 1, to the order 
adopted. Hence the strained volume is 

{l^a)(l+6){l+e)mnp, or mnp + {a + b + c)mnp 
so that if V and P' are the unstrained and strained volumes, 




z= a + b + c. 


being a, b, e, 2s„ 2«i, 2#2 (or ^ 


Con. 5. We conclude at once that, whatever system of rect- 
angular lines is drawn through P, the sum,, a->rh-^Cy of the elonga- 
tions along them is constant* 

For, the ratio in which any volume is increased cannot depend 
on any particular set of axes of reference. This also follows from 
the value of € given in Art. 359. 

362.] Transformation of Strain. Given the components of a 
strain with reference to one set of rectangular axes^ to find the com^- 
ponents of the same strain with reference to any other set of 
rectangular axes* 

The components with reference to a set of axes, Pa?, Py, P^, 

du dv V . , i 

• + we wish to 

find them with reference to a set, Pa?', Py', Pz\ whose direction 
cosines are {I, m, n\ {l\ m' y n'\ {V\ m'\ n"), respectively. 

The value of ^ is simply the elongation in the direction 

(/, m^ n). Hence 

a' = aV^ •\-hrr^-\-cn^'\-2sfim’\-2s^mn^2s,^nl^ 
with exactly similar values of 1/ and c'* 

Again, ^ ^ is simply the cosine of the angle between the 

strained positions of the two lines Pa?', Py'; hence, by (2) of last Art., 
s^ = alV -\-hmm' cn n' + ^3 {Im' + l^m)-\- s^ tyrin' + 

-|- s^ {nV -f* n 

with exactly similar values of s( and s^* 
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364.] PRINCIPAL AXES, ETC., OE STRAIN. 

Two strains having reference to two distinct sets of axes 
are equivalent when each produces the other ; and either may be 
substituted for the other. 

In particular, given the strain components, referred 

to the principal axes of the strain, we have for the components 
with reference to any system of rectangular axes the values 

a V w! m" -f- 

j = ^ ^ ^ + e^nnf'y 

c = 4- ; ^3 = U' + e^mm' e^nn^ 

363. ] The Strain Sllipsoid. It has been already proved 
(Cor. 6, Art, 359) that a small sphere in the unstrained state of 
the body is converted by the strain into an ellipsoid. This 
latter surface is called the Strain Ellipsoid of the given strain. 
We here exhibit its deduction analytically. 

Let the point Q (Fig. 2 go) be any point on a sphere of radius r 
and centre P. Then, Po?, Py, Pz being axes of co-ordinates, 

P 4- 

It is required to find the surface traced out by Q", the strained 
position of Q, as the latter varies on the surface of the sphere. 
The co-ordinates of Q'' being, as in Art. 358, ?/, C\ we have 

by squaring and adding 

= ( 1 ) 

which is a quadric, and necessarily an ellipsoid since a sphere 
must be strained into a closed surface. As we have been using 
rjy C to denote running co-ordinates, we may without confusion 
write the equation of the strain ellipsoid 

a - «) + a - 4 ) >?=* + a - ^) - 2 ^3 f*; - 2 2 

-|r2 = 0. (2) 

364. ] Principal Axes and Principal Elongation of a Strain. 

The principal axes of a strain at any point P are those three rect- 
angular lines (Cor. 6, Art. 359) which become by the strain the axes 
of the strain ellipsoid ; and since in general the direction of a 
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line is altered by the strain, the principal axes of the strain are, 
in general, rotated by the strain about the point P. 

The principal elongations of a strain at any point P are the 
elongations along the principal axes. We shall denote these by 

^25 

Cor. If the axes of *co~ordinates at P are taken in the direc- 
tions of the axes of the strain ellipsoid, the quantities s^^ s^^ and 
#3 are all zero, as is evident from (2) of last Art., and the equation 
of this ellipsoid will be 

ii-e,)e + i^-e,)v^ + {h-e^)e-ir^=0. (a) 

365 . ] Pure Strain. A strain is said to be pnre when the 
lines at P which become the axes of the strain ellipsoid are 
unaltered in their directions by the strain. 

366 . ] Conditions for a Pure Strain. If e is the elongation 
in the direction of any radius vector of the strain ellipsoid, we have 

p = r(l+<), 

where p the length of this radius vector and r the radius of the 
sphere wtich becomes by strain the strain ellipsoid. 

Hence if the axes of this ellipsoid are a, ^ 3 , y, we have 
a == r{l +^i), 

/3 = r(l4*^2)> 

y = r(l+^3) 

Now if I, m, n are the direction-cosines of any axis, we have 
(see Salmon’s Geometry of Three Dimensions^ or Frost’s Solid 
Geometry) ^ 

— s^.l-\-{^ — h)m--s^.n^Xm^ v (1) 

the three values (A^, Ag, A3) of A obtained from these equations 
being such that the equation of the ellipsoid referred to its own 
axes would be «2 

\a:^ + X^y^ + \^z^-—= 0. 

Hence A^ = — ^ ^2 ^ ^ ^2 » ^3 ~ ^ 

A <X 

Therefore if « stands for any one of the principal elongations, 
^1. '’2> ^3> equations (1) become, for the direction of any axis, 

(a — e)^+«3«« + «2« = 0, j 
+ = 0,|- 
«2^+#i>» + (c— *)« = 0. j 


( 2 ) 
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Now if there are three unrotated lines, they are given by 
equations (l), Art. 360 ; and if the same lines are determined by 
(2), we must have 

dw __ dv du dw dv dw 

dy dx^ dz dx dz dy ’ 

and the conditions for pure strain are that the displacements 
V, w satisfy the equations 


du ^ du dw dv dw , . 

dy dx"^ ^ dz dx dz dy 

These are the well-known conditions that the expression 
udx-^vdy-\-wdz^ 

in which u^ v^ w are functions of x, z^ should be the perfect 
differential of a single function, ^ (a?, y, z). When this function 
exists, i.e. when the strain is pure, it is called the Displacement 
Potential of the strain. 

Hence the components^ A^, A17, Af, of the strain (given in 
Art.. 358) become when the strain is pure 
Af=:af+53»J + «2C, ) 

^»? = + f (^) 

i. e. the coefficient of rj in A£ is the same as the coefficient of £ 

in Ar], &c. ; and this is the distinguishing character of a pure 
strain. A pure strain is also called an irrotatioml strain. 

The values of the principal elongations of a strain are the 
roots of the cubic equation 


^ — ^5 ^35 ^2 

^3> ^ 

^2» ^ ^ 


= 0 , 


or i + c) + {ab + 5(? + ca--s^—s.^—s^) c 

^ as^ ^hs.^ cs^ --ahc —2s^s^s^ = 0. 

367.] Rotation and Strain proper. Every strain can he resolved 
into a pure strain and a rotation. By a rotation here is meant such 
a displacement as a rigid body undergoes in turning round an axis, 
and we propose to show that the general small displacement at 
any point P of a body, may be produced by two operations, viz. 
first holding fixed in directions the principal axes of the strain 
and straining the body to a certain extent, and then rotating it 
as a rigid body about a certain axis. 
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It has been shown (p. 104) that if a rigid body receives %mall 
angular displacements, ooi, <»2, round three fixed rectangular 
axes, the displacements of the co-ordinates, rj, f, of any point 
in it are . > > a /,v 

(Such a Sisplacement has, of course, no displacement potential; 
for if these displacements are denoted by u, we have 

^ ^ equal to — 2 0)3 and not equal to zero.) 

Now the component, Af, of the displacement of Q along the 
axis Pa is (Art. 358) 

, , /du dvx - rdu diVy. . , ^du dtO\ . 

+ ‘ (5 + a) ’ + Us - *) ^ + * (s - s) f 


^dz dx ' 

- /dv du\ 

Hence, with the same values of as before, we have 

A A A A /dn dw^ . ^ ,dv du\ ) 

. A 7 > /dv dn\ . , ,dw dv\ J 

A A A A rdw dv\ , /du dw\ S) 

if = ji - jjj’i-J (* -*)«}■ 

A comparison with (1) shows that the portions in brackets in 
these expressions denote rotations, as of a rigid body, about the 
axes through the small angles 

_^i{dv diiK . V 

^ dz^^ '^^-^^\dz~dx^^ 
which are equivalent to a rotation through 
about one line (p. 103); while the portions of A^, At;, A^ out- 
side the brackets denote a pure strain by Art. 366. 

If the axes of reference, Pw, Py, Pz^ are chosen in the direc- 
tions of the principal axes, the strain portion of the displacement 
will be expressed by 

^»7=«2’?. ^C=«sC. 

i.e. the strain is produced simply by multiplying the co-ordinates 
of every particle by the numbers 1 +6^, 1 + 6^, 1 + 0 ^. A 


^dv) dvy. _ fdu dw^ 
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elongation of a body in a direction perpendicular to any plane 
means the drawing out from the plane of every particle through 
a distance proportional to the perpendicular from the particle on 
the plane, so that those particles farthest from the plane in the 
natural state are most drawn away, but all in the same propor- 
tion to their original distances from it. 

By this Article we see that every email displacement at a point 
P can he produced hy three successive simple elongations followed by 
a rotation^ as of a rigid body^ about an axis through P, 

^ The rotation part of the displacement in the neighbourhood of 
a point does not belong to the strain proper of the substance at 
the point. This rotation will frequently be called in the sequel 
the vortical rotation, 

368.] Significations of s^, s^, s^. Let the axes Px and Py 
become by strain Px^' and 
Py\ Fig. !Z 94 . (Of course it is 
supposed, as in Art. 358, that 
P is brought back to its ori- 
ginal position after the strain.) 

All particles in the plane of 
Px and Py originally are in 
the (different) plane of Px^' 
and Py'' after the strain ; and 
if -4 is a particle on the axis of y and AB a line parallel to 
the line of particles AB will become (Cor. 3, Art. 358) a 
line of particles A"B" parallel to Px", Let fall a perpendicular, 
A"py from A" on Px". Then the particle {A") which was at A 
has advanced in front of P parallel to the line Px" through the 
distance Pp, Now Pp = PA" cos ed'Py" = 2 PA" . (Cor. 1 , 
Art. 361) ; and PA" = (1 + 5 ) PA ; therefore Pjo = 2 (l -f 6 ) s^.PA ; 
or, neglecting the product 5 ^ 3 , 



Fig. 294. 


PA 


— 2^3. 


Hence the quantity 2^3 is the rate (per unit of distance be- 
tween the two lines) at which particles on any line AB parallel 
to Px have slid beyond the corresponding particles on Px. 
Evidently it is also the rate at which sliding has taken place 
between particles on Py and lines parallel to Py. 

Or again, imagine a little pamllelopiped at P having its edges 
along the lines Pa?, Py, Pz. Then 2 ^3 is the rate at which the 
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face parallel to that in the plane duz has slid in front of the latter ; 
or the rate at which the face parallel to the plane yz has slid in 
front of the face in the plane yz. 

Similarly for the values of and 

The effects of the separate components of strain in producing* 
deformation may be usefully studied by finding* the displaced 
positions of the various comers of the cube represented in Fig. 
' 2 r 28 , p. 1, as given by the equations (4), p. 39 L Thus, if a alone 
exists, every point will be simply displaced parallel to Ooj. If 
alone exists, the edge OA wUl not be moved ; the points C and H 
will move through equal small distances along CF and HO ' ; 
while B and I) will be moved along BF and JDC/ . This cube is 
thus changed into an oblique parallelepiped. 

Def. When a plane is held fixed in a body and all planes in 
the body parallel to it are slid in the same direction and sense 
parallel to the fixed plane, each through a distance proportional 
to its distance from the fixed plane, the strain so produced is 
called a shearing strain. 

The ratio of the distance through which any plane has slid to 
its distance from the fixed plane is called the amount of the shear. 
Hence the quantities 2s^ are the small shears of the axes 

of (y, z), {z, x), (x, y) respectively ^ at the point P, 

From Fig. 294 it is clear that the change in the cosine of the 
angle between any two lines at right angles in the natural state 
is the shear in their plane of lines parallel to either. 

369.] Shearing Strain. The two kinds of strain with which 
we are most concerned in the theory of Elasticity are Cubical 
Dilatation and Shearing Strain, We propose, therefore, to consider 
this latter more particularly here. 

Treating it first analytically, and confining our attention to a 
shear, 2Sq, of the two rectangular lines Ox and Oy, the elongation 
quadric would be 2^3 = F, 

the axes of co-ordinates being the lines Ox and Oy, 

But this equation denotes a hyperbola in the plane xy referred 
to its asymptotes ; and if we alter the axes of co-ordinates to the 
axes of the curve, the equation referred to them will be 

A comparison with the general equation of the elongation 
quadric shows that this equation denotes an elongation ^3 (half 
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the shear) of the body along one axis of the curve, accompanied 
by an elongation —^3 (i.e, an equal compression) of the sub- 
stance along the other axis. 

Hence the shearing strain of a hody can le produced ly a simple 
elongation {equal to half the shear) along one line and a simple 
compression of equal amount along a perpendicular line. 

The same result is easily found also by considerihg the 
displaced positions of the various comers of the cube in Fig. 395 , 
due to the shearing strain 2 ^^ alone (shear 
of the axes y, z)^ and given by equations a: 

(4), p. 391. 

These equations give for the displacements 
of any point 

A£= 0, Atj =zs^C, *^1^; 

so that the points y, z will be displaced to 
y', /, through equal distances ; no point on 
jPa^ will be displaced ; the points C will 
come to JS', C\ such that BB' = zz\ 

CC' =yy'; finally, the points I will be displaced to A\ 1' 
along' the diagonals PA and a?/, respectively, the lines z'A^ and 
f A! being parallel to Py' and Pz\ so that the squares zPy A and 
BxCI become lozenges by the strain, and the cube is altered 
into an oblique parallelepiped. 

The angle z'Pf = ^ ; the diagonal zy is shortened into 

£d 

z'y\ while the diagonal PA is elongated into PA\ If / = the 
length of an edge of the cube, 

/y' = ;( 1 — V 2 , and PJ' = ^(l +^i) ^ 2 * 



The squares zPx^ AyC^ and all sections parallel to them 
remain squares, and are therefore quite undistorted; and the 
length of every line in these planes remains unaltered. The 
same is true of all planes parallel to xPy, Hence the shearing 
strain could be replaced by a strain in which every line near P 
parallel to the diagonal zy is compressed, and every line near P 
parallel to xl is elongated, the amount of the compression and of 
the elongation being s^. 

The axes of the elongation quadric, 2 ^^ belong- 

ing to this strain are the internal and external bisectors of the 
angle zPy^ together with Pa?. 
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We have been considering small displacements ; but let us 
now consider an elongation of any amount along a line and 

an equal compression 
along a perpendicular 
Oy (Fig. ^ 96 ). Sup- 
pose that all lines in 
the body parallel to Oa? 
are increased in the 
ratio a: 1 , and that all 
lines parallel to Oy are 
diminished in the ratio 
1 : a ; and consider dis- 
placements in the plane 
xy. There will, of course, 
be similar displacements 
in all planes parallel to xy. The displacement of the point 0 
may be impressed in reversed direction on all points, so that 
0 may be considered as at rest. 

Draw OA^ of any length, making the angle -40^ = tan~^a. 
From A let fall An perpendicular to Oy, Then An becomes 
elongated by the strain parallel to Ox into a , An \ but 
a .An nO ] therefore by this strain A is drawn out to a, Aa 
being parallel to Ox^ and a a point on the bisector, Oa^ of the 
angle xOy. From a draw am perpendicular to Ox. Then by 

the strain parallel to Oy^ am becomes shortened into — • Now 

a 

if we draw OA^ making with Ox an angle equal to AOy, this line 

• anh 

will meet am in a point, A', such that A'm = — . Hence after 

a 

the two. strains A will come to A' ; and we see that OA' is equal 
in length to OA, and that they are both equally inclined to the 
bisector of the angle xOy, 

In the same way if OB be drawn making lB0x'= tan“^a, 
the length of OB will be unaltered, the point B will come to B\ 
and the lines OB and OB' are equally inclined to the bisector of 
the angle x'Oy. Also OA is perpendicular to OB'. Hence since 
parallel lines are all altered in the same ratio, all lines parallel to 
OA are unaltered in length, and all lines parallel to OB are 
unaltered in length. 

Imagine a plane through OA perpendicular to the plane of the 
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paper, and let any curve whatever be traced out in this plane. 
The curve will remain perfectly undistorted after the strain. 
For, all lines perpendicular to the plane of the paper obviously 
remain so and are unaltered in length, and all lines parallel to 
the plane of the paper remain parallel to this plane, while of 
these latter those which are parallel to OA remain unaltered in 
length. Hence ordinates and abscissae of the above-named curve 
parallel to OA and to a normal to the plane of the paper remain 
perpendicular to each other and unaltered in length. The curve, 
therefore, as regards magnitude and shape remains exactly as it 
was; its plane only is altered (to the plane through OA' per- 
pendicular to the paper). 

It follows, of course, that all lines^ whatever he their directions^ 
in the plane through OA perpendicular to the paper remain un- 
altered in length. 

Similarly all lines in the plane through OB and the normal 
to the paper remain unaltered in magnitude ; and all figures in 
this plane also remain undistorted. 

The planes through the normal to the paper and the lines OA 
and OB are called the planes of no distortion. 

Suppose that we impress on the body a common motion of 
rotation about the normal to the paper at 0 so as to bring OA' 
into coincidence with OA, This motion will, of course, be un- 
accompanied by any strain. Then OB^ will come to OB"y 
and BB" is pei’pendicular to OB' and pamllel to OA^ as is 
very easily seen. 

Draw BQ, parallel to OA, Then since the length of BQ, 
remains unaltered, Q will come to a point such that 

B(^. Hence all particles in the line B(^ are slid 
parallel to AO through a space BB", Now if p is the length of 
the perpendicular from B on OA, 

P ^ a * 

as is easily found. 

Consequently in this strain if the undistorted plane OA is held 
f seedy every plane y BQy parallel to it is slid parallel to it through a 
distance proportional to the perpendicular distance between BQ and 
OA ; and this is the usual way of representing a shearing strain. 

Of course the strain may otherwise be produced (neglecting 
the efiect of mere rotation common to all points) by holding fast 
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the other undistorted plane, OB, and sliding all planes parallel 
to it. 

The plane (xy) perpendicular to the two planes of no distortion 
is called the plane of the shear ; and the lines {Ox and Oy) which 
bisect, in the plane of the shear, the angles between the planes 
of no distortion are called the axes of the shear. 

Since a sphere described about 0 as centre becomes an ellip- 
soid, and since there are two sections of an ellipsoid which are 
circles, the planes of these sections must be OA! and OjB', the 
strained positions of the planes of no distortion. 

The quantity a—-, which is the fractional sliding per unit 

of distance between the parallel planes is called the amount of the 
shear. 

If the strain is small, a = 1 + where s is a small quan- 
tity ; and i =1—5, nearly, so that the amount of the shear 

= 1 = 25, which agrees with the analytical result 
as the beginning of this Article. 

The expression for the displacement in a shearing strain can 
be simplified by taking the fixed plane as that of xy and the axis 
of a? in the direction of the sliding. Then 

u = 25y, t? = 0, w 0 I 

so that a shear is a rotational strain. 

370.] Biaxal Reduction of Strain. We have shown in Art. 
367 that the strain proper (i.e. neglecting the rigid-body- 
rotation) at any point is always producible by three simple 
elongations, or stretches, e^. We shall now prove that in 
all cases of strain the strain proper at a point can be expressed 
with reference to two axes *. 

The strain at any point can he produced, hy a simple elongation 
parallel to one line accompanied hy a contraction round another. 

At any point, P, in the body draw the three principal axes, 
P^r, Py, of the strain, and also any line PP, whose direction- 
cosines with reference to the axes are /, n. Consider the 
effect of a simple elongation, a, parallel to PP. 

If Vi f are the co-ordinates of a point Q, near P, with 

♦ This redaction of strain was published by the Author in The Slucaiional 
Times. 
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reference to P, the perpendicular from Q on the plane through P 
at right angles to PL Hence by the stretch, Q 

is drawn out from this plane through a distance + 

and the component of this displacement parallel to Pa? is 
with similar components parallel to the other 

axes. 

At P draw any other line, Pi/', whose direction-cosines are 
l\ n\ and consider the effect of a contraction, /3, or squeeze, 
of the substance round it. The point Q is to be displaced along 
the perpendicular, QM, from Q on PP' by an amount equal to 
. QM, Now the projection of QM along Px = projection of 
PQ— projection of PM^ and this = + ^'f). 

Hence, adding the two strains together, we obtain 

which is to be identical with if the proposed reduction is 
possible. 

We have thus the equations 

+ = 0 , 

— /3m'2 + /3= 0, 

an^ — anl — V = 0. 

The first column gives a + 2 + ^ 2 + • Suppose 

To satisfy the second column, assume w = = 0, which 

requires both PL and PI/ to lie in the plane, xz^ of the greatest 
and least elongations. If they make angles and (/>' with P^, 
we have /5 = ^ 2 * ® 

a sin 2^ =i3 sin 2<^', 
acos2^— /3 co8 2<^' = 

which show that 2 and 2 cj/ are the base angles of a triangle 
whose two sides and base are proportional to ^ 2 j ^25 

respectively. 

871.] Traction and Torsion. Suppose a cylindrical bar of 
an isotropic body to have its base held fired while the bar is 
pulled in the direction of its length. Then each particle of the 
bar will be displaced in a direction parallel to the axis through a 
distance proportional to the natural distance of the particle from 
the fixed base 5 and in addition, the particle will be displaced 
towards the axis through a distance proportional to its natural 
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distance from the axis. That is, at each point there will be 
uniform elongation and uniform contraction. This will be 
proved in the last section of this chapter. Hence if the axis of 
the bar is taken as that of and the axes of x and y are in the 
plane of the fixed base. 


n = — ao?, V = w cz 


will express the displacements of any point, the quantities a and 
c being constant throughout the bar. This is the case of Traction. 
Suppose that, the base being still held fixed, the free extremity 
is twisted round through any angle (measured by the angle 
through which any diameter of the section revolves) ; then every 
other normal section of the bar will turn through an angle pro- 
portional to the distance, z, of this section from the fixed base. 

If / = length of bar, a = angle through which its free end is 
twisted, every point in the section considered will be twisted 

through an angle a-^ • Hence the displacements of a point x,y 

in this section are (the twisting taking place from axis of x 
towards axis of 



azx 



w := 0. 


This strain is called Torsion, 

372.] Lines of Flow and Vortex Lines. Just as a Line of 
Force has been defined (p. 316) as a curve at every point of 
which the resultant force of attraction of a system is directed 
along the tangent, so a Zine of Flow is defined to be a curve at 
every point of which the resultant displacement of the particle 
existing there is directed along the tangent. 

Again, we have seen that the displacement at any point can 
be produced by a pure strain together with a rotation round an 
axis through the point. A curve such that at every point of it 
the rotation corresponding to that point takes place round the 
tangent is called a Vortex Line. 

In analogy with a Tube of Force, we have a Tube of Flow, 
If through points constituting the contour of any area we draw 
Lines of Flow, these lines form a surface called a Tube of Flow. 
Similarly, if through the points constituting the contour of any 
area we draw Vortex Lines, these lines will make a surface which 
inay be called a Vortex Tube., 
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When the normal section of the Vortex Tube is everywhere 
very small, it is called a Vortex Filament. Such a filament, AB, 
is represented in Fig. %()T. 

373.] Equipotential Surfaces. When the 
strain at every point is irrotational, the quan- 
tity ndx vdy wclz is a perfect differential of 
a function <#). (x^ y, z). Describe in the body a 
series of surfaces the equation of any one of < 

Il'ich = (1) 

Then by giving C a series of different values 
we shall have a series of surfaces, exactly ^ 

analogous to the equipotential surfaces of an attracting mass ; 
and these equipotential surfaces of strain will be related to the 
lines of flow exactly as the equipotential surfaces of attraction 
are to the lines of force ; that is, at every point the line of 
flow is perpendicular to the equipotential surface. For, the 
direction-cosines of the normal to the surface (l) at any point 
\ .-i d (h d (fy d (b m j XJ4- 

{ps^y^z) are proportional ^y' i-e. to v, w. ±>ut 

x\ being the components of the displacement, are of course pro- 
portional to the direction-cosines of the line of flow. Therefore, &c. 
The potential function of any small strain being </>, we see 

that is the displacement parallel to the axis of x ; and since 

(I OS 

the axis of x may be in any direction, the displacement in any 
direction is the rate of variation^ jper unit of lengthy of ^potential in 
this direction. 

It follows that the resultant displacement (which is perpen- 
dicular to the surface ^ C) is where n denotes length 

measured along the normal to the surface, and the displacement 
is measured in the same sense as n. 

Let two very close equipotential surfaces, 0 = (/> == ^ 2 > 

described. Denote these by and (/) 2 - Then at all points on 
<#>1 the resultant displacement is inversely proportional to the 
normal distance at this point between the surfaces </>j and <^ 2 * 

For, if at any point on the surface the normal distance 

. A ^2 

between it and is Aw, the displacement is — or • 
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But for all points considered ~ ^2 — ^1 ~ ^ constant ; 

therefore the displacement varies inversely as An. 

374.] Circulation. Suppose any curve, AJSy to be traced out 
in the body, and let the displacement of each particle, P, on the 
curve between A and £ be resolved along the tangent to the 
curve at P (the resolution taking place between A and P in a 
sense opposite to that of watch-hand rotation) ; then the sum 
obtained between A and B by multiplying this resolved part of 
displacement by the element, ds, of the curve at P and adding 
all such products is called the circulation between A and P. 
Hence, by definition, the circulation from B to A is equal and 
opposite to the circulation from A to P. 

The components of the displacement parallel to the axes 
being, as before, v, w, and the direction-cosines of the tangent 

to the curve at P being ^ circulation is 

or y + 

the integral being taken from A to P. 

Supposing that there is no rotation^ or, in other words, that 
there is a displacement potential which has a value at A and 
<^2 at P, the circulation from ^ to P is it therefore 

depends merely on the co-ordinates of A and P and not at all 
on the curve between them along which it is taken. 

If the curve is closed, P coincides with A^ and the circulation 
is zero, it being still supposed that the strain is irrotational. If 
A and P are any two points on an equipotential surface, the 
circulation along any path from one to the other is zero. 

We now proceed to consider the case in 
which rotation exists, and to prove the 
following fundamental theorem : — 

The circulation round any small plane 
curve described round any pointy P, in the 
body is equal to twice the product of the 
area of the curve and the component of ro- 
tation at JP perpendicular to the plane of 
the curve. 

Let Q (Fig. 298) be any point on the small curve whose plane 
is taken as that of xy ; denote the components of the displace- 
ment of P by Vg w ; and the co-ordinates of Q with reference 
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to P by rj. Then the displacements of Q parallel to the axes 


du 


udv dv 


^dw dw 


and the component of these along* the tangent at Q is 
/ .du du^d^ / ^dv dO\dr\ 

When this is multiplied by ds and integrated, we shall have 
(since w, — 5 ... are constant for all points on the curve) 

/» T > /. 1 du dty ^ ^ dv . du ^ ^ ^ 

of which all the integrals except the last two vanish^ since the 
curve is closed. Now f^dt]^ area of curve = A\ and fy\d^ 
= since the two integrations are carried round at the same 

time from x to y. Hence the circulation = A 


(p. 392 ) 0)3 being the rotation round axis of z at P, i. e. 
perpendicular to the plane of the curve. 

Suppose that any surface, plane or 
curved, bounded by any curve, ABCD 

(Fig. 299), is traced out in the body c 

and that at each point on this surface ^ ^ 

we take the component of rotation r 

round the normal to the surface, / 

multiply this component by the ele- 
ment of superficial ai’ea at the point, 
and take the sum of all such products. 

This sum is called the surface-^integral 
of normal rotation. The normal must 

be supposed to be drawn away from the same side of the surface 
at every point, and the rotation is supposed to take place oppo- 
site to that of the hands of a watch held so that the normal 
passes up through its face. 

It is very easy to prove that this surface-integral of rotation is 
equal to one half the circulation round the edge^ ABGD^ of the 
surface. For, let the surface be broken up into an indefinitely 
great number of little -plane areas* Then the sum of the circu- 

i> d 
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lations round these areas is twice the surface integral of rotation 
(by what has just been proved). But the circulations in the 
common portions of eveiy two contiguous areas are directly 
opposed, and therefore mutually destructive, as is seen by 
drawing any two such little areas, a and 5, apart ; hence the 
circulation exists only along lines which do not form common 
parts of contiguous areas, i.e. along the edge which bounds the 
surface. 

If the surface has no bounding edge, i.e. if it is a closed 
surface, the surface-integral of rotation over it is zero. 

If the surface, without being closed, is such that at every 
point of it the rotation takes place about a tangent line to the 
surface, the circulation round its bounding edge is zero. Such 
a surface is that of a vortex filament (Fig. ^^97) ; 
or that represented in Fig. 300, which consists of 
a vortex tube whose ends are any two irregular 
curves whatever. The sum of the circulations 
round the terminal sections D and E of this tube, 
estimated in the cyclical order indicated round the 
contour in Fig. 299, is zero, i.e. the circulations round 
any two sections whatever of a vortex Uihe are eqtial ; 
or, in other words, the circulation round any section, normal or 
oblique, plane or tortuous, of a vortex tube is constant. 



Fig. 300. 


Examples. 

1. Prove analytically that the shear of any two rectangular lines 
intersecting at any point is equal to the difference between the 
elongations along the internal and external bisectors of the angle 
between them. 

Let the axes of co-ordinates be the principal axes of the strain at 
the point. Then the value of s given in equation (2), Art. 361, becomes 
5 = IV -f ^2 mm' 63 nn' , (a) 

the direction-cosines of the lines being (Z, m, n) and (Z', m', n'), and 
the shear 2«. Now the direction-cosines of one bisector are Z — Z', 
m—m\ n—n\ each divided by the square root of the sum of the 
squares of these quantities, i.e. by \/2, since the lines are rectan- 
gular; and the direction-cosines of the other bisector are Z + Z', 
m + m', nq-ii.' each divided by \/2. Let € and V be the elongations 
along these bisectors. Then, by Art. 369, 

2 € = (Z — {m — m')® + eg (n — n')®, 

2 €'=:ei(Z + Vf -f ^2 (wi -f m')® + + n')® ; 
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therefore c' — € = 2 {e^lV + e^mm' + e^nn'\ 

or e'— € = 2«, 

.which proves the proposition. 


2. Find the pair of rectangular lines in a given plane for which the 
shear is greatest. 

In any plane the elongation is greatest along one axis of the conic 
in which this plane cuts the Elongation Quadric, and least along the 
other. Therefore the difference of elongation along two rectangular 
lines is greatest for this pair ; and therefore, by last example, the 
shear of the two rectangular lines of whose angle these axes are the 
external and internal bisectors is greatest. 

Hence the shear in a given fflane is greatest for two lines making 


angles of ~ with the axes of the conic in which the given ffUme cuts ths 


Elongation Quadric. 

The magnitude of the shear for any two rectangular lines in the 
plane is easily found and represented by a curve. 

Let the axes of x and y be taken in the given plane and coincident 
with the axes of the section of the Elongation Quadric in the plane. 
Then s^ must = 0 for these axes. Also let one of two lines along 
which we wish to find the shear make an angle 0 with the axis of x. 
Then in the expression for s (Art. 361) we have = cos 0 , = sin 

= — sin d, n\ = cosd, = 0 ; therefore 


s = (6 — a) sin 2 


or 25 = (6 — a)sin 2d = shear, 

which of course shows that the shear is a maximum along lines 
bisecting the angles between the axes of the section. The curve 
whose polar equation is r = (6— a) sin 2d consists of four loops, one 
in each quadrant, and its radius-vector gives the shear for any 

77 

directions, denoted by d and - + d. 

It follows that the two rectangular lines whose shear is absolutely 
the greatest at a point in the body are those in the plane of the 
greatest and least axes of the Elongation Quadric (or of the Strain 

Ellipsoid) and making angles of - with them, and that their shear is 

Cj-ej, if we assume e, to be in descending order of magnitude. 

3. Represent the shears of all pairs of rectangular lines obtained by 
taking a given line and all those at right angles to it at a given 
point. 

Let the point 0 (Fig. 240, p. 37) be the point in the strained body 
through which the pairs of rectangular lines are drawn ; OP, OA, 
OZ represent the principal axes of the strain at 0 ; let OL be the 
given invariable line with which any variable line, OM (not drawn in 
the figure) at right angles OL is to be associated j draw the arc ZL^ 
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and produce it to cut PA in N ; let LN be produced to R so that 

IT 

LR = ^ ; at i? draw a great circle, RM, perpendicular to LR ; then the 

a 

variable line OM is always somewhere in the plane of this great circle. 
Let the position of the given line OL be defined by the angles ZL 
(=0) and PN (= <^), and let the variable angle RM be x- Then 
using the value of 8 given in (a) example 1, and substituting for the 
direction-cosines /, &c., of the lines OL and OM their values in 

terms of 6^ <#>, x» we easily find 

28 = («iC0s*<^)+€2sin®<^— 63) sin 2d. cos x 

—(ej — Cjj) sin 2(/> sin d . sin x, 

which can be written in the form 

2 = if cos(x + a). (1) 

If ei>e2>^3> we put dj = ^2= — «3, — we 

have K = sin d sin^ 2 </> + (dj + dg + dg cos 2 cos^ d, 

^ d- sin 2 <f> 

tan a = 

(dj + dj H- d3 cos 2 cos d 

Equation (1) gives at once a graphic method of representing the 
shear by means of the lengths of chords of a circle whose diameter = K. 

4. If A, fXf V are the direction-cosines of any plane, and 2 a the 
maximum shear of lines in the plane, show that 

4 = (e^ + 63 A® H- 63 + /X® -f -f ^2 - 4 (e^ Cg A’* + v^y 

5. Prov8 that a simple elongation in any direction is equivalent to 
a uniform cubical dilatation together with two shears, each having the 
given direction for one axis, the other axes being at right angles to it 
and to each other. 

Consider a cube whose three edges at the point 0 are (?cc, Oy, Oz, 
and suppose the given simple elongation, e, to take place along Ox. 
We may consider this as + along Ox, and we may suppose 

an elongation ^ € along Oy together with an elongation — J e (or a 
contraction) in the sense of yO; and similarly ^ e and in Oz. 
Now ^ € along Ox, Oy, and Oz (and of course along all lines parallel to 
these) constitutes (p. 388) a cubical dilatation e ; while ^ € along Ox 
and along Oy constitute (Art. 369) a shear, whose amount is f e. 
Therefore, &c. 

6. Resolve a simple elongation € in a given direction into its 
components with reference to three rectangular axes. 

Ans. If the direction-cosines of the direction of elongation witli 
reference to the three axes are I, m, n, the elongations and shears to 
which € is equivalent are 

€l^, cm* cw*, 2 cZm, 2enm, 2 tnl. 

For, if Tf, f be the co-ordinates of any point before strain, the 
length of the perpendicular from this point on the plane through the 
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origin perpendicular to the direction (1, m, n) is and 

the point (f, rj, Q is drawn out along this perpendicular through a 
distance €(Zf-f mrj-f wf). The projection of this distance along the 
axis of X is eZ + hence the strained co-ordinates 

»y'. C). afe 

f = ^+fl{l$+mr) + n^), t)' = ri + (m{l^+mr)+n0, 

Comparing these values of r\\ ^ with those given at p. 392 , 
we see that 

eP =1 ay = 6, :=: Cy elm = s^y emn s^y enl^s^y 

which are the required components of the elongation with reference 
to the axes. 

7. Find the condition that, in the general small strain, there should 
be two planes of no elongation. 

A ns. S 3 , by 1 = 0 . Hence one of the principal elongations 

must be zero (see p. 391). 

8 . Given two small strains, 

(a, 6 , c, 2 s,, 2 Sj, 2 s,), (a', b', c' , 2 s,', 2 s/, 2s/), 
find the resulting elongation quadric and strain ellipsoid. 

A ns. In the previous equations of these surfaces put a + a' for 
a, &c., 8^ + s/ for § 3 , &c. 

9. Resolve a shear, 2 s, of two given rectangular lines into its 
components along three given rectangular axes. 

Ans. If the direction-cosines of the two given lines with 
reference to the given axes are (Z, m, n), (Z', m'y n^)y the com- 
ponents are 

2slVy 2smm'y 2snn'y 2 5 (Zm' + Z'm), 2 s (mn' + m'n), 2s(nZ'-f n'Z). 

10 . Find the conditions that a strain whose components with 
reference to three given rectangular axes are given should be equiva- 
lent to a shear. 

Ans. Sg, 6 , Sj =0 and a-h^ + c = 0 . 

^2 , S^y C 

The first of these expresses that the product of the three principal 
elongations is zero, and the second that their sum (the cubical dila- 
tation) is zero. Hence the principal elongations are of the forms 

Cy ~~~ Cy 0 . 

11 . Find the Vortex Lines in the case of Torsion. 

Ans. The rotations at any point are 

ax ay az 

®1- - “a «)»— y 
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Hence the differential equations of the Vortex Lines are 

dxc dy dz 

X y 2z 

A/ 

The Vortex Lines are therefore the intersections of - = c, and 

x^z = Cj. The vortex line at any point lies in the plane through this 
point and the axis about which the torsion takes place. 

12. When the small strain (a, 5, c, 23^, 28^) is equivalent to a 

shear, find the magnitude of the shear. 

Ans, If 2a is the shear, a= + c^)* To 

get this equate the components in example 9 to a, b, c, 2 ag , .... 
Squaring and adding the last three, we have 

a-(l — Z*Z'^— ... -f 2ZZ'mm'-|- ...) = aj^ + a^ + ag^; 
or a^ [ 1 — 2 (Z^ -f -f = a/ -f 8^ 4- ; 

therefore the rest follows from the first three. 

13. Prove that torsion is equivalent to shear at each point, and find 
its amount. 

Ans, Let P be the point considered, PO the perpendicular 
(of length r) from P on the axis of torsion, and let the strain be 

OL V 

expressed as in Art. 371; then the amount of the shear is -y- > and 

the strain is a shear of the line drawn through P parallel to the axis 
of torsion and a line perpendicular to this one and to PO. 

14. Find the areal dilatation on a plane the direction-cosines of 
whose normal are Z, m, n, 

Ans. a 4- 6 + c — (aZ® 4- bm^ 4- cn’ 4- 2 Ims^ 4- 2mnSj 4- 2 nh^). 


Section II. 

Analysis of Stresses. 

375.] Intensity of a Stress. If a force whose magnitude is 
P acts over an area S in such a way that there is all over the 
area the same force on the same amount of area, the force is said 
to be uniformly distributed over the area ; and the intensity of 

. P . 

force on the area is i.e. the rate at which the force is 

distributed per unit of area. Thus the atmospheric pressure on 
any area at the surface of the earth is roughly 1 5 lbs. weight on 
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eveiy square inch, and if the unit of force is a pound weight and 
the unit of length an inch, the intensity of atmospheric pressure 
is represented by the number 15. 

If force acts over an area in such a way that there is not the 
same amount exerted on the same area everywhere, the distri- 
bution is not uniform ; and in this case we can speak only of the 
intensity of force at each particular point. If about any point we 
describe a very small area, dS^ on which we may assume the 
distribution of force to be constant, and if dF is the amount of 

(IF 

force on it, the intensity of force at the point selected is 

An instance of this occurs when the area pressed is any non- 
horizontal area in a heavy liquid. The intensity of pressure at 
points in the upper part of the area is less than the intensity at 
points in the lower part. 

376.] Stress at a Point. At any point, P, of the body 
consider a small plane surface of area dS and any position. This 
may be regarded as separating the part {A) of the body at one 
side of it from the part (P) at the other side. Then the 
particles in this element plane, when the body is strained in 
any manner, are subject to certain forces proceeding from the 
particles at the side {A) and resulting from the elongation or 
contraction of the natural distances. The resultant of these 
forces is called the stress on the side {A) of the element plane. 

The particles in the element plane are also subject to forces 
proceeding from particles at the side (P) of the plane ; and the 
resultant of these latter is, of course, a stress equal and opposite 
to the first-mentioned stress. 

The resultant stress (on either side of the element plane) 
divided by the area, dS, is the intensity of stress on the plane ; 
and the resultant stress may be either normal to the plane, 
oblique to it, or in it. 

If at the same point P we consider a small plane surface of 
the same area as before, but of different position, the resultant 
stress on it will, generally speaking, be different both in magni- 
tude and in direction from the previous stress. In the case of a 
perfect fluid body the magnitude of the stress is constant and its 
direction is normal to the element plane, whatever be the 
position of the latter at the point P. 

Hence in the case • of a strained body the term ‘ stress at a 
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point’ has no definite meaning until we specify the element 
plane on which the stress acts. 

377.] Equilibrium of an .elementary Parallelepiped. At 
any point, P (Fig. 295, p. 395), whose co-ordinates with reference 
to three fixed rectangular axes are (a?, y, z) let a very small 
rectangular parallelopiped, PxyzIC^ of the substance be separated 
in imagination from the rest of the body by means of element 
planes perpendicular to the fixed axes. We may then, if we 
actually produce on the faces of this element the stresses which 
are produced on them by the neighbouring portions of the body, 
consider the equilibrium of the element apart from the re- 
mainder*. 

The resultant stress on any face, ^Py, may be considered as 
acting at the middle point of the face. Let this stress per unit 
area be resolved into three components, parallel to 

the axes, and in the negative senses of these axes. In the 
sufiixes the first letter indicates the axis to which the face is 
perpendicular, and the second the axis parallel to which the com- 
ponent acts. Let the intensities of the stress components on the 
face zPx be Pyx^Pw^Pvt^ which the second is a normal 
tension, these components being also in the negative senses of 
the axes. Let the components of stress intensity for the face 
xPy be similarly Pzx^P»yyPzz^ negative senses of the axes. 

At the middle points of the opposite faces of the parallelopiped 
the stress components will, of course, be in the positive senses of 
the axes. Thus the normal stresses on the faces are all tractions, 
so that if in any case they are really pressures (as in perfect 
fluids) they are to be considered negative. The oblique com- 
ponents, &c., are shearing stresses. 

Let the lengths of the edges of the parallelopiped be dx, dy, 
dz. Then these stress components are all functions of the position 
of P, i. e. each of them is some function of {x, y, z). And the 
co-ordinates of the point x in the figure are (x^dx,y, z) ; so that 
if -2:), the Pxx for the hcc BxC I iBf{x-)rdx, y, z), i.e. 

♦ In considering the equilibrium of an element of a fluid body it is customary 
to say that we consider it as solidified and acted on by the stresses (pressures) 
which the fluid exerts on its surface. This solidification is, however, wholly 
unnecessary and misleading — if, indeed, it is not actually wrong. The element 
while regarded as forming part of the body is not solidified, but is kept in its 
condition by the very forces which, by supposition, are produced on it by other 
means. If these forces were by themselves sufficient in the one case, they must 
be so in the other, without the aid of solidification. 
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it is dx^ neglecting {dx^^ &c. This component is, as 

ax 

said, directed in the sense Po?. Hence the components of in- 
tensity of stress on BxCI are 

Similarly for the components of intensity of stress on the 
other faces. To get the whole amount of stress in any direction 
on any face, the intensity in this direction must, of course, be 
multiplied by the area of the face. Let us calculate the whole 
amount of stress parallel to Px exerted on the parallel opiped. 
The face zPy will contribute Pxx'xdj/dz^ in the negative direction, 
while the opposite face, BxCl^ will contribute 

and the sum of these is ^ x dxdydz. The face zPx will give 
a stress p^^xdzdx parallel to Px, and the opposite face will 
give dy ^dzdx-, and the sum of these is . dxdy dz ; 


give dy '^dzdx; and the sum of these is . dxdy dz ; 

cip ^ 

similarly, the faces xPy and BzA will give -—•dxdydz. Hence 
the whole stress force acting on the element in the direction 

T) ^ . dp yx , 

S/^rr»o o'r+.ornn.l fornp roTavitv. 


"px is 4- 4- dxdydz. Some external force (gravity, 

^ dx dy dz ^ 

or other) may also act on each element of the body. Such a 
force will always be proportional to the <puantity of matter in 
the element. Suppose p to be density of the body at P; then, 
approximately, the quantity of matter in the parallelepiped is 
pdxdydz. Let the components of the external force which is 
felt at P along the axes of x, y, z be X, T, Z, per unit of mass. 
Then the component of the external force along Px exerted on 
the clement is pXdxdydz. Equating to zero the sum of the 
components along Px of all forces exerted on the element, we 


dx dy 

^Pxy , ^Pyy ^ 
dx dy 

Apx» , dpy, < 


• + pX= 0. 


Similarly, 


(0 
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the last two equations being obtained by resolving forces along 
the axes of y and z. 

In a perfect fluid the shearing intensities are zero, and, by a 
fundamental result for the stress of every strained body, which 
will be presently given, the normal intensities are of equal 
amount for all planes at P ; so that = Pyy = each being 
a pressure, equal to — p. 

For any kind of body we obtain another important set of 
equations by expressing the equilibrium of the moments of the 
forces acting on the parallelepiped. For example, take moments 
about the line joining the middle points of the opposite faces zPy 
and BxC, The external force* acting on the pamllelopiped may 
be considered to act at its middle point ; it will therefore con- 
tribute nothing to the moments about the axis chosen. Neither 
will the stresses on these faces themselves, sinee these stresses 
act at the middle points of the faces. Of the stresses on the 
faces zPx and AyC the components Py^ x dxdz and 

which are parallel to P^, will alone contribute moments. The 

dy 

moment of the first is p^^xdxdzx or ^p^^dxdydz, and the 

a 

moment (in the same sense) of the second-is 

or J Py,dxdydz, neglecting the term dx (dyf dz. The sum of these 
moments is Py,dxdydz, 

Again, of the stresses on the faces xFy and BzA the com- 
ponents, p,yxdxdy and {p,y+^^ .dz'^ dxdy will alone con- 


* It is important for the student to distinguish two species of external force 
acting on any body. There may be external forces which act only 9 ,i particular 
points on its surface — as, for example, when a beam rests against the ground and 
against a wall, the reactions of the ground and wall—and there may be external 
forces which affect cv&i'y element inside the body — as, in the same case, the 
attraction of the earth which produces a force (the weight) on each element of the 
beam. The latter are called continuous , or bodily ^ forces* Thus a strained body 
may be affected by both — the above beam, if slightly flexible, will be bent. The 
forces (per unit of mass), X, Y, Z, in equations (1) belong exclusively to the 
second kind. Forces of the first kind do not enter into these equations; they 
are like the terminal tensions of a string, and are required for determining the 
values of constants which occur in the integrals of the differential equations (1) 
of equilibrium. 
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tribute; and the sum of their moments is p^ydxdydz, which is 
obviously in the sense opposite to that of the previous moment. 

Hence equating the sum of these moments to zero, 

Pyz ” Pzy* I 

Similarly, Pzx-Pxz.)’ ( 2 ) 

Pxy ~ Pyx^ 

which are obtained by taking moments about the lines joining 
the middle points of the other pairs of opposite faces. 

The stress (per unit of area) on the face zPy can be resolved 
into two, viz. one normal to the face and the other in the face. 
The first is and the second (which is the resultant shearing 

force intensity on the face) is p^ory-^P^xz* Equations (2) ob- 
viously assert that if we take any two element planes at right 
angles to each other at any point of the body, the component along 
the normal to the second of the stress jicr unit area on the first is 
equal to the component along the normal to the first of the stress 
per unit area on the second. We shall now see that this very 
important result is true for two element planes inclined at any 
angle to each other. 

To save a multiplicity of symbols, we shall (with Lame) use 
the following notation : — 

Pxx ~ -^^1 j Pyy ~ -^2 ’ P^^ ~ 

Pzy Pyz = ^1 *? Pzx ^ Pxz — ^2 > Pxy = Pyx = ^3* 

Fig. 301 represents these component intensities of stress, in 
the senses in which they are assumed to act in all our subse- 
quent equations, at points indefinitely 
close to P in the three co-ordinate 
planes. 

378.] Equilibrium of an elementary 
Tetrahedron. Consider now the equi- 
librium of the indefinitely small tetra- 
hedron whose vertex is P (Fig. 301) and 
whose base is the triangle formed by 
the points marked a?, y, z — the plane of Fig. 301 . 

these points being any plane whatever 

in the neighbourhood of P. Let /, n be the dircction-cosines 
of the perpendicular from P on this plane. Let P, Q, P be 
the components, along the axes Pa?, P^, P^, of the intensity of 
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stress exerted on this plane. It is required to express these 
components in terms of iV"i, T^y T^y 1\. 

Let A be the area of the triang*ular face xyz ; then the areas 
of the triangular faces zF^y zPx, xPy are I Ay mAy nA, respectively. 

Now for the equilibrium of the tetrahedron resolve the forces 
acting on it along Px, The face zPy will contribute the term 
— the face zPx will contribute --T^xmA; the face 
xPy the term ^T^xnA; the face xyz the term PxA; while 
the component of the external force is pX x the volume of the 
tetrahedron, or ^ pX x A A, where A is the length of the perpen- 
dicular from P on the plane xyz. 

Hence the equation of equilibrium is 

P — lN^ — ml\ — nT.’\-\phX = 0, 

or, in the limit, 

Similarly, Q + mN^ + nTj^y\ (3) 

^ = IT^-h + nN^y ; 

the terms depending on the external bodily force disappearing 
because they are infinitesimals of the third order (being pro- 
portional to the volume of the tetrahedron) while the stresses are 
of the second order being proportional to the areas of the faces 
of the tetrahedron. These equations give the intensity of stress 
in magnitude and direction on any assigned element plane when 
the stresses on three rectangular element planes are known ; they 
are, in fact, the composition and resolution of stress. 

Any one of these equations (3) suffices for the proof of the 
important general theorem of projection already referred to. 
For P is the projection, along the normal to the element plane 
zPyy of the intensity of stress on the element plane xyZy and 

is the projection, along the normal to the latter plane, of the 
intensity of stress on the former. This theorem is true therefore 
for any two element planes at a point. 

Remark. The components of stress on an element plane at 
the bounding surface of the body are to be equated to the com- 
ponents of the external force applied to the surfece at the 
element. 

Con. 1 . It follows immediately from this theorem of the pro- 
jections of two stresses that if there is at a point in the body 
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any plane on which the stress is zero, the lines of action of the 
stresses on all other planes at this point lie in this plane of zero 
stress. 

Coe. 2, If the stress on every element plane at a point in a body 
is normal to the plane, the intensity of the stress is constant for all 
element planes at the point. 

For, let p and q be the intensities of stress on two planes, each 
stress being normal to the corresponding plane ; and let ^ be 
the angle between the two normals. Then by the theorem of 


projection 


p cos ^ cos </), 


i? = ?, 

i.e. the intensity of the stress is constant on all planes at the 
given point. 

Thus in a perfect fluid the stress on every element plane at a 
point is a normal pressure ; hence its intensity is constant in all 
directions round the point — a result which is one of the elementary 
principles of Hydrostatics. 

A perfect fluid may, therefore, be completely defined as a body 
such that, however it may be strained, the stress on every element 
plane at every point is a normal pressure — the equality following 
from the normality. 

When the stress on an element plane, exerted by the part, 
A, of the body on one side of it consists of a force whose com- 
ponent normal to vj is directed from this plane towards the part 
A, the stress on ^ is called tension ; and when the normal com- 
ponent is directed from A to w, it is called pressure. All perfect 
fluid stress is, as just said, pressure. In general at every point 
inside a strained body there will be some planes on which the 
stress is pressure, and others on which the stress is tension. 

It may assist the student to understand the nature of the 
action of stress on an element plane if we draw a figi^ repre- 
senting the equilibrium of these stresses on an element of the 
body. Thus, if we take the elementary parallelepiped PI (Fig. 
295, p. 395) to be a cube, and also take (as we may) the stress on 
any face as acting at its middle point, the forces in the plane of 
xy may be represented as in Fig. 302, which is that of a section 
of the cube through its centre and parallel to the plane of ocy. 
If there were no stresses on planes parallel to xy, this figure 
would completely represent the equilibrium of the cubical ele- 
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ment. (Since the faces have been all taken as equal in area, the 
intensities of stresses are proportional to the stresses acting on 

It is evident, of course, that when 
the stresses on any three planes at 
a point (rectangular or not) are 
known, the stress on every plane 
at this point can be found both 
in magnitude and in line of action. 
For we may consider the equili- 
brium of the tetrahedral element 
contained by the assumed plane 
and the three given ones, and the 
required force will be equal and 
opposite to the resultant of three given forces. 

Let it, for example, be given that the stress at any point P is 
a shearing stress in each of two rectangular planes, there being 
no stress on planes perpendicular to both 
of them. Suppose that all planes in the 
neighbourhood of P which are perpen- 
dicular to the plane of the paper and 
parallel to CD (Fig. 303) are subject to a 
shearing stress, and that all planes paral- 
lel to AD and perpendicular to the paper 
are also subject to shearing stress, and 
that planes parallel to the paper are not 
subject to stress. The intensities of these 
shearing stresses are obviously equal (either by what precedes, 
or by considering the equilibrium of a small prism whose base 
is the square ABCD and whose edges are perpendicular to the 
paper. The equality of moments round an axis through P per- 
pendicular to the figure gives the equality of the intensities of 
these shears) ; let their common intensity be 5 , and suppose 
them represented by the arrows. 

Draw the plane AC, and consider the equilibrium of the 
portion ADC of the body (or rather of a little right prism whose 
base is ADC), It is kept in equilibrium by the forces S acting 
in the lines DC and DA and by the stress on the face AC, This 
last must (since it may be supposed to act at the middle point of 
AC) act in the line PD from P to D, If h is the height of the 



Fig. 303. 



Fig. 302. 
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prism, the areas of its faces are Ax AC, Ax CD, A x DA ; so that 
the forces acting in DC and DA are Sx Ax DC and SxAx DA ; 
and their resultant, F, which is equal and opposite to the stress 
on AC, is given by the equation 

VS'^xA^xDC^-hS^xA^xDA^=: SxAxdC; 

F 

i.e. the intensity of stress on the face AC is equal to the intensity 
of the shearing stress on each of the other two faces ; moreoverj 
the stress on AC is normal to AC, This stress is the action of 
the portion of the body at the right hand side of AC on the 
particles in the plane AC, and since it acts in the sense PD, it 
is a pressure. Hence if the portion of the body at the right hand 
side of AC, or of any plane parallel to it and near it be removed, 
a pressure of intensity S must be applied to the plane in the 
sense PD. The action of the part of the body at the left hand 
side of AC, or of any parallel to and near it, consists, of course, of 
a pressure in the opposite sense ; so that if we draw two element 
planes ///and JK parallel to AC and consider the portions of the 
body at the right of the first and at the left of the second as 
removed, two pressures (indicated by the arrows pointing to D 
and D) must be appKed to the portion of the body contained be- 
tween these planes. 

Similarly, by drawing DD and considering the equilibrium of 
the prism standing on the base PCD, we see that the action of 
the portion of the body at the lower side of BD on the particles in 
this face consists of a normal stress of intensity 8 directed in the 
sense CP, i. e. towards the parts considered as removed ; in other 
words, this stress is a tension. Consequently if we isolate in 
imagination a small prism of the body standing on the square 
HIJK, we regard it as acted on by two pressures on its faces HI 
and JK, and by two tensions on its faces IJ and KH. 

The state of stress of the body at P may just as well be 
produced by applying normal stress (pressure), of the same 
intensity as the shearing stress, to all planes parallel to AC and 
near it, and normal stress (tension), of same intensity, to all 
planes parallel to BD and near it ; in other words, we may sub- 
stitute tAis state of stress for tAe sAearing stress. 

Hence a sAearing stress on two rectangular planes at any poin^ 
VOL. IT. E e 
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produces equal normal stresses of opposite signs (^pressure and 
tension) and of intensities equal to^ that of the shearing stress on 
the two planes which bisect the angles between them. 

This result follows, of course, from equations (3) by taking 
the lines from P perpendicular to CD and BC as axes of x and 
and putting = 0, = 0, = 0, Pj = 0, = 0, P3 = 5, 

I m :=z -^r:, ^ = 0, From these equations also we deduce the 

magnitude and line of action of the stress on any plane near P. 

The student will do well, however, to deduce from the figure 
the stress on any plane through (or near) P perpendicular to the 
figure. 

379.] Transformation of Stress. Given the conditions of 
stress of a body at any point in it with reference to one set of 
rectangular planes^ to find the condition of stress at the same point 
witt reference to any other set of rectangular planes. 

Let the given stresses at a point P, on three rectangular 
planes of xy^ yz, zx, be Pjl , as in last Article. 

Then the components along the axes of y, z of the stress per 
unit area on an element plane at the point the direction-cosines 
of whose normal are /, n are given by equations (3) of last 
Article. The resolved part, P, of this stress along any line 
whose direction-cosines are A, /ut, v is AP -f m Q + r J2 ; i.e. 

P = T^’>r(mv-\-n\i) Pj 

+ (;^A + /i') Pg. (l) 

If the line along which the stress is resolved is the normal 
to the element plane itself, the component, A, is IP 

i.e. A = l^N^’\-rifi?‘'N^^n^'N^’\-2lmT^’\-2mnT^-\‘2nlT.^, (2) 

Let it be required to find the intensities of stress on three 
other rectangular element planes at P whose normals are Paf^ 
Py', P/j and let the direction-cosines of these normals with 
respect to Pa?, Py, Pz be (/, n), (l\ m\ w'), m!\ ^"), re- 

spectively. Denote the components of the intensity of stress on 
the plane if / by N\ along Pa?', Pg along Pf, and along P/ ; 
the components of the intensity of stress on the plane / a?' by 
along Pa?', A'g along Pfy and along P/ ; and those of the 


Compare with the corresponding result in the case of shearing strain. The 
shearing strain may he replaced by two simple elongations, the magnitude of 
each being half that of the shear. See (p. 395.) 
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intensity of stress on the plane of y by along along 

Py, and N\ along P/. 

Then N\ is given by (2) ; N\ is obtained by using w! w') 
for (^, n) in (2) ; N\ by using (lf\ n") for (/, n) in (2) ; 
P3 by using {l\ n') for (A, /ut, r) in (1) ; by using {l'\ n") 

for (a, fx, i^) in (1) ; and by using {I' m\ n') for (ly m, n), and 
(I", w", n") for (a, fx, v) in (l). 

It will be seen from this that in transforming from one set of 
rectangular axes to another, the quantities JVi, i\^2J ^ 2 * 

transform like y, z^, xy^ yz^ zx. 

The system of stress, thus calculated, on the new planes may 
be substituted for the original system of stress — the two systems 
are, in other words, perfectly equivalent, and either will produce 
the other. 

In particular, if P, C are the principal intensities of stress 
at a point, the components of stress intensity on any system of 
rectangular planes at the point are — 

^ + W ; = Al'T + Bw! rd' + Cn!d\ 

== Al'^ + Bm'^ + Cd^ ; = All" + Bmm" + Cmi'\ 

N^:= An + Bm"^ + Cn"^; T^ = All' -^Bmrd +Cn?i\ 

380. ] Cone of Shearing Stress. The expression (2) for the 
normal component of intensity of stress on a plane may for all 
values of I, w, n (i. e. for all element planes at the point con- 
sidered) retain a positive value. In this case the normal com- 
ponent of stress is a tension on all planes. Or the expression may 
be negative for all planes, and then the normal stress will be 
jjressure all round. Or, finally, it may be positive for some 
directions and negative for others. It will then be zero for 
some directions ; i. e. there will be planes on which the stress is 
entirely tangential. The directions of the normals to these 
planes are given by the equation 

N^P + K2m^ + N^7i^ + 2T^lm + 2T^mn-\’2T2nl = 0, 

and therefore the normals trace out the cone 

N^x^ + N'^y^-hNsZ^-\-2T^xy~\-2T^yz^2T2ZX 0, (1) 

the planes themselves tracing out the cone whose generators are 
perpendicular to the generators of this cone. This latter cone, 
when it exists, is called the Cone of Shearing Stress. 

381. ] Principal Planes of a Stress. The angle between the 
direction of stress and the plane on which it acts depends on the 

£02 
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plane ehosen. Let us try whether, with any given stress, it is 
possible to find a plane on which the stress is normal. 

If F is the resultant stress on a plane the direction-cosines of 
whose normal are (/, and if F acts in the normal, P '=■ 11, 

Q = mF, B = nF, and equations (3) of Art. 378 become 

INi + mTq H- nT^ = IF, 'v 

+ mF, > (1) 

IT^ -h mTi -f = nF ; ) 

and these give, by elimination of the direction -cosines, the cubic 

N,-F,T„T, 

T„ N^-F, = 0 , 

T„ N,-F 

or + + F^ + {N^N^ + 

This equation, as is well known, gives three real values of F, 
and equations (1) will give the direction-cosines of the planes 
subject to these normal stresses. The coefficients of this equation 
have, as is also well known, the same values no matter what 
three rectangular planes are taken as those of reference. 

All theorems, therefore, concerning stress may be simplified 
by supposing that we have selected as planes of reference the 
three on which the stresses are normal. These are called the 
r)rincipal planes of the stress at the point considered. Let the 
stresses on them (per unit area, of course) be denoted by A, B,C, 
The equations (1) which determine the planes and magnitudes 
of the principal stresses show that these planes are the principal 
planes of the quadric 

+ N^f + + -2 ^2T^yz^2 P,zx =/, ( 2 ) 

f being any constant force magnitude. 

The equation of the tangent plane to this quadric at the point 
/,/, / is 

+ 2^3/ + 2;,/) 0? 4 - (^2^ + ^2/+ 

-f(yy.h2^i/ + A3/)^=/. 

Let a normal be drawn to any element plane at the point, P, 
considered, and let r be the length of this normal from P to the 
surface of this quadric. Then by putting Ir, mr, nr for of, 1 / , /, 
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the tangent plane at the extremity of this normal is (by the 
values of P, Q, 72 in p. 414) 

Pa? + Qy + (3) 

The direction-cosines of the perpendicular from P on this 

plane are where F is the resultant stress (per unit 

area) on the element plane ; and these show that the resultant 
stress acts in this perpendicular. Again, if p is the length of 
the perpendicular from P on the plane (3), we have 

F=--^, (4) 

pr ' ’ 

the value of the resultant stress. 

If the axes of the quadric (2) are taken as those of co- 
ordinates, we have 

and the quadric has for equation 

Ax^ + -f Cz^ =y. 

The cone traced out by the normals to the planes of shearing 
stress is obviously the asymptotic cone of the quadric (2) ; and if 
this cone is real, its reciprocal cone (the cone of shearing stress) 
will separate the planes on which the stress is pressure from 
those on which it is tension. When the cone is imaginary, all 
planes at the point P will be subject ) stress of one kind — either 
pressure or tension. 

When the cone is real, the quadric (2) must be accompanied 
by another whose equation is obtained by merely changing f 
to — as has been explained in the analogous case of strain 
(p. 381). 

Another graphic mode of connecting the stress on a plane 
with the position of the plane is this. Let the principal planes 
be taken as the co-ordinate planes ; then the components of the 
intensity of stress on any plane (/, m, ti) are by equations (3), 

p = ij,\ 

Q = mB, ■ (5) 

R = nC* 


P2 02 

Hence ^ ^ 


= 1, Of course P, Q, R are the co- 
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ordinates of the extremity of the line representing the intensity 
of stress on the plane (/, w, n). Hence the extremities of lines 
representing in magnitude and direction the intensities of stresses 
on all planes at 0 lie on the ellipsoid 

f! 4. i:! 4. _ 1 

whose semi-axes are in magnitudes and directions the principal 
intensities of stress at P. 

If a tangent plane be drawn to this ellipsoid parallel to the 
plane whose stress is considered, the length of the perpendicular 
from the centre on the tangent plane represents the magnitude 
of the intensity of stress, as is obvious by squaring and adding 
the sides of equations (5). 

The ellipsoid (6) may for shortness be called the Stress 
Ellipsoid. ) 

In proving general properties of stress simplicity is, of course, 
gained by taking the principal axes of the stresses as those of 
reference. Thus, with these axes, the cone of shearing stress is 



and that traced out by the normals to planes of shearing stress 
is Ajx? + ^ (7^2 -- Q . QQ reality of these cones (i. e. 

for the existence of planes subject wholly to shearing stress) the 
principal stresses must consist either of one tension and two 
pressures, or two tensions and one pressure. With any system 
of axes the equation of the cone of shearing stress is 

P2 « 

^3 -^2 

X y z 0 

882.] Work done in Strain. We propose to investigate the 
work done in the strain of any small volume of the body. 
•About the point P (Fig. 290, p. 377) let any small closed surface 
be drawn in the natural state of the body. Let dS be any 
element of this surface, and let the direction-cosines of the 
normal to this element, measured outwards, be /, n. Then 
the components of intensity of stress (resulting from strain) on 
the element plane dS being P, Q, iZ, and the final displacements 
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of the mean point of the element being Af, Aj;, A(, the work 
done in the displacement of the element will be (see p. 339, vol. i) 

|(PA^+(2A^+ii!AC)<i-y. 

Hence the work done in the strain of the volume contained in 
the whole surface is 

i/(PAf+QA.) + i2AC)<^-J. 

Substituting for P its value (p. 414), the term PdS becomes 
(IN-i + mT^ + nl\) dS. 

But ddy^, d<t^, d<r^ are the projections of dS on the planes of 
yz, zx, and ay, respectively, IdS — da -i, mdS =da^, ndS =:d(T^; 
BO that the work done becomes 

|/(iV, A^ + T, Ar, + T^AQ da^ + \f{T^ Ai+ N^Ar, + P, AQ da, 

+ h/(T,Ai+TiArj + N,AOda,. 

The intensities of stress iVj, may be considered as con- 

stant over the surface and taken outside the integral signs. Also 
substituting for A^, A>j, Af their values (Art. 358), we have 

du r., du r , du r^. 

Now, the surface being closed, = volume enclosed 

by surface; and f i}dcr^'=. f^d<r^ = 0, since, the normal being 
always drawn outwards, the elementary projections d(r^ on one 
side of the plane yz must be given a sign opposite to the sign of 
those on the other side. 

In this way we have also 

fy\d(T<^ == = ••• = 

Hence the work of straining the element of volume considered 

\{N-^a’\-N^b‘\-N^c-\-2TiSi’\-2T^9^’\-2T^s^dQsy (a) 

where a, i, c, 2 ^ 1 , 2 ^ 2 > ‘^^3 usual, the simple elongations 

and shears of the strain. If we use the principal elongations 
and stresses, the work is 

\{Ae^’\-Be^+Ce^)da. (i3) 
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Examples. 

1. To resolve a shearing stress of intensity Sj which is exerted on 
two given rectangular planes at any point into its components with 
"reference to any three rectangular planes at the point. 

Let P (Fig. 295, p. 395) be the point, and suppose that the stress on 
all planes parallel to zPy is a shearing stress of intensity S, and that 
the stress on all planes parallel to zPx is also a shearing stress of 
(necessarily) the same intensity (see p. 413), while there is no stress 
on planes parallel to xPy, 

Let the direction-cosines of the normals, Px, Py, Pz to these planes 
with reference to any three rectangular axes Pf, Prj, P^, he (/, m, n), 
{Vy mf, n')y (Z", n''). Then for the system of planes on which the 

stresses are given we have = 0, and also P/ = P/ = 0, 

since there is no stress on xPy (see Fig, 301). Therefore if P\ Q'y R' 
are the components along PXy Pt/, Pz of the intensity of stress on a plane 
whose direction-cosines with respect to these lines are A, fXy r, we have 
P'=fiSy Q'=\Sy P'=0. 

Hence the components along Pa?, Py, Pz of the intensity of stress 
on the pkne vC are p/_ ig^ jgr- q . 

and is the sum of the components of these along the axis of f ; 
therefore N^-IP' -f-Z'Q' 

Also P3 = mP' -f- m'Q' + m"R' = {Imf + V^n) Sy 

= nP' +u''R = {ln'-^Vn)S; 

and hence the components of the given shearing stress are 

2 lV Sy 2 mmfSy 2 nn'Sy + I'm) Sy {In' -{-l'n)Sy {mn' •\-m'n)S, 

(Compare with the resolution of a shearing strain, p. 407.) 

2. Two normal stresses on two rectangular planes are combined 
with two shearing stresses on the same planes; find the principal 
planes and intensities of the resultant stress. 

Let Fig. 301, p. 413, represent the normal stresses and acting 
on planes at right angles to each other. Since there is no stress on 
any plane parallel to the plane of the paper, Ag = P^ = Pj = 0, and 
the stress on every plane lies in the plane of the paper (p. 414). Also 
Pg = Sy and the principal planes are obviously perpendicular to the 
plane xPy, Let the normal to any plane passing through the line 
Pz make an angle 6 with the direction of Then the components 
of stress on this plane are 

P = A^jCesd-f-ASsin^, 

Q z=z S cos d -f Ag 

For a principal plane P = A.cosd, $ = P,sind, where P is a 
principal stress. Hence 

(Aj— P) . cos d + ^ . sin d = 0, 

^ . cos d + (Aj— P) . sin d = 0. 
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From these equations we find the two principal intensities of stress 
and the directions of the principal planes are given by the equation 

2. If there is no normal stress on a certain plane, and no normal 
stress on any plane perpendicular to this plane, prove that the system 
of stress can be defined with reference to two planes (i. e. the state 
of stress on two planes will serve to determine the stress on every 
plane at the point considered). 

Let the plane xF^ (Fig. 301) be that on which there is no normal 
stress, there being also no normal stress on any plane through Fz, 
Draw any plane through Fzj and let the normal to it make an angle 
(f) with Fy, Then if P, Q, B are the components of stress intensity 
on this plane, since = ATg = iVg = 0, we have 

P = 7 3 cos = Pg sin ^ ; P = sin <|> + Pj cos <f>. 

Also the component of this stress along the normal to the plane 
is Q cos <^ + P sin <^ ; therefore Pg = 0, and the system contains only 
the two intensities P, , Pg . The stress on every plane through Fz is 
a shearing stress parallel to Fzy and its amount varies from P^^ + 

P 

to zero. If tan </> = ;^ we get a plane on which the stress has the 

•*1 

first of these values, and for the plane at right angles to this through 
Fz the stress = 0. Let a cube of the substance be determined by 
these planes and the plane xFy. Then this cube experiences equal 
shearing stresses, each = VPj^-p on two pairs of opposite faces, 
and no stress whatever on the remaining pair of opposite faces (the 
resultant stress intensity on the face xFy being V P/ + 

3 . Find the element-plane at any point on which the shearing 
stress is greatest. 

Let A, P, (7 be the principal stress intensities at the point, and let 
Z, m, n be the direction-cosines of the normal to any plane. Then, 
since F Q =. mB, R z=z nC, if S is the component of the stress 

in the plane, we have 

aS" == ZM 2 + w" P" -b ~ ( ZM -h P + 71^ 

Let Z, m, n be expressed in terms of the colatitude and longitude 
determining the normal ; that is, 

Z = sin d cos </), m = sin 6 sin <|), w = cos d. 

Then we find 

^ - 2^ = / 3 ’*cos^(^ + a^sin*<jl) — (i 3 cos^<#) -basin® sin® d, (1) 

where ^ = A — C, 

Supposing the principal stresses to be all of the same sign, and 
A >B> 0 , we see that S will be a maximum with respect to ^ when 
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r= 0, i.e. the normal to the required plane must be in the plane of 

A, C, The value of 0 which will then make S a maximum is 

that is, the normal bisects the angle between the axes of greatest and 
least stress, and then 

If the principal stresses are not all of the same sign, it is easily 
found that S is o, maximum when the normal lies in the plane of the 
axes of algebraically greatest and algebraically least stress, and bisects 
the angle between them, its value being half the algebraic difference of 
these stress intensities. 

4. If the stress on any plane is wholly a shearing stress, prove 
that its line of action is the line of contact of the plane with the 
cone of shearing stress, and find its magnitude. 

5. If at a point the principal stresses consist of two tensions, A and 
B{A>B) and a pressure C, find the plane whose stress is wholly 
shearing and of maximum intensity. 

Ans. I = m=0; n = , 

and the intensity = V AG, 

6 . Find the conditions that the stress (iV^, iVg, 

shall produce shearing stress on two planes only, and these 
rectangular. 

I N , T f T 

iVjj ^1 = 0, and + 

T,, -V3 

Hence the product of the three principal intensities = 0, and 
sum = 0 ; therefore one of them = 0, and the other two are a tension 
and an equal pressure. 

7. From the equations of equilibrium of an elementary parallele- 
piped, p. 411, deduce the six equations which are sufficient for the 
equilibrium of a rigid body. 

Multiply the first by dxdydz, and integrate by parts exactly as 
in Art. 346. Thus we get 

/ f f pXdjxdydZ'\- 

where dS is an element of the bounding surface of the body. 

But lN^’\‘mT^^nT^ is the a5-component of the stress at a point 
on the surface, i.e. the cc-component of the external force (if any) 
applied at the point. If this is denoted by Xq, we have (denoting 
the element of volume by 12) 

/pXc/I2+X, = 0, 

with two similar equations, which are exactly the equations of 
translation in Art. 240. 
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Similarly, multiplying the second by xdxdydz^ and the first by 
ydxdydzy subtracting the first from the second, and integrating 
throughout the body, we have 

/p ( Fx - Xy)d£l^J\ Y,x^X,y)dS = 0, 

with two similar equations, which are the equations of moments 
of Art. 240. 


8. From the equations of equilibrium of an elementary parallele- 
piped deduce the equations of equilibrium of a perfectly flexible 
string. 

383.] Virtual Work of Strain. The body under strain 
having assumed its state of equilibrium, let any further very 
small increments be imagined to be produced in the strain com- 
ponents, so that the displacements u^ v^w oi 2 ^ point P become 
further increased by hu^ dv, hw; and let us consider the amount 
of work done in this further displacement by the stresses exerted 
on the faces of a small parallelopiped, dxdydz^ at P. The total 

dN dT dT 

a?-stress on the parallelopiped is + ~dz^ dxdydz^ and 

the work done by this component in the virtual displacement is 
the product of the component and hu. Hence the virtual work 
of the stress on all elements of volume is 



dTo\^ fdT^ 

)6w + ( 




dz 


dx 


dN^ dT.. 




dT. 




(<■) 


By integration by parts, we obtain another form of this 
expression. Thus, by exactly the same process as that employed 
in Art. 346, we have 


4- niT^ -h nT^ 6 w + (IT^ 4- 4- nT^ h v 

4- {IT^ 4- niT^ + nN^ h to] dS 





dz dy 


'^ + ...'\dxdydz, {0) 


where rf/S is an element of the bounding surface of the body. 
The first integral is simply the virtual work of the surface stress 
on the body, and this surface stress consists merely of external 
force applied to the body. The triple integral in (j3) is therefore 
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properly the virtual work of the stress throughout the body, 
which is therefore 

^/{N,ha^N^bb + N‘^hc-\-2T^hs^'^2T^hs^^2T^hs^)da, (y) 

where J 12 is an element of volume of the body. 

It is easy to see directly that this is the expression for the 
virtual work of the stresses. For, let PI (Fig. 295 ) represent a 
small parallelepiped in a state of stress. Whether we suppose 
its edges to be (1 (1 {l’¥c)dz, or simply clx, dy, 

dz is indifferent. Let them be the former, and let iV^ e 
represent the mean intensity of tension on the planes between 
zPy A and PxCI, Then e is evidently a small quantity of the 
order of magnitude of dx^ and we have a tension 
(iVj + ^) ( 1 dy dz 

in the substance, parallel to Px, If the length (1 a) dx is 
slightly increased, or imagined to be increased^ so as to become 
(1 +a + ba)dx, the work of this tension is 

— + ■i’b-\‘c)dydz.ba.dXi 

or ^N^ba.dxdydZf 

rejecting infinitesimals of the second order. 

Similarly for the other normal stresses, 
virtual work of observe that it is not produced by any of the 
elongations a, b,c\ it is due to the sliding of the face JBzAI, the 
face xPyC being imagined as fixed, and also to the sliding of the 
face lAyC, the face BzBx being imagined fixed. 

The first of these shears gives 

a ’^-b) dxdy .bs^.dZy 

since the relative displacement of the faces by shear is s^,dz in 
the strain, and the further displacement imagined is bs^.dz. 
This virtual work is — - 6^1 . dxdydz^ neglecting infinitesimals of 

higher order. Similarly the other sliding contributes 
--T^bs^.dxdydz*^ 
and therefore does work of the amount 
--2TybSy^. dxdydz. 

Hence (y) follows. 

884.] Stress Potential. It is necessary that the expression 

^{Nyba + N^bh^N^bc^2T^bs^'\‘2T^b8^-\'2T^bs^) ( 1 ) 

which when multiplied by dll^ the element of volume, is the 
virtual work of the stress of this element, should be an exact 
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differential of some function of the strain components, and there- 
fore of the form 

( 2 ) 

For, if the imagined further displacement is actually made, and 
the element is made to pass through a series of states of 
strain — say from the state in which the strain components are 
(a', h\ c% s^) to that in which they are i", ...), the 

work actually done by the stress is 

— d 12/* (iV’j da + N^dh ^N^dc-^2 T^ds-^^ + 2 T’g ^^2 + ^ ^3 
the integration extending from the first state to the second. 

Now, unless the quantity under the integral sign is an exact 
differential, dcf), the work done in passing from the first to the 
last state will depend on the intermediate states — or on what we 
may call the ‘ path of the strain * — so that on the return from 
the second to the first state by a different ‘ strain path ’ the work 
given back by the stresses would not be the same as that 
required to produce the original change of state. There is thus 
either a loss or gain of work done on the element, and the excess 
or defect of work must shew itself by a gain or loss of kinetic 
energy in the element. Such energy might be the molecular 
energy called Heat. But if we assume that the states of strain 
are produced very slowly, so that no appreciable velocity, 
molecular or other, is ever generated, no energy of any ap- 
preciable amount is ever generated or destroyed in the element. 
Hence the work done by the stress in the passage from any one 
state of strain along any ‘ strain path ’ to another state of strain 
must be independent of the path, and this can be so only if the 
expression (1) is of the form (2). 

Consider, for example, what would happen if the element of work 
were equal to dQ.{bda—adb). 

Representing values of a and b by absciss® and ordinates with 
reference to two fixed rectangular axes through an origin (9, the 
work of the stress from the state represented by the point whose 
co-ordinates are (a', b'), to the point B, whose co-ordinates are 
(a", 6"), would be represented by double the area included between 
the lines OA and OBj and any arbitrary curve whatever drawn 
between A and B, so that by perpetually making the element reach 
R by a strain path represented ‘by a curve S, and return to by a 
strain path represented by a curve S', there would be in each cycle 
of changes a gain (or loss) of work represented by double the area 
enclosed by these curves, 
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The work done by the stresses, therefore, in the strain of the 
body &om its natural state to the state in which («, ... 2 ^],...) 

are the strain components at any point is 

where </> is the Potential of the strain and is used, for simplicity, 
instead of («, b, ^ 2 » ^2 j ^a)* 

The work done by the stresses is equal and opposite to that 
done by the forces externally applied to the body, if the strain is 
produced without appreciable velocity. 


Section III. 

Stress in Terms of Strain. 

385. ] Isotropic Body. A body is said to be isotropic^ if its 
structure in the neighbourhood of any point is the same in all 
directions round the point. More definitely, let P be any point 
in the body, and Q a point distant I from P, in any direction ; 
let a little cylinder having PQ for its axis and having a very 
small transverse section, cr, be imagined to be cut out of the body ; 
then if to stretch this cylinder — one end being fixed and the other 
pulled — by a constant amount, 5/, requires the same force no 
matter what the direction of PQ is, the substance is isotropic. 
In other words, if Young’s modulus is the same for slender 
cylinders cut out in all directions, the substance is isotropic. 
As examples of approximately isotropic solids, we may cite 
glass and steel. 

If this modulus is not constant for all such cylinders, the body 
is anisotropic, or as M. de Saint- Venant calls it, heterotropic. 
The term isotropic is due to Cauchy. 

Heterotropy may exist in all degrees ; that is, a heterotropic 
solid may have certain planes with respect to which its structure 
is symmetrical — as, for instance, forged metallic pieces, woods, 
and slates — without possessing structural symmetry with regard 
to any other planes. 

A crystalline body is, of course, an example of heterotropy. 

386. ] Extension and Lateral Contraction. Confining our 
attention for the present to the case of an isotropic solid, suppose 
that we take a cube of the substance, zTxyl (Fig. 295)» ftud 
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apply tension to the two opposite faces BIAZ and these 

tensions being uniformly distributed over the faces, with in- 
tensity ^ ; then, in virtue of the isotropy of the substance, the 
other pairs of parallel faces will be drawn towards each other, 
through the same distance — in other words, there will be uni- 
form lateral contraction of the prism. 

As before, let c be the elongation of the edges parallel to Bzj 
and let r? be the ratio of the contractions (parallel to Bx and By) 
to the elongation, so that 

CL = — r;c, h = — x\c. 

Then, 0 being the cubical dilatation, 

6 = (l-—2r))c. 

Also, E being Young’s modulus for the substance, 

p E .c. 

A vigorous controversy exists with regard to the coefficient 
1 ], M. de Saint-Venant maintaining, on the one side, both as a 
mathematical and as an experimental result that for all hard 
fine-grained isotropic solids rj is constant and equal to -J, while 
M. Lam4 (and with him English writers generally) denies this 
constancy and leaves its value indeterminate. 

Subsequently we shall give Saint- Venant’s argument ; but no 
inconvenience will arise from leaving indeterminate the value of 1 ], 
Those cases in which experiment finds for 77 values different from 
\ are disposed of by Saint-Venant by saying that either the 
bodies to which they refer are not solid isotropic bodies, or 
the displacements produced in them are not small. In this 
way he disposes of cork and indiarul^ber (which is really a 
cellular substance the pores of which are filled with a liquid), 
and also of jellies, in which the displacements are far greater 
than are contemplated in the theory of small strains. (See 
Saint- Venant’s annotated translation of Clebsch’s Theorie der 
Elasiicitdt Fester Kdrper^ p. 67.) 

Solids for which 77 = J are sometimes called ‘ perfect solids.’ 
According to Saint-Venant, all hard fine-grained solids are 
perfect solids. 

887.] Moduli of Extension and Shear. Young’s modulus is 
the modulus of extension, which we may formally define as 
follows : If the ends of a cylinder are pulled by two equal and 
opposite forces^ acting along Us axis^ and distributed uniformly over 
the endSy no lateral or other forces being applied^ the ratio of the 
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force-inteneity on the ends to the {^fractional) elongation of the 
cylinder is the modulus of extension of the substance* 

If P is the magnitude of each force, o- = area of section, I = 
length of unstrained cylinder, A/ = increase of length, 



In such case there is, as just said, always lateral contraction ; 
and it is to be carefully noted that it is only when forces act on 
the ends and no forces act on the sides that the intensity of the 
tension = P x the elongation. Thus we must not expect to find 
that for example, where and a are, respectively, the 

normal intensity of tension and the elongation along the axis of 
X at any point of a strained solid. For, the faces of the cube 
(Fig. CJ 95 ) are all acted upon by forces, and not merely the 
faces zfy and BxC. 

Modulus of Shear ^ or Sliding* If one face of a cuhe^ or any 
prism^ of a substance is held fixedy while to the opposite face is 
applied uniformly distributed force in the plane of this face^ the 
ratio of the forced-intensity on the face to the shear produced is the 
modulus of shear. 

Let P be the whole force applied to the face, <7 = area of the 
face, I = length of prism, Ar the sliding displacement of any 
point in the face, and p the modulus of shear ; then 



The expression is what we have previously denoted by 2 s, 
the shear. (See Art. 369.) 

Saint- Venant uses G for this modulus of shear or sliding 
{glissement), while Lam^ uses p* 

The elastic quality of every isotropic solid is completely ex-^ 
pressed by these two moduli, E and p* For perfect fluids (liquida 
or gases) /x = 0 . 

The modulus of shear is also the modulus of torsion. For 
(example 13, p. 408) torsion is equivalent to shear at every point ; 
and if, as in Art. 371, the axis of torsion is taken as that of z, 
the stress intensities, and T.^, on the transverse section of the 
cylinder at P are given by the equations 

= 2iiti = iiaj ; » 
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SO that if T is the resultant stress, T = fxa which shows that /x 
is also the resistance to torsion. 

To express the modulus of shear in terms of Younfs modules anf 
the coefficient <f lateral contraction. In Kg’. ^^95? suppose the 
faces JBIAz and xCyP to have tension uniformly distributed over 
them, with intensity there being no other forces applied to 
the cube. Let I = the length of each edge of the cube, and 
separate it, in imagination, into two wedges by the diagonal 
plane xIAP. Considering the equilibrium of the upper wedge, 
we see that the stress produced on its face xIAP by the lower 
wedge must be a tension at its middle point equal and opposite 
io'jpP ^ ; and as the area of this face = the intensity of this 


stress = — . Resolving this into a normal and tangential stress 

■V 2 

intensity, the latter = Hence if 2 ^ is the fractional sliding, 


or shear, of planes parallel to xTAP, we have 


1 

2 


2/x^. 


(a) 


Now this shear is the change in the cosine of the angle be- 
tween the diagonals xl and BC ; and by the applied traction the 
edge Cl and all parallel to it are lengthened by A/, while by 
lateral contraction the edge BI and all parallel to it become 
l—rjAl, Hence the square xCIB becomes a rectangle whose 
sides are / 4- A/ and l—y\Al, Also (Art. 361) the angle between 

the diagonals of this rectangle is -—2^. 

a 


Hence tan ( 2 — «) = — - ; 

'-4 l+Al 1+9 


therefore 


• = (1+V)j2' 




Since, then , p = E-j-, -we have from (a) 

E 

^~2(l+ri)' 

For ‘ perfect solids ’ we have 

Ff 


(^) 

w 


yoL, n. 
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The modulus of compressibility, or resistance to compression, 
can be easily expressed in terms of fx and E. 

Generally a modulus of rigidity, or resistance to a strain, of 
any kind is the force intensity (per imit area) producing the 
strain divided by the fractional measure of the strain ; so that 
every rigidity is a force per unit area. Supposing that the 
whole surface of a cube is subject to uniform intensity of pressure, 
or tension, p, if 6 is the cubical compression or dilatation, the 
resistance, to compression is given by the equation 



Now let the cube in question be that in Fig. 295 ; and ob- 
serve that the elongation a will be produced by three distinct 
and superposed causes : — 1®, the elongation which would be pro- 
duced if only the faces zPyA and BosCI were pulled, the amount 

of this being ^ ; 2°, the lateral contraction which would be pro- 
duced if only the faces zPxB and AyCI were pulled, the amount 
of this being rj ^ ; and 3°, the lateral contraction which would be 
produced if only the faces PxCy and zBIA were pulled, the 

amount of which is also rj ~ • 

iL 


Hence a=:(l — 

E 

. . A? = —7 r • 

3 (1 — 2 r/) 

For Young's modulus in terms of the moduli of compression 
{k) and distortion (fx), we have 

TP 9 ^^ 

Jh — y • 

Sk + fx 

We have here used a principle which is largely employed in 
the theory of small strains, viz. tke jprinciple of the independence 
and superposition of strains due severally to given superposed systems 
of stress, 

888.] Stress Components in terms of Strain Components. 
It is required to express the stress components (iVi, 
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2^2 > ^3) terms of the strain components (a, i, e, 2^^, 2^3, 2^3) 
in the case of a strained isotropic body. 

Take the cube in Fig. 295, Then^ as just explained, the 
elongation a is due to the separate actions of the normal tensions 

N 

^1) -^2> tbe first producing a stretch equal to and the 

latter two producing lateral contractions equal to and 

Hence Ea = + (1) 

Similarly ^ Eb =: + (2) 

Ec^N,^r^{K,+N^y (3) 

By definition we have also 

We have also by solving for 

with similar values of iVg, iV'g. Let 

^=^(l+r,)a-2~ny 

Then we have 

iVg = 2fA^ ; ^^2 — 2p.^2> I (^) 

JVg = 4" = 2fx#3, / 

in the simple notation of Lame. 

It will be observed that for perfect solids \ = f*. 

This remarkably simple method of expressing the stress com- 
ponents in terms of those of strain is due to Clebsch. (Saint- 
Venant’s edition of Clebsch, p. 14.) 

389.] Method of Cauchy. This method consists in assuming 
that at every point in a strained isotropic body the principal 
axes of the strain coincide with the principal axes of the stress. 
Here then we have 

= ^3 = 0 , = 3^2 “ ^8 ~ 

Also we can assume 

A s= (A + 2 /x) + A ^2 "b ^^3 > 

where A and fi are constants ; for ^3 niust evidently have 

the same coefiScient in the value of Ay since the body is elastically 
symmetric with regard to the axes of y and js? (and, of course, 

i ^{2 
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with regard to all axes) and the plane on which acts is also 
symmetrically placed with respect to them. Thus 

A = \ 

5 = + (^) 

C = Kd / 

where ^ = <?i + ^2 + ^3 ~ cubical dilatation, and e^y are 
the principal elongations. 

It is required to express the components, iV^, iVg, iVg, ^ 2 * 
of the stress at the point considered in the body with reference 
to three rectangular axes at the point and the corresponding 
components of the strain. Let (/, n)y &c., be the direction- 
cosines of the new axes with reference to the principal axes of 
strain and stress. Then by multiplying both sides of equations 
( 1 ) by P, m^yn^y respectively, and adding, we have, by Art. 379, 
precisely the value of obtained in last Article. 

Similarly, by multiplying the sides of equations (1) by V V'y 
n' n"y and adding, we have the value of before obtained. 

390.] Method of Thomson. Denote, as before, the resist- 
ances to compression and distortion (or shear) by k and /ut, 
respectively. 

Then, to find the stresses called into play by a simple elonga- 
tion, a, along the axis of Xy resolve this elongation exactly as in 
example 5, p. 406, into a cubical dilatation, a, together with two 
shears. Now, by our above definition, the dilatation will cause 
a normal intensity of stress equal to ka on each face of a cubical 
element whose edges coincide with Oxy Oy, and Oz at the 
point, 0. 

Consider the elongation along Ox and the accompanying 
contraction Ja along Oz. These give shears each equal to i a 
on the planes OCHD inclined at angles 
of 45® to Ox and Oz\ and these shears 
will, by the above definition, give rise 
to shearing stresses each of intensity 
%lia on these planes. Again, by p. 416, 
these shearing stresses will give rise to 
normal stresses each of intensity -l/uta on 
planes parallel to OH and CD ; and it 
is obvious that the normal stress on the plane OH (or rather the 
plane through OH perpendicular to the paper) produced by the 


\z 


\H 



Fig. 304. 
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portion of the body to the right of OH will be temion, i.e., it 
will be in the sense Ox\ while on the plane CD or {Ox) the 
normal stress produced by the portion of the body at the upper 
side of the figure will be pressure^ i.e. it will be in the sense zO. 

Similarly, by considering the other shear (that which consists 
of elongation along Ox and contraction along Oy), we 
have a further normal tension equal to § /x a on the plane perpen- 
dicular to Oz ; and normal pressure § ixa on the plane perpen- 
dicular to Oy. Hence the elongation a gives normal stresses 
{k + iix)a, (k-^ix)a, 

on the planes perpendicular to Ox, Oy, Oz, respectively. 

Similarly the elongation b (which is along Oy) gives normal 
stresses 

in the same directions ; and the remaining elongation, c, gives 
Hence we have 


or Ni = ()i— f jui)d + 2/xa, 

as before. The values of T^, T^, T^, are obvious from the 
definition of a modulus of shear. 

291.] Case of a laiquid. A perfect fluid has a zero modulus 
of shear, i. e, == 0. If it is a liquid, it is voluminally incom- 
pressible, therefore \ = oo. Also d = 0, but \0 is N^, N^, or N^, 
which are all equal to — jo, the pressure intensity at any point. 

392.] Strain Potential. For an isotropic body the Strain 
Potential is easily found from the values of the stress components 
just given. If </> is the Strain Potential (Art. 384), we have 
N-j^dd -f“ N^db -j“ -4- 2 *4- 2 T^ds^ *4* 2 T2^ds^ zz. d(J^, 

Hence we easily find 

20 = \ {a + b + c)^ 2 fx{a^ + b^ + -h 2Sj^ + -h ^^s^)*** • (o) 


Of course A, = ^ > 
^ da 




If in (a) we substitute the values of the strain components in 
terms of those of stress, we have 

X + 


= -M' 


where o- = iV‘j + iVg + A’g, and 
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But by (6), Art. 388, we have E = = Young’s 

modulus; hence o-' /o\ 

393. J Clapeyron’s Theorem. Since (Art. 384) — J’<pd£l is 
the work done by the stress in the passage of the body from the 
unstrained state to that in which is the Potential of strain of 
the element dQ,, we have this work equal to 

which, with altered sign, is also the work of the external forces 
if the strain is very slowly produced. This expression for the 
work constitutes Clapeyron’s Theorem. Observe, then, that in 
this expression (y) the stresses involved in (t, o-' are those 
belonging to the state of strain. 

The work done in the passage to a certain final state of strain 
may, therefore, be expressed as an integral, through the body, 
either of a Potential of the stress or of a Potential of the strain, 
belonging to the final state— that is, either of the function <jf) 
given by (a) or of that given by 0). 

To take the simplest illustration, consider the work done in 
the extension of a cylindrical bar of uniform section cr. The 
work diagram is a triangle, and if /q = natural length of bar, 

A / = whole amount of extension, the final tension T ^ Ecr -j- ; 

. 

and the work of the tension = — J 2^. A / ; so that the work is 
where « = ^ = the elongation. 


Examples. 

1. Find the work done in a gradual uniform compression of a 
body. 

If Fo is the unstrained volume, V the compressed volume, p the 
final intensity of pressure on the surface, the work is 

ip(Yo-F)- («) 

In a uniform compression we have at each point 
ooj, v = — ay, 10 = — a«; 
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therefore 6 = — 3 a; = — (3\ + 2fA)a = —Ska, vrhere 

V 

k is the modulus of compression; A = therefore =*-/>, so 

that the intensity of stress is constant throughout the body. 

The work may also be expressed as 

Ho 

2 k ‘ 

Observe that the element of work done by the pressure of a gas 
in changing its volume by dv is while our expression (a) gives 
the work of changing the volume of an elastic solid as equal to ^pdA), 
There is an apparent contradiction ; but observe that in all cases of 
equilibrium of strain, we assume the externally applied forces to be 
applied with very gradmilly increasing magnitudes^ so that neither 
they nor the stresses reach at once their final values ; the stresses 
grow from zero to certain final values, and our expressions for work 
done all involve the final values of the stresses and not intermediate 
values which they have in intermediate states of strain. Now as 
the components of stress are linear functions of those of strain, we 
obtain the elementary result which we know to hold for the expansion 
of a bar according to Hooke’s Law, viz. that the work is one half 
the product of the whole extention and the^waZ tension of the bar. 

2. Find the work done in the distortion of a body (without com- 
pression or dilatation at any point). 

Ans. ///(a* + 6^ + c® -f- 2 + 2 s^ + 2 sf) d X2. 

For example, take the case of the torsion of a circular cylinder 

ax ay , , , 

(Art. 371). Then 2^1 = —» 2«g = so that the work 


where r is the distance of the element dH from the axis of the 
cylinder. This work is 


where R = radius of cylinder. 

If the torsion is produced by opposite couples applied at the ends, 
or by holding one end fixed and applying a couple of moment G to 
the other, this work is ^aR^G 

as will presently be shown. 

3. Two uniform bars, CS^ BA (Fig. 184, p, 224, vol. I) are freely 
jointed to each other at i?, and have their ends (7 and A fixed by 
smooth pins ; if a weight, W, so great that, in comparison, the weights 
of the bars may be neglected, is suspended from the joint B^ find the 
vertical distance through which B will descend. 

The weight W is supposed to have been put on gradually, so that 
at no moment is there any vibration produced. Also if A « is the 
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vertical descent of J5, the work done by this gradually accumulated 
weight is i WAz, If T and T' are the tension and pressure in the 
bars BG and BA, respectively, and Al, AV the amounts by which 
they are elongated and shortened, we have the work done by the 
stresses = — A Z — A Z'; or if BG ck^ BA , and the 
areas of their sections are (t, o-', this work is 

aT^ . cr^ 




E</ 

Hence, since no appreciable kinetic energy is generated, 
^ aT^ cT'^ 

W^»Az^ h r* 

E(/ 

But if EC and BA make a and y with the vertical, 

y=jr^; 

Binp sin/3 

where is the angle between the bars at B. Hence 


Az: 


W .asin^y csin^a, 


(- 


)• 


^sin^/3 ^ (T ' 0-' 

If the points G and A are in the same vertical line, and AG ^h, 


A« = 


Wac ,c ^ 

~w V p' ' 


4. Three uniform bars AB, BG, GA, forming a triangle and freely 
jointed to each other rest in a vertical plane, the bar AG being hori- 
zontal and the ends A, G being supported on two fixed vertical 
pillars ; a weight W is suspended from the joint B (by gradual accu- 
mulation) ; fiind the vertical descent of B, 

Ans, If the normal sections of the bars opposite A, B, G are 
<r, </, (t", their lengths a, h, c, and the angles a, y, 

A«= -=~^^(~cos® a + ~cos*)3 + cos® a cos® i3). 

jE^sin®y V cr' a" 

5. One end of a bar of isotropic material is held fixed, and the 
bar hangs vertically ; find its elongation caused by its weight. 

Let AB be the bar in its natural state, F a point in AB at a 
distance z from A ; let A^ B' represent the elongated bar, and let P' 
be the displaced position of P. 

duo 

Then the intensity of stress on a normal section at P' = P > 

where E is Young’s modulus. But if o* is the area of the section at 

Al, • A -A r A weight of length PB W I --z ^ 

J^, the intensity of stress = = where 

O' <T I 

W and I are the weight and length of the bar. 

Hence E^=.Zbzl. 

dz (T I 
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where (7 is a constant. Now the value of w for the fixed end is zero, 
therefore (7=0; and the value of w for the free end, J5, is the 
amount of elongation. Hence, putting « = Z, 

It is immaterial whether a means the section of the bar or the 
section of AB^ since these areas differ by a small quantity of the first 
order. 

6. To find the stresses produced at any point in a circular cylinder 
which undergoes torsion round its axis. 

With the notation of p. 400, we have by Art, 388. 

iV, = 0, = 0, iVg = 0, 


T 




^ 3 = 0 . 


The torsion may be produced either by fixing one end of the 
cylinder and applying a couple to the other end, or by applying two 
equal and opposite couples to the ends, 
each of which is free. By considering 
the equilibrium of a portion of the cylin- 
der between one end and a section made 
at any point 0 (Fig. 305), on the axis per- 
pendicularly to the axis, we see that the 
stress system exerted over this section by 
the remaining portion of the cylinder 
must be a couple equal in amount to the 
applied couple (i^, F), 

Let the fixed axes of x and 3/ at 0 be Ox 
and Oy, and let P be a point in the section 
whose co-ordinates are x and y. Then the 
above values of the intensities of stress show that on the element 
area dS at P the two components of stress on the l(ywer side of dS 

The 



are ^ ydS in the direction Ox, and ^ xdS in the direction yO. 
Z I 


sum of their moments about Oz (^^y'^')d8 in a sense opposite 

V 

to that of the applied couple. Hence if the amount of this couple is 
denoted by Gy 


fxa 

T 


/r^dS 


where r = OP, and the integration is extended over the whole area of 
the section at 0. Now J'r^dS is the moment of inertia, /, of the 
section about Oz. Therefore 
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Let y > which is the rate of twist per unit length of the cylinder, be 
c 

denoted by r, and we have 


Mr/=: 6?. (a) 

Defining the torsional rigidity as the moment of the applied twisting 
couple divided by the rate of twist produced, we see that, for a solid 
circular cylinder, 

torsional rigidity = ^ /x . -ttjR*, 
where E is the radius of the cylinder (since I = 

The result in equation (a) is known as Coulomb's Law. 

7. To show that Coulomb’s Law cannot apply to a non-circular 
cylinder when it is acted on only by twisting couples at its ex- 
tremities. 

In order that the law of torsion strain expressed by the equations 



U'=‘ — Tyzy v'=Txz^ 

may hold, we shall show that force must be applied over the bounding 
surface of the cylinder parallel to its axis. 

Let Fig. 306 represent a section of the 
cylinder perpendicular to its axis, the axis 
passing through 0 \ let P be a point on the 
bounding surface, FT the tangent to the 
section, and OQ a perpendicular to FT, 
Let OQ be taken as axis of a?, the axis of 
z being the axis of the cylinder ; and let 
us calculate the stress on an element plane 
which touches the bounding surface at P. "We have for this plane 
= 7i = 0j and equations (3), p. 414, give (by last example) 

P = 0, Q = 0, P=:— jLtry = — fXT.PQ; 

i.e., the stress on this plane is proportional to PQ, and there must be 
an applied force to balance this stress, since there is none of the 
material of the cylinder at the right-hand side of the plane, 

8. Let there be a straight fibrous body or beam subject to a slight 
bending strain such that the fibres (mean jibree) which lie in a certain 
plane, although bent, are not elongated, and that the elongation (posi- 
tive or negative) along every other fibre is proportional to its (posi- 
tive or negative) distance from this plane, the bending of all fibres 
taking place parallel to a single plane which cuts the normal section 
of the bar perpendicularly. It is required to find for any normal 
section the sum of the moments, round the line in which it inter- 
sects the plane of the mean fibres, of the stresses which are exerted 
at the section by the strained fibres. 

Suppose thal; after the bending any one section, AHB (Fig. 307), is 
brought by a motion as of a rigid body back to its old position, 
and let a neighbouring section then occupy the position 
Let HH\ ec' be two of the mean fibres which reach across from 
one of the sections to the other. Then the original distance between 
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the sections is or Let this be denoted by ds. If PP' 

is any other fibre reaching across, Pn and P' %' the perpendiculars 
from P and P' on the right lines cH 
and the elongation along PP' 

(1. e. — — ) IS proportional to Pn, 

Let the planes of the sections AHB 
and intersect in a line OP, 

let p denote the length of the radius 
of curvature (cO) of the bent mean 
fibres (cc' or nn'), and Pn = y, ~ 
evidently 

PP'^P + y 


Then 


rm 

nn^ 


P' 



Fig. 307. 

and for these y is 


which is the elongation along PP'. 

For fibres at the lower side of cHy 
there is contraction, or negative elongation, 
reckoned as negative. 

Now, by Hookers Law, if we consider a small prism who sides are 
the fibres emanating from points on a very small area, i<r, at the 
point P, the stress of this prism {assumed wholly longitudinal) is 

Ey 


^d<T. 

P 


Ey^ 


The moment of this force about cH is da : therefore the sum of 

P 


these moments all over the section AHB is 

M 

P ’ 


E 


fy^da-y or 


(«) 


where I is the Moment of Inertia of the section AHB about the 
line cH, [See the second paragraph of p. 432.] 

Remark, If the end of a beam merely rest against a fixed surface, 
there will be no Bending Moment at this end, and p = 00 at it. 
But if the end is tangentially fixed, there will be a Bending Moment 
at it, and its curvature will not be zero. 


9. A uniform slightly elastic beam rests, in non-limiting equi- 
librium, with one end on the ground and the other against a vertical 
wall, the vertical plane through the beam being at right angles to 
the wall ; find the form of the mean fibre of the beam. Let AB 
(Fig. 308) be the beam 3 GN the vertical through its centre of gravity, 
O \ R and S the reactions of the ground and wall ; </> the angle made 
by R with the vertical ; a the angle which the tangent to the beam 
at A makes with the horizon \ h and k the distances, Ax and Bx, 
of the extremities from the line of intersection of the ground and wall. 
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Let P be any point in the beam, at which we shall calculate the 
Bending Moment, i.e. the sum of the moments of all the forces acting 

on the beam between F and A ; 
let the horizontal and vertical 
lines through A be taken as 
axes of X and y ; let Q be any 
point between P and A) let 
the co-ordinates of P and Q be 
(a?, y) and (a/, y'), respectively ; 
let the original length of the 
beam be and its weight W, 
Then the weight of an ele- 
ment of length, at Q is 

-j and the moment of this 

force tending to produce curva- 
ture at P round a line (such as 
cH in Fig. 307) perpendicular to the plane of the figure is 

W 

- y {x--^)d 8 \ 

Also the moment of R about this axis is 
R {x cos y sin </>). 

Hence if p is the radius of curvature of the mean fibre at P, we 
have 

— =:P(aJcos</)— 3/sin<^)— —/(x-x')d/, (1) 

P ^ 

the integration being performed from A to P. 

If P is taken very close to A, the Bending Moment on the right 
side of (1) is zero, therefore /o at A = 00, i.e. A is a point of 
inflexion ; and B is also a point of inflexion for a similar reason. 

Assume y = a^tana-f-agOj^ + a^cc^-l-a^a?®..., (2) 

where ag, a^, ... are all very small quantities; there being no 
term in since 0 (p = 00) at A, 

From (2), we find 
ds 

■^ = Beca+Bina{3a,x‘ + 4ata^+5a^x* + ...) 

= Qa^x+l2a^a?+20a^a^+.... 


Now - = 
P 


dot? 




y ; and if we neglect products of a^, a^, 


we shall have - = cos®a(6a8a;+12a4aj® + 20 aaaj®+ ...). 
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(oj— = ^aj^sec a + -i^a3sina. a?^ + ^a^siria . a:^+ .... 

Making these substitutions in (1), and equating to zero the- co- 
eflBicient of every power of a;, we have 

Rmi(i> (cot <^—tan a) 

^ 6 AY cos’ a ’ 

W 


“* 24?A/cos‘o’ 


while ttg, are of the order and may be neglected. 

Also at the extremity B, ^ must be zero ; therefore 
ttg + 2 ha^ = 0 ; 

and the equation of the mean fibre is 

W 

y = aJtaaa+ sec* a. 

By putting h and h for y and aj, this equation gives 
k Wh^ 


tan a = ; 


2 ^hlEr 


js/jc^ -I- ^2 

Putting seca= ^ in the small term, we get 

^ h wr^ 

tanci T j 

h 2mEI 

where V is used for Vk^ + A®. 

Substituting this value of a in the equation of the mean fibre, we 
k Wl'*- ,,, 

which is the equation of the mean fibre, to the first power of • 

III 

It will be easily found that AR , the abscissa of the centre of gravity 
of the beam, is ^ TTyJjP 

10. A rigid bar is supported nearly horizontally on three given 
vertical props which are slightly 

elastic ; to determine the pressures — ? $ — — 

on these props. — ^ g 

Suppose that the props are fixed ^ 
in the ground at i>, and F (Fig* 

309), and their extremities were 

originally a, 5, c, which are in a — 'u 

horizontal line ; but that when the 

shrinking has taken place, their ’ 


extremities, A, j 5 , C, lie in a line slightly inclined to the horizon. 



ANALYSIS OP STBAINS AND STRESSES. 


Let their original lengths be jp, t, so that Aa = 8/), Bh — 

(7c = 8r; let the pressures on them at A, B, and C be P, Q, and B ; 
let G be the centre of gravity of the bar and W its weight. 

Then we have 

p+e+PrrTT, and P.GA +Q.GB--E.GG = 0, (1) 

the second being obtained by moments about G. 

Now if the areas of the normal sections of the props are a, 13, y, 
we have (Art. 387) 

( 2 ) 

a p ^ ^ 

supposing that Young’s modulus is the same for all. 

Again, we must express the fact that ABO is a right line. Drawing 
through G a parallel to ahc, we have 

8r AG 

hq — hr BG * 

BO .hp-AO .hq-^AB .hT=^0, (3) 


or, by (2), 


p.BG . 


r.AB 


P=0. 


The three equations (1) and (4) determine P, Qy R* 

11. A heavy rigid slab is supported nearly horizontally on four 
given vertical props ; to determine the pressures on these props. 

Let Ay B, Gy DhQ the upper ends of the props when the shrinking 
has taken place ; let the original lengths of the props be p, q, r, 8 ; 
let the perpendiculars from A and 0 on the diagonal BD be pt and 
/; let those from B and 2> on A (7 be (f and a'; let the perpen- 
diculars from Gy the centre of gravity of the slab, on AC' and BD be 
X and y\ let P, Q, R, S be the pressures on the props, whose 
sections are a, y, 8, respectively ; and let W = weight of slab. 
Then we have obviously the statical equations 

P + e-hP-»-/S'= Wy Pp'~P/-.Fb = 0, Qgf-Sa^^Wy^Oy (1) 

\G is supposed to lie within the area ADD'] the two latter being 
equations of moments round BD and AO, 

We must now express the fact that A, B, (7, D lie in one plane. 

To do this we ^all calculate the vertical descent, 8f, of the point 
0 from the descents of A and G and also from those of B and D, 
Just as in last example, we have 


hp—hr 

h^-hr 


Similarly 


therefore 


-8r A^ _ p'+r^ 
-hr OG 

</hp+j/hr 

jp'+/ ~ / + «' 


'/bp-\-j/bT 

jp'+r' 
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Also, as before, 

p 




E — » &o., therefore (2) becomes 

V 

n, R 


< 2 + 


>3=0. -(3) 


«{/+/)' /3(2'+«') y(/+/) Ms'+O 

The four equations (1) and (3) determine the pressures. 

12. A beam rests horizontally on any number of fixed right vertical 
props, and is loaded uniformly between each successive pair of props. 
Prove that if Ag, Ag are any three successive props the bending 
stress couples of the beam at which are we shall have 


8 (u + ^) ^2 + ^ ^ ^-^8 == , 


(a) 


where a = 6 =: w = load per unit length over A^ A^y 

vf = load per unit length over A^A^, 

(This is known as the Equation of Three Momenta!) 

Let S/ and S-^ be the shearing forces in normal sections just in 
front of Aj (that is, towards A^) and just behind it; /S'/, the shearing 
forces in normal sections just in front of (i.e. towards Ag) and just 
behind it ; S/, the shearing forces just in front and just behind Ag. 

Take A^ as origin, A^A^ as axis of aj, and the downward vertical 
line at A^ as axis of y. Then taking any point, P, on the beam be- 

d^y 

tween A^ and Aj, the bending stress couple at this point is — PJ ^ ; 
and equating to this the sum of the moments of the forces between 


P and A^y we have 






lUX^ 


. • . 1 an a . a? + ^ i/g • i + tV ( ^ ) 

where a is the inclination of the tangent at A^ to A^Ay 

Similarly, taking a point, P', on the beam between A^ and A ^ , its 
co-ordinate with reference to A 3 as axis of x being a/, 

EJ^^=M,-S/a/ + ^wW\ 

EIy'=-EIta.rxa.sil' + ^M^.ai'^-^S'.ar’ + ^v/a/*. (2) 

Now in (1) y = 0 when x = a; and in (2) y'= Q when x'= d. 
Hence we have by addition of (1) and (2) with these substitutions 

i(a-hb)M,-- + h^Sf) + bW) = 0. (3) 

Again, for the equilibrium of the span A^A^f taking moments 
about we have aS, = M,-M, + itc(^; (4) 

and by moments about A^ for the equilibrium of A^ Ag, 

= ( 6 ) 
Eliminating and Sf from (3), (4), (5) we have (a). 

13. If the beam rests on three props only, two of which are at its 
extremities, find the pressures. 

Put J/j = 0, ilfg = 0 ; then (a) gives and (4), (5) give /Sg, /Sj'. 
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The pressure on is wa—S^l that on is ; and that on 

A^ is v/h^S^* 

14. A weight is placed on an ordinary rectangular table which rests 
on the ground ; calculate the pressures on the four legs, supposing 
that the legs may be treated as rigid in comparison with the ground. 

Ans, If the adjacent sides at any corner A are h and a, and if x 
and y are the distances from these sides, respectively, of the point of 
application of the resultant of the sustained weight and the weight of 
the table, the pressure on the leg through A is 

. 3 _ ^ _ ^1 

2^2 a 

where W = sum of sustained weight and weight of table. 

15. Prove that a circular cylinder can be subject to the strain 

t6=— t? = r«aj, w^cxy^ 

(its axis being axis of «) provided that surface stress parallel to the 
axis is supplied. 

16. Determine the components of strain as quadratic functions of 
the co-ordinates so that at all points we shall have 

= = = = 

and show that such strain will require the application of external 
force on the surface. 

[Assume + + + + 

with similar values of v and w ; then let the equations be satisfied at 
all points, i.e. equate to zero the coefficient of each variable.] 

[The five following examples were communicated to the Author by 
the late Rev. Professor Townsend.] 

1 7. A horizontal beam, supported at both ends, being loaded with 
any number of isolated weights, if the bending moments be equal at 
any pair of contiguous weights, P and they are equal throughout 
the entire interval FQ, 

18. A uniform load, FQ^ is moved along a horizontal beam sup- 
ported at both ends, A and B ; prove that at a given point, 0, in the 
beam the bending moment will be greatest when FQ occupies such a 

positionthat^ = ^. 

19. A uniform beam is tangentially fixed at both extremities A 
and B, D is its point of greatest deflection, G is the foot of the 
perpendicular from D on AB ; X is any point in the line AB] 9 , 
perpendicular to AB at X meets the bent beam in Y and the circular 
arc through A, i>, B in Z, 

Prove that XZ^ 

20. A uniform beam is supported by four equidistant props, two of 
which are terminal ; prove that the two points of inflection of its 
middle segment lie on the horizontal line of the props. 



395-] DIETBEBNTIAL EQUATIONS FOB DISPLAOBltENTS. 449 

21 . A uniform beam, AB, is supported horizontally at two points, C 
and Z), in its length, C being adjacent to A and D to B, Prove that 
if two circles be described with G and D for centres and CA and DB 
for radii, respectively, the two points of inflexion of the beam are^ the 
two limiting jpointa of the coaxal system determined by the circles, 

394 . ] Doterminateness of Strain. If the external bodily and 
surf ace forces applied to a given elastic solid are given^ the state , of 
strain is completely determinate — ^that is, there cannot be two 
different states of strain corresponding to these data. 

For, if possible, let there be two different states of strain, 
((2, (?, 2^1, 2^2 > 2^3) and (a', h\ c\ 2^/, 2^2^ 2^3') expressing 

the strain components at the same point P in these two different 
states. Reverse all the external forces and all the components 
of strain in the second state, and superpose this reversed state on 
the first. Thus we have the body acted upon by no external 
forces whatever, and yet strained, the typical components of the 
strain being <2 — a', ... , 2 — ^/), .... Now the Potential W ork of 
the stresses is eq^ual to that of the external forces, which is zero ; 
hence we have ^ 

where 2 <i> has the value obtained by putting a — for 

^1, ... in (a), Art. 392 . But ^ cannot possibly vanish except 
by the vanishing of all the components of strain individually, 
since it consists of the sum of a number of squares. We must 
therefore have a! = a, &c. ; that is, the second state is identical 
with the first. 

In any case, therefore, in which a given body is acted upon by 
given external forces and couples, if we find, by trial or otherwise, 
any one system of values of the displacements, v, w, satisfying 
the equations of equilibrium, we are assured that these constitute 
the only solution of the problem. 

395 . ] Differential Equations for Displacements. If in the 
equations of equilibrium of an element (p. 411 ) we substitute the 
values of iV*j, iVg, &c., given in equations ( 7 ), p. 435 , we have 



(1) 

(A + M)g+MV*t; = -pr. 

(2) 

+ = —pZ, 

(3) 

Gg 
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which are the differential equations from which the values of 
V, w must be found. Their integrals will involve arbitrary 
constants which must be found from the components of external 
force applied on the bounding surface of the body. Thus, if 
n are the direction -cosines of the normal to the surface at a 
point where the components of external force are ij, Qq, JJq’ 
we must have 

l(K9^2iJLa)’^2ix(ms^-^ns2) = Pq, 
with two similar equations. 

Whenever the strain is pure, the general equations (1), (2), (3) 

do 

can be expressed in a single equation. For in this case w = ^ > 
so that (l) becomes 

+ (4 

and the three equations of equilibrium are precisely the same in 
forms as those of a perfect fluid. They are, of course, all contained 
in the single equation 

{\ + 2fj)d0 = —p{Xdx’\-Ydy + Zdz), (5) 

the direction in which the differentials are taken being any 
whatever. 

WTien, in addition, the external forces have a Potential, F, the 
equation becomes simply 

(K-{-2iJt,)d6 — pdFy ( 6 ) 

so that if the body is homogeneous, 

(A + 2fx)d + pr = constant. (7) 

Also in this case where (/> is the strain potential, so 

that 4> is obtained from the equation 

If cylindrical co-ordinates are used, let the displacements of 
the co-ordinates z, f, <p (p. 282) be denoted by w,jp, t, respectively. 
Then we have 

d d mi<f> d 

d^— COB <pd^ f d<l>’ 

d . . d coB<t> d 

-y = 8inA^+ - - V"- y-, 

dy ^ dC C d<l> 

see p. 



- _ d* d^ Id Id* 

^ ~ dz^'^dt^'^ idC"^ dip^‘ 
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and since u — ^cos^— c^sin (f>, v =: ^sin0 + efcos <j), we have 

^ ~ dC'*' d4>'^ C’ 

and by substituting these new operators in (1), (2), (3) we obtain 
the dijfferential equations in cylindrical co-ordinates. The cases 
to which cylindrical and spherical co-ordinates apply with 
special simplicity, are, however, much better treated by first 
using the Cartesian equations instead of the general equations 
for cylindrical and spherical co-ordinates (the latter being very 
complicated and unwieldy) and then using the cylindrical or 
spherical operations which are equivalent to V*, &c. — a procedure 
which is illustrated in the solution of some of the following 
problems. 


Examples. 


1. To deduce the traction and torsion displacements of an elliptic 
cylinder. 

For a cylinder or prism having any curve whatever for base, take 
the axis of the cylinder or prism as axis of and any two rectangular 
axes at the centre of the fixed base as axes of a? and y. At any point 
on the lateral surface let the normal make an angle \j/ with the axis 
of a?. Then, since there is no stress whatever on the tangent plane 
at any point on the lateral surface, we have 

iV'j'cos \Jr-hTgBm\lr =: 0, (1) 

Tg cos + = 0. (3) 

These hold equally for torsion and traction. For both cases also 
we have internal differential equations obtained by putting 

x=r=^=o 

in (1), (2), (3), p. 449. 

Now, whatever be the shape of the base, the values 

= — oa?, v = — ay, w = cz, (4) 


satisfy all these equations if the constants a and c are properly 
related. For these values given at once = 0, and to 

satisfy (1), (2), (3) completely we have only to make =s 0, 

i.e., to take 


t = 2^. 


( 6 ) 


Also the values (4) satisfy the internal differential equations. 

Finally, if a force F is applied to the second end of the cylinder 

G g a 
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* F . 

or prism, and if 8 is the area of this base, is the intensity of stress 

o 

on this end, which must be equal to , that is, 

F 

A(c — 2a) + 2/xc = 

(a 


From ( 5 ), (6) we have 
A + m 


( 6 ) 




X»+2A|a + 2/x* X» + 2Afi + 2M* 2<S' 

For a ‘perfect solid’ \ = n = ^E, and these become 

Z. -_Z_ 

ES’ “~4ES’ 

as they ought by Art. 386 . 

Consider now the torsion of the prism. Assume 

u = —ryz, V = Txz, (A) 

where t is a constant (evidently the rate of twist), the value pf w 
being undetermined. These give 

Hence (1) and (2) require N^z=z 0, and therefore 

We have then from ( 3 ) 

+Ta5)sinV' = 0, (8) 

while the equations of internal equilibrium reduce to V®f^ = 0, or 

d^w cPw ^ ,_v 

The equation of the base (or transverse section) being f{x, 3/) = 0, 
we may write (8) in the form 


dx ' dx dy ' dy 


( 10 ) 


The equations ( 9 ) and (10) hold for the torsion of any prism or 
cylinder whatever be the nature of its transverse section ; and the 
problem simply reduces to determining as a function of x and y 
so as to satisfy these two equations. 

Take, in particular, the case of an elliptic cylinder, so that 


and (10) becomes 




-’•y) *+ «* + r*) y = 0, 


which is obviously satisfied by w = — which also satisfies ( 9 ). 
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Now let Q be the mometit of the twisting couple applied at the 
free end, the base being supposed fixed, or free and also acted upon 
by a couple —O'. Consider the equilibrium of the portion of the 
cylinder included between the free end and any transverse section 
of ^ the cylinder. Then the sum of the moments of the stresses on 
this section about the axis of the cylinder must be equal to G, Let 
a?, y be the co-ordinates of any point on the section and dS the 
element of area at the point. Then the moment of the stress is 

{xT,-^yT,)dS, 

so that J + b'‘x'>)dS = j , 

a* + 5® G 

^ = — ns — 

77 a® D® fX 

Therefore the strain components in a twisted elliptic cylinder are 
a^-hb^G a^^h^G G 

Hence in a twisted circular cylinder the transverse sections remain 
plane ; but they do not remain so in an elliptic cylinder. 

It will be easily found that the resultant shearing stress, 
in the transverse section, at any point on the surface is 

2G 1 

TTOJ jp’ 

where p is the central perpendicular on the tangent line to the 
ellipse, so that this stress is greatest at the extremity of the minor 
axis of the section. 

The torsional rigidity of a solid elliptic cylinder is 

2. Determine the strains in a twisted rectangular prism. 

Let the sides of the rectangle be 2 a, 26. Then the equations to 
be satisfied are 

d^w . d^w 

^ ; ( 1 ) 

dw 

^-Ty = 0, whena!=+a; (2) 


^+Ta5 = 0, wheny=+6; 
ay 

the second and third being the equivalent of (10) of last example. 

, d'^v/ d'^v/ 

For simplicity, assume w = to^+w'. Then -f- = 

^ = 0 when x = ±a, and ^ = — 2Taj when y = +6. 

To satisfy the first, assume 

t(?'= A sin man. 
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Then the second equation requires ma = (2n+ 1) so that 






iry .. 

*‘'Jsin(2n+l)|^. (4) 


and the complete value of vf will be found by giving n all values 
from 0 to 00 , and adding all the terms together. 

The last equation of condition for vf gives the following equation, 
which is to be an identity (as a Fourier development), 

ffP fJITQ VOS 

— 2Ta? = - 2(2w+l).i„cosh(2n4- 1) — sin (2w+ 1) — j (6) 
u 2ci 2 Cl 


in which the hyperbolic cosine is used for shortness, as in the formulee 
J = cosh <f > ; ^ (e^— e“^) = sinh (f>. 

7TSX/ 

To determine Af^, multiply both sides of (5) by sin(2n+ 

2 d 

and integrate between a? = 0 and a? = a, exactly as in the develop- 
ment of a Fourier series. Then we have all the terms on the riglxt 
vanishing except 4»; and hence 

= (S) 

(2« + l)^ir®cosh(2n-f 1)^ 

Substituting this in (4), we have 


to 32a^.^« . 


sinh(2»+l)^-sin (2»+l) 
2a 


Tree 

'Ya 


{2n+lY cosh(2w+l)^ 


( 7 ) 


the suffixes indicating that n is to receive all values from 0 to oo. 

The vjjue of t is to be obtained from the magnitude of the ex- 
ternally applied couple, G, producing the torsion. Thus 

/{xT,^yT,)dS^G, ( 8 ) 

in which the integral expresses the sum of the moments of the stresses 
on any transverse section about the axis of the prism. 

dto dw * 

Now 5^1 = + brevity we 

write the value of w in (7) in the form 


— = a?y + sinh my . sin Twa?, 
we have ^ 

— = 2/9?dS—^mB^/ f {y sinh my cos mxc —a; sin mx cosh my) dxdy^ 

the limits of a? being ±a, and those of y being ±b. 

The double integral is easily found to be 

4 (- 1)" cosh mb-^ sinh mh), 
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while = ^a®6. Hence substituting for m and we have 

G „„,266a*6^« 1 32V^®*»“’^(2n + l)|^ 

But it is a known trigonometrical result that 
^0 (2n-t-l)*“96‘ 

3 Ti* 6 0 (2n+l)® j 

and we have, therefore, the components of strain, (A), p. 452, at 
every point of the prism. 

The right-hand side of (9) multiplied by G is the torsional rigidity 
of a solid rectangular cylinder. 

These results are, of course, due to Saint-Venant (see his edition 
of Clebsch, pp. 214, &c.) who notices, in particular, the case in which 

the transverse section is a very elongated rectangle very small), 
and that in which it is a square. ® 

G a 

For the first case, we get — = 16a*6fi(^— *21 x ^), and for the 
square /i ^ ^ 

— t=s <843462 X /, 

T 

where / = f = the moment of inertia of the transverse section 
about the axis of the prism. Contrast these with the result (p. 442) 
for a circular cylinder. 

3. To determine the strain and stress at any point of a spherical 
shell of any thickness, the outer and inner surfaces of which are each 
subject to uniformly distributed pressure. 

The displacement at every point in the shell is necessarily radial, 
by symmetry ; so that, if r is the central radius drawn to any point 
of its substance, 

u = xf{r), V = «/■(»•), w = if(r), (a) 

where f(r) is some unknown function of r. Hence the strain is pure, 
and if </) is its potential, 6 = But by (6), p. 450, 

d = A = a constant, 
there being no external bodily forces. Also 

dip = = rf(r)dr^ 

1 d d<b 

so that <^> ifl a function of r only. Hence ^ ^ 

p. 281 ; and we have j 2 

where B is another constant. 


Hence finally, 

l_ 16 a« 6 jui 

r G 


I 
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Now the normal stress, P, on a plane perpendicular to the radius 
vector r is given by the equation 

F = Ke+2ix^, 

dir 






(y) 


and if jp, are the intensities of pressure at the outer and inner 
surfaces of the shell, whose radii are a, a\ respectively, the value 
of JP in (y) is —p when r ==: a, and its value is -^p' when r = a. 
From these A and B are then determined, and thence the stress on 
any assigned element plane. 

We have /(r) = ^A + ^i from (^), and thence the values of u, v, w 
in (a). ^ 

For a plane occupying any position 


-^1 — “h P-) "h 


2ixB 3x\ 


QfxBxp 


with similar values of the other components. 

To get the tearing stress at any point, take any point in the section 
made hy the plane xp. The only stress on this plane is iVg, which is 


(^ + f A -h 


2fxB 


In this expression, substituting the values of A and B as before 
determined, and denoting the intensity of the tearing stress by Q, 
we have o/J. _ _ / _ P ^ p'-p 

a'^ 2r» ' 


which shows that if p'>py the tendency to tear is a maximum at the 
inner surface. 

This expression, being quite independent of the moduli A and /m, is 
the same whatever be the isotropic substance of which the shell is 
made. The displacements and strains, however, do depend upon A 
and ft. It is not difficult to give a common sense reason for this. 

4. To calculate the strain and stress at any point of a sphere 
which when free of strain is homogeneous, the strain being produced 
by its self-attraction alone *, 

Let p be the density of the sphere when homogeneous, and — d the 
cubical compression at any point, P, of the heterogeneous sphere. 
The latter sphere will consist of spherical shells each of constant 
density p(l — d). Let / be the radius of any one of these shells 


* For the s^e of the exemplification of some points of general theory, I 
retain the solution of this question which I gave in the third edition. Professor 
Williamson has kindly sent me the simpler solution which follows the present one. 
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and 0' the value of 6 on the shell. Then if X is the force per unit 
mass produced by the whole sphere at P, we have 

-( 1 ) 

with similar values of Y and Zy where r is the distance of P from 
the centre, 0, of the sphere. “We may put this into the form 


X= — fwypa;(l — 


In the differential equations for the components of strain (Art, 395) 
we have pX, where p is the density at P, i.e. in this case p(l—^). 
Hence (1) of Art. 395 becomes 

= |7ryp*a;(l-0- (3) 

in which we have neglected the product of 0 and the integral term, 
since 0 is everywhere supposed small. 

Differentiating (3) with respect to cc, denoting, for simplicity, the 

definite integral by /, and observing that ^ ^ ^ ^ have 

Adding to this the similar results in v, Wy and observing that 

^ V^u+ 4- v»«+ ^ (6) 

dx dy dz 

we have (x + 2f*) = 47ryp*(l-20-ir^). (6) 

Expressing the operator in terms of r (p. 281), and observing 
that 0 is a function of r only, this equation becomes 

..^^+,^+5rfl-3,- = 0, (7) 

d'T Q/r 

=~, the constant c being a linear magnitude, since 
^ force 

A and are each of the form obviously of the 

same nature. \ & / 

T 

By assuming rd = </) + - i equation (7) becomes 

Now for any solid body c is an enormously great magnitude, so 
that if we can determine from (8) as a series proceeding by inverse 
powers of c, it will be sufficient to take the first two terms. 
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At the centre of the sphere the value of i#> is zero, while ^ at this 
point is unknown. Let (^) = A, and determine <f> by the series 


Then 


,d^ 
d^’ 

1 .... .1 








Hence, neglecting -j and higher powers of - , we have 

4> = A{r—^)> 

supposing, as we do, that no values of r within the limits of inte- 
gration make ~ other than a small fraction. Thus 




( 9 ) 


Substitute this value of d in (3), and we have, by putting 


in the right-hand side and neglecting small quantities beyond -r> 

c* 

V*w = — ^cc, (10) 

c 


which shows, by (/3), p. 280, that u may be calculated by regarding 
it as the Potential at P produced by matter filling the sphere, the 
density of this matter at each point, P\ being given by the equation 


, Aoif 


( 11 ) 


To find the Potential of this at P, consider separately the part, , 
due to the sphere of radius OP, and the part, due to the shell 
contained between this and the surface of the whole sphere, whose 
radius = P, suppose. 

We have then, in the ordinary notation. 


^1 = 


A n^ ixr7^^Bme^d/de'd(i/ 

2tTC^Jq Jq Jq PP^ 


( 12 ) 


in which we develop in a series of Laplacians ascending by 
powers of — > since / < r. Putting / cos d'=5 / ft', and re- 

t* 

membering that, by Art. 361, since ft' is a surface harmonic of 
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the first degree, the only term in the series that will not vanish 
in the double integration in /ut' and </>', is that in we have 

p- 

To get we must develop in (12) in ascending powers of •— • 

As before, the only term of the Laplacian series that will not vanish 
is that in ; also the limits of are r and i?. Hence we find 

Adding (13) and (14), we have 

« = (15) 

with similar values of v and w. 

Now with regard to the physical and analytical conditions to be 
satisfied by u, v, it is obvious, d priori, that their values at the 
centre of the sphere must vanish; that they must make the dis- 
placement at every point, F, radial (i.e. along FO) ; that they must 
give zero value to the stress at every point on the bounding surface, 
since we have supposed the sphere to be uninfluenced from without ; 
and that they must satisfy the identity 

du . dv duo - , ^ . 

Observe particularly that we have not in our investigation made 
use of (A) but merely of a more general relation (5), which will 
be equally well satisfied if any three functions, Xi> X 2 > Xs> 
satisfying the equation V®</) =s 0, are added to u, v, uo. 

Now it will be found that (15) and the two analogous values of 
V and V) satisfy (A), and all the other conditions just enunciated 
except that of making the components + vanish 

at the surface. 

Let us add an arbitrary term Bx to (15), and try whether all the 
required conditions are satisfied by the values 


11 

1 

4- 

(16) 

H 

1 

+ 

(17) 


(18) 
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Satisfying (A), we have from (9) 

7?2 

= (19) 

c 

Again, = A Ji + A +2 m|5+ 

and T,= -i^xy; T^^-k'^zx, 

c o 


with similar values of the other stress components; and since the 
stress on any tangent plane is zero, we must have 

0 ( 20 ) 

when r JR, two similar equations also holding. 

Now we find that x disappears from (20), which reduces to 


|Ml-5)-^5j^ + 2M^ + iA = 0, (21) 


the other two equations giving also this result. 

Hence all the conditions of the problem can be satisfied by the 
values (16), &c., the constants A and B being determined from (1?) 
and (21). 

We easily find, to the order of approximation adopted, 


A = 



5A+6m 

3A4-2/X c®) 


( 22 ) 


15A + 14itx 
15(3A + 2/x)"?' 


e = 


1 

2 c' 



5A + 6fx 
’3A+2jot r 


(23) 

(24) 


As a verification, suppose that the sphere was a mass of incom- 
pressible fluid. Then A = oo, 0 = 0, but Ad = — jo, where p is the 
intensity of pressure at any point (Art. 391); and (24) gives 


which can be deduced at once from the fundamental equations of 
Hydrostatics. 

Professor Williamson solves this problem by the obvious principle 
that the strain at every point is pure, and by applying at once 
equation (6), p. 460. Thus we have 


(A + 2m)^ + p(1 -0)^ = 0. 


IT 

dr 


4wyp 
r' Jo 




But 



395-1 


EXAMPLES. 


461 


since — — is the attraction intensity. Hence 
= (1 3 (1 - fl) 

••• = W 

neglecting a term of the second order in 6, 

To integrate this, let r = where ^ is very small, since c is very 
great compared with r. Hence 

Now this equation is unaltered if we change the sign of f; there- 

fore 0 is a function of i.e. of -rj and we may, therefore, assume 

c 

r® 

6 = m + 

c® 

where m and n are undetermined constants. Substituting this in (25), 
we get m + = ^, or = i, since m is necessarily very small. 

Hence, since V®</) ~ 0, where </> is the strain potential, 

d . od<f>. 2 . 1 ^* 

d<j} , , 1 ^ 

••• 

the constant of integration being rejected since, if it existed, the 

radial displacement would be co at the centre. 

Now the principal stresses, P, Q, Q, at any point are given by the 
equations ^ 2 ^ 


Q = A0 + 


r dr ’ 


and expressing the fact that the stress vanishes at the surface of the 
sphere, we have 6X + 6 m 

which gives 0 as in (24), and also gives 

^ j r* j P®r® 5 X + 6 /A 

from which, of course, the strain displacements follow by differ- 
entiation. 

6. Determine the strain and stress at any point in a Planetary 
Crust of uniform thickness and density, surrounding a uniform 
spherical nucleus. 
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Let p be the density of the crust, a its outer and b its inner radius, 
and (w+ 1) p the density of the nucleus. 

In this case also the displacement at every point is radial and the 
strain pure. 

Hence, if V is the attraction potential at any point. 


dV. 


^ .dO dV 


But — -j- is the attraction intensity, and is therefore 


Hence 


,d0 






with the same meaning of as in the last example. If <p is the strain 
potential, hence 

r'‘ dr^ dr' cV^2c‘’ 


+iAr+~ 
dr” 10c* 2c*^® ^r*’ 


^<f> 


where A and B are constants. Now the radial stress is 

and if the outer and inner surfaces of the shell are subject to pressure 
intensities jp, jp', we have 

-p = (X + lM) ^ ^ + iM). 


6 « 

from which A and B are known. 


6. In the case of a spherical envelope of small thickness subject 
to uniform intensities of pressure inside and outside, if T is the 
tearing stress per unit length perpendicular to a meridian, show from 
elementary principles that 

^=4P.n 

where r is the radius and P the excess of outward intensity of 
pressure. 

Deduce this result from (14), example 3. 

7. A spherical shell of copper, whose internal radius is 1 decimetre 
and thicl^ess ^ centimetre, is filled with a gas at an intensity of 
pressure of 20 atmospheres, the outside being subject to atmospheric 
pressure ; find the radial displacement of a point on the inner surface, 
being given the following data : — 

Modulus of compression for copper = 16*84 x 10^^ dynes per 
sq. cm.; modulus of shear = 4*47 x 10'^; 1 atmosphere = 1*014 x 10® 
dynes per sq. cm. 

Ans, The displacement is *010146 millimWres. 
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396.] Constants of Elasticity. Abandoning now the special 
case of an isotropic body, let us consider the values of the stress 
components iVgj ••• produced in any body by a strain ^ose 
components are a, c, 2^^^ 2^2* Assuming the stress com- 
ponents to be each a linear function of the components of strain, 
it is clear that if any two states of strain were superposed, their 
corresponding components of stress would be superposed, and 
there would, therefore, be a superposition and independence of 
stress and strain effects in such a body ; so that, for example, 
two separate causes of equal states of stress would, if superposed, 
produce both double the stress and double the strain. M. de 
Saint-Venant justifies the assumption of this linear relation in 
general (see p. 40 of his edition of Clebsch). If the linear 
relation did not hold, there would be no superposition of effects 
due to two or more identical causes, of such a nature that, while 
they all act, each produces the same effect as if the other causes 
were non-existent. As we have in view the luminiferous ether 
and the possible propagation of gravitation by means of stress in 
an ethereal medium, we shall assume this linearity, as perfectly 
justified by the observed independence and superposition of 
luminous and gravitative effects. 

Thus we sWll have the stress components expressed by 
equations of the form 

= n^a -^p^c + ( 1 ) 

where ... are constant quantities, each of the nature of 

force per unit area, depending on the nature of the strained 
medium. Thus involves 6 constants of elasticity, and each 
of the other five components of stress involves also 6 constants, 
so that, apparently, the stress components at any point depend 
on 36 constants of elasticity. 

But the stress components have been proved (Art. 384) to be 
related in every medium without exception in such a manner that 
N^da + N^db + 4 - 2 T^ds^ ’{•2T^ds^-\‘2 T^de^ = ^ 0 , ( 2 ) 

where 0 is a function — evidently a homogeneous quadratic 
function — of the strain components. Hence 




db ^ da' d%Y da ' 


Hence 


( 8 ) 

( 4 ) 
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i.e. the coefficient of b in is the same as that of a in iVg* 5 
so that we have 15 identities among the 36 coefficients. 

Hence, for any medium whatever^ the principle of the conservation 
of energy shows that the greatest number of independent coefficients 
of elasticity is 21. 

We have, therefore, the following table : 



( 5 ) 

^2 =Ps a + n^b + PiC +t 2 h + Hh + > 

(6) 

^z=P2 « +A* + + hh + *zh + C*3. 

( 7 ) 

a + t^b+t^c +i'i«i + ?s«2 + ?2*8> 

(8) 

^2 a + t^b + t^c +?3*i + J'2*a + S'i*3> 

( 9 ) 

^3 = + *z'^ + S’2 *1 + ? 1«2 + *'3*3 • 

(10) 


' In the view of English physicists, no further reduction below 
these 21 can be effected in the coefficients, unless the medium 
possesses some one or more kinds of structural symmetry. M, 
de Saint- Venant, however, strongly maintains that, without any 
such structural symmetry, a further reduction to 15 coefficients 
is always possible ; and he bases this reduction on the fact (denied 
by Green) that the action between any two molecules is a 
function solely of the distance between these two molecules, 
depending in no way on the presence of neighbouring molecules.* 
The consideration of this further reduction we postpone for a 
moment, and we proceed to find the simplifications introduced 
by the supposition of various kinds of symmetry of structure in 
the body. 

Symmetry with respect to a plane. Suppose that all along a line 
perpendicular to a plane xy the structure of the body is 
constant; then the constants in (5),.., will be each a function 
of X and y only (not involving z). 

Now, in general, if we produce the axis of z backwards thi’ough 
the origin, and take this production as the axis of z, retaining 
the axes of x and y, the new co-ordinates and displacements at a 
given point P will be expressed in terms of their old values by 
the equations 

Xf y =? y, u^=: u, i/= t?, w' = — w, 

so that c remains unaltered, and s^ and s^ both change sign. 


* See Saint- Yenant*s Clebsch, p. 65. M. de Saint-Venant is strong in his 
ridicule of the attempted generality which makes the action between a given 
pair of molecules dependent on the proximity of other molecules. 
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Also, from the geneml formulae of transformation (Art. 379) 
or otherwise, we know that N‘q remains unaltered, while and* 

change sign. 

Introducing these changes into (6), since Ni remains unaltered, 
while and change sign, it follows that and must change 
sign when — ; 2 ; is put for z. But, by the structural symmetry 
supposed, neither ti nor is a function of z. Hence they must 
both vanish. 

In this way, considering all the other equations, we have the 
following conditions for structural symmetry with respect to the 


plane scy : 

ti = = ^3 = = ^1 = 0, (11) 

so that the values for this case are 

iVg = + n^h + ^^2%* 0 3) 

-^3 = + V + (14) 

^1 ~ (1®) 

^2 = ^3«1 + V2» (16) 

a + t''h + q'c + 1 * 3 ^ 3 . ( 17 ) 


Two planes of Symmetry, Let the structure be also constant 
along every line perpendicular to the plane xz^ while varying 
from one such line to another. In this case the constants are 
all functions of x and z only, and therefore (from combination 
with the previous symmetry) of x only. Producing the axis of 
y backwards, we have a, 5, c, unaltered, and s^, Sq altered. 
Hence 

V'=^2"=^3"=?3=6, (18) 

and the equations now become 

]\l^=:nia +j?2C } Ti = t^^Si , \ 

-^2 + T 2 — V 2 S 2 A (19) 

"b 5 ^3 “ *^3^3 • ' 

Now these equations show evidently that there must be 
structural symmetry with respect to the third co-ordinate plane, 
yz. Hence if a medium is structurally symmetrical with regard 
to two rectangular planes, it is also structurally symmetrical with 
respect to a third, and its constants of elasticity are 9 in number. 

Structural Symmetry round an axis. Suppose the constants to 
be the same at all points of a cylinder having the axis of z for 
its axis, while varying from one such cylinder to another. They 

VOL. II. H h 
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are then merely functions of C of z (Art. 329), and if the 

planes zsc and zy are rotated through any angle, (j), the values of 
the constants at a given point P remain unaltered, while the 
stress and strain components ... a', ... with reference to the 
new axes are easily expressed in terms of iV^, ... a, ... with 
reference to the old axes. 

Let be a very small angle, so that the new co-ordinates, 
ofi/i of P are given by the equations cd'=: C0’jr<l}y, /=y— 
and the direction-cosines of the axes of z with reference to 
the old axes are 

(1, <t>. 0), (-<t>, 1, 0), (0, 0, 1). 

Hence we have 

a ' =1 a +2 <I>Sq; 2<^^3; c^=:c; 

~ — 0^2 5 ^2 ^ ^2 "b > ^3 ~ ip "b ^3 5 

Expressing that these hold for all values of <f>, we find that all 
the must vanish, as likewise all the q% and the remaining 
equations are 

ri = i» 2 ; J>i = P 2 -, va = »'s = 5 (20) 

which give = ^^2• 

Hence for symmetry of structure round the axis of z, 

iV^L = ^ + (^— i;') J -j-JPC? ; 3^1 = VSi, \ 

{n-^-v^a + nb-hpc; Pg = [ (2^) 

-^3 = +P* + ; ^3 

which show that 5 distinct constants exist in this case. 

Structural Symmetry round two lines. If, in addition, there is 
symmetry of structure round the axis of y, the group of equations 
(21) show, without fresh calculation, that we must have v'^v ; 
p = n~-v ' ; so that we have 

= (^j— y)^ + j;a; Pi = i^^i, \ 

iVg = («— + T^-vs^A (22) 

N^=(n — v )0 + vei P3 = x;#3, ) 

which show that there is structural symmetry round all lines — 
i.e. there is complete isotropy ; and these are identical with the 
values (p. 435) hitherto so often used for an isotropic medium, 
being A and p s= 2/yi, 

M. de 8aint-‘Fenanfi further reduction. The 21 coeflSlcients 
which result from the s(de assumption of the principle of con- 
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servation of energy ^ or existence of a Potential function, are, for 
all media, reduced by Saint-Venant to 16 by the following 
reasoning. Consider any molecule, P, and a neighbouring mole- 
cule, Q. The force exerted between them depends solely on the 
change in the distance between them effected by strain and acts 
in the line joining them. Hence the iP-component of the force 
between them caused by a stretch, d, parallel to the axis of y is 
equal to the ^-component of the force between them caused 1^ a 
shear ^3 if 2^3 = i. 

For if in the first strain Ar is the change in the length PQ, 
and if the force between the molecules A, A r, where -4 is a con- 

A 

stant, we have the force = — since (p. 379) we have Ai; = 

^ AJb 

and Ar = ~ Atj. The ar-component of this is f 

In the second strain A£ = ^3?;, Arj = therefore if 2^3 = 6, 

A / = ^ f ?7, and the y-component of their force = ^ before. 

Considering all the molecules now in any element plane at P, 
since this relation holds between each of them and all their 
surrounding molecules, we see that the a?-component of stress on 
this plane produced by a stretch, b, parallel to y is equal to the 
^-component of the stress on the plane produced by the shear 
2^3 ; in other words — if P, Q, P are the components of the stress 
on any element plane whatever^ the coefficient of h in F is equal to 
the coefficient of 2 s^ in Q. Similarly, the coefficient of a in 
Q = coefficient of 2^3 in P ; coefficient of c in P = coefficient of 
2 s 2 in a ; coefficient of a in H = coefficient of 2s^in P\ coeffi- 
cient of 5 in P = coefficient of 2^^ in Q ; and coefficient of c in 
Q = coefficient of 2 in P. 

Expressing that these equalities hold whatever be the direction- 
cosines of the element plane, we have only 1 5 distinct coefficients 
in the general equations (5) ... (10). 

Applying these principles to the case of an isotropic medium, 
as expressed by (22), we have simply 

n — V = ir, 

or, if 2 /X is used for i;, j» accordance with Lamp’s notation^ 

A =fx, 

the result which M. de Saint-Venant maintains fbr all hard 
fine-grained isotropic bodies. 

H h a 
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897.] Propagation of Gravitation. Clerk Maxwell, in Chap. 
V, Vol. i, of his Electricity and Magnetism, has given a remark- 
able theorem, the object of which is to show that all actions 
exerted between two material systems, according to the 

law of inverse square of distance, can be produced by a distri- 
bution of stress over closed surfaces in the medium, and he has 
assigned the components of this stress at every point. 

We proceed to explain and to examine this theory. 

Let the two influencing systems be M^ and in Fig. a88, 
p. 334, and let any closed surface whatever, 8 (not that repre- 
sented in the figure), be drawn having M^ inside it and 
outside it. 

Now consider the a?-component of attraction produced on 
by M^ . Let P be any point in M^ ; let p be the density at P, 
and Fo the Potential produced at P hy M^* Then the a?-com- 

^ dF 

ponent of force on the element, pdQ,, of mass at P is p dQ>* 

Hence if X be the total ^-component on , 


•=/' 


p - 7 -^ dm. 

dx 


( 1 ) 


com- 


Let Pj be the Potehtial produced at P by ; then obviously 

y*p^^rfX2 = 0, because this integral is the resultant a?-* 

ponent of force, produced on by its own attraction. Hence 
vre can write 

- J fir , Tjr\ 

(a) 




Again, p = 5 since P is outside the mass ifg* 

yre have = 0 ; therefore we can write 


47ry 




Let ^ + and we have 

with two exactly similar values of Y and Z, the other components 
of force exerted by on . 
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Let 4>^, <#> 2 , ^3 stand ^ ^ Then 

"" • /7-*/ 


with similar values of ^ 
1 


3^V2^aixd^ 
ay ^ dz 


dz 
Hence if 


46» 


(4) 


^1 


^2 


8?ry 

1 


iVo 


(01® 02^ 4^S^)f 


2’i=- 


1 

4-^7 

1 




47ry 

1 


^ 3^19 


4iry 


( 5 ) 


we shall have 



(6) 


(7) 


(8) 


the integrations being extended through the whole volume of 
the closed surface S (which completely surrounds and excludes 
and not being limited merely to the volume of , because 
at every point of space devoid of matter V® 0 = 0, and (4) shows 
that at all such points the three multipliers of under the 
integral signs vanish. 

Hence at all points of the medium (ether) outside the attract- 
ing matter we have 


dN^ . dT, 
dx 


4" 


+ ^ = 0, &c.. 


( 9 ) 

which are the well-known equations of equilibrium of a strained 
medium whose components of stress are iV^^, &c. At all points 
inside or the right-hand sides of equations (9) are not 
zero, but ^0„«^ d<l> 

dz 

Thus the components of attraction could be produced by means 
of a strain in the intervening medium, this strain extending, of 
course, to all parts — even infinitely distant— of the medium, the 
stress being defined in (5) ; and, of course, the same result coulA 
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be produced by merely applying the proper stress to all portions 
of the arbitrary closed surface S, for this surface stress would 
transmit the proper stress to each point of the enclosed medium. 

Moreover such a distribution of stress over S would produce 
the same moment round any axis as that produced by the 
attraction of M2 on For, let L be the total moment of force 
round the axis of cg. Then 




dT. dK dT,. AT. dT, dm 


= ^j + + ))<;«; ( 10 ) 

w, n being the direction-cosines of the normal at any point of 
8 ,B.ni the triple integrals being replaced by the surface integrals, 
the values of iV^, ... being assumed to be continuous. 

Now the right-hand side of (10) is the a?-moment of the 
surface stress on the arbitrary surface S. Therefore, &c. 

Let us now seek the principal axes of this stress. If the axes 
of iZ?, y, z are in the directions of these axes, we shall have 
= ^2 = 2^3 = 0 ; i.e. we must have some two of the three 
quantities j <#>2 > Suppose that <^^ = <^3 = 0; that is, 

^2 is the resultant attraction-intensity at P, the point considered 
either in or in the medium between the bodies ; or, in other 
words, the axis of cs is at once the direction of the resultant force 
at P and the direction of one principal axis of the stress of the 
medium at P. If, now, A, B, C are the principal stress in- 
tensities at P, we have by (5) 

5 =^. 0 ^^; 

87ry 87ry 87ry 

R being the resultant force -intensity at P. These show that the 
three principal stresses are equal — that along the line of force 
being a pressure, and the other two being tensions. The stress 
of the medium at every point consists, therefore, of preamre along 
the line of resultant force, accompanied by equal tension in all 
directions at right angles to it. 

In the case of electrical action between two systems, we shall 
sea that the stress at each point of the intervening medium will 
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be the exaet reverse of this — viz., tension along the line of force 
accompanied by pressure of equal intensity in all directions roundit: 

This is the celebrated Maxwellian stress, which Faraday had 
qualitatively described (Faraday's Experimental ReaeareheSi §§ 
1297, &c.) by merely saying that the intervening medium seemed 
to experience at every point tension along the line of electric 
force accompanied by pressure in all directions round it. Observe 
that Faraday did not enunciate any definite ratio between these 
intensities of stress. 

Now the method by which Clerk Maxwell arrives at the com- 
ponents of the stress shows that his stress components (6) are 
not the only ones that will produce the gravitative effects of the 
one system on the other. For, if 


are any six functions of the co-ordinates of a point, which for all 
positions of the point satisfy the equations 
dn. dL dL ^ 

it is clear that the values of (^)> therefore 

of X, F, X, will be the same as before, if we take the components 
of stress at every point of the medium to be 


S’ry ^ (13) 

and the principal components of this stress will not be related to 
each other and to the line of force as they are in the Maxwellian 
stress. 

Again, if for any given medium we are given the components 
of stress at every point we are also given the components of strain, 
on the auppoaition that they are connected with each other hy 
6 linear equations^ as in p. 464. The components of stress cannot 
be assumed as any random functions of the co-ordinates ; for 
they must be such as to satisfy the differential equations (1), 
p. 411. Nor, again, can we assume any six functions of co- 
ordinates for the components (flt, 2^^, 2 %^^ 2^3) of strain; 

_ du dv ^da» d^u dh 

because 2,3 = ^ 4^, •*•2^ = -^+^’ 
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therefore 

d^a 

d^b _ 
dte^ ~ 

2 ® • 
dxdy 

(14) 

Similarly, 

d^e 

dx^ 

d^a _ 
^ = 

2 "^‘2 
dzdx' 

(15) 


dH 

d^e _ 

d^6. 

(16) 


dz^ ^ 

df- 

^dylz 


These identities must be satisfied by any functions which can 
possibly represent the strain components of any medium what- 
ever. 


Now, if we suppose the equations connecting the stress and 
strain components of the ether to be linear, and to involve only 
21 distinct coeiSicients (as required by the principle of conser- 
vation of energy), we may express them in the forms (5) ... (10), 
p. 464, by simply interchanging a and b and and 

&c., in these equations, thus : 

with five others, the same equality of coefiicients holding here as 
in the inverse equations. 

Hence for all values of y, and all forms of Potential 
function the Maxwellian components (5) of stress when sub- 
stituted in (17) and the five similar equations, must satisfy the 
equations (14), (15), (16), if gravitation is propagated by the 
Maxwellian stress, and the stress and strain of the ether are 
connected, as they are, for any known body. 

Now we find very easily on trial that these conditions are not 
fulfilled ; and therefore the conclusion is that — either gravitation 
is not propagated by the Maxwellian stress, or the ether is not 
of the nature of a solid body*. 

But, instead of assuming the components of stress at any 
point of the medium, without reference to the nature of this 
medium, let us assume that the medium is homogeneous and 
isotropic, with only the two constants of elasticity, \ and jn, and 
determine the stress at each point from the general equations of 
equilibrium of such a medium. 

* Clerk Maxwell, in his Article on Gravitation in the JSncyclopadia Britan^^ 
nica, fieems to regard the ether as a homogeneous isotropic body (probably incom* 
pressible); for he gives a table of its constants (rigidity, i.e. modulus of shear, 
density, &c.) exactly such as is usually given for a homogeneous isotropic body. 
Indeed, at the end of the Article, he explicitly calls it a ‘vast homogeneous 
expanse of isotropic matter.* 
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Let P be any point inside the solid body which is subject to 
any gravitative action, whether its own or that due to the 
attractions of other bodies ; let p be the density of the body at 
P, and X the aj-component of force at P per unit mass. Then 
we have to determine Ag, ... so as to satisfy the equation 




=:pX, 


(18) 


dN. dT. dT^ 
dx dy dz 

and two similar. Substituting the strains, we have to find 
so as to satisfy 


and two similar, the right-hand sides of (18) and (19) being 
zero at each point in the medium outside the body. 

Equation (19) can always be easily satisfied ; for if X is due to 
any number of bodies, producing Potentials F, V\ ... 

at P, let dm be an element of mass of ilf, and r its distance from 
P ; let dmf be an element of M\ and / its distance from P ; and 
so on. Then take the function 

y\f = frdm-\‘//dm'’\-,,,^ (20) 

the integrations extending, respectively, through M\ . . , ; 
and it is easily found that 

2(A4-2/it) dx 

with exactly similar values of v and w, will satisfy (19) and the 
two similar equations. Thus we have found the components of 
displacement at P inside the body ; and to these values may, of 
course, be added any values satisfying 



(A + m)^ + mV2« = 0, (22) 

and the two similar equations, provided that these added terms do 
not violate any necessary physical condition — they must not, for 
instance, be such as to make the displacement infinite at any 
point. The components of displacement in the external ether 
must be found from (22) and its two analogues, regard being 
had to the necessary physical conditions — as, for instance, that 
they must vanish at infinity* 

Let us, as a very simple example, take the case of a single 
homogeneous sphere subject to its own gravitation. P being 
any point inside, at distance r from the centra, we have 

J = — lirypa?, 
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where y is, as usual, the constant of gravitation. Then either 

by (20), or by inspection, we see that u = Ar^a: will satisfy (19), 

so that 2 7 T V t \ 

•r^QB '=■ (23) 




15 (A + 2m) 

with similar values of v and w. Of course in these equations the 
A and fx are supposed to belong to the ether ; if they belong to 
the body, the values of w, v, w express the displacements of a 
particle of the body. 

There is, of course, a strain potential, whose value can be 
deduced as in p. 455 ; and we have for points inside the sphere 

(24) 


dr 


To the value in (23) might be added any term of the form 
where J9 is a constant, since this satisfies (22). 

Such terms, however, do not assist in contributing to the 
gravitative action on any element of the body, since they con- 
tribute nothing to the expression 


dT. dT^^ j j j 

(* + at + 


(25) 


dy dz ‘ 

which is the resultant ii?-stress on the element of volume, and it 
is this which is to be equal to pXdxdydz, the gravitative action 
on the element. 

In the ether outside the sphere the resultant displacement is, 
of course, radial, or in the line joining the point to the centre of 
the sphere ; so that, as in p. 450, (22) gives dO =: 0; and since 
in this case 6 = V^</), where <l> is the strain potential of the 

external ether, ^ ^ = ^> ^here Cis a constant. 

Now assuming the radial displacement to be the same for a point 
just inside as just outside the sphere, we have from (24) 


%=-Ka\ 

a* 


C--Ka^. 


Hence at every external point the resultant displacement is 


given by 


dr ~ r*’ 


(26) 




from which 
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Also, by (a), p. 461, if ^ and B are the principal stresses at an 
inside point, 

^ (5A + 6iLi)Ar2^ (27) 

J? = — (5A + 2/x)iE>2, (28) 

the principal stress obviously having the radius vector, OP, for 
one principal axis. It therefore consists of pressure all over a 
conical frustum, as represented in 
Fig. 310 , the intensity over the 
ends being greater than that over 
the lateral surface. 

At an external point, Q, we have 

^ = ] ( 29 ) 

*■ 

(30) 

which show that the stress consists 
of tension on the ends and uniform 
pressure all over the lateral surface of a small conical frustum. 

Hence it appears that the strees of the ether is diecontinnous at 
the surface of the iody^ the radial component changing from 
pressure to tension. 

Let us pass to the case of a uniform spherical shell whose 
outer radius is h and inner a. Here Z = — and 
the equations for the strain components are 

and two similar. 

The displacements being all radial, these equations are all 
included in the equation 

+ + (32) 

r. e = -10E{lr^ + j)+A, (33) 

where is a constant. This is the value of 6 at points in the 
substance of the shell. 

For points within the cavity and for points in the ether 
outside the shell, the right-hand side of (32) must be put equal 
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to zero, so that 6 is constant for such points. Since 6 = V^<t>, 
where is the strain potential, (33) gives 

^=-Ki^ + 5a^) + iAr + ^, (34) 

where jB is a constant. If K were put equal to zero, we should 


get the values of ~ belonging to the cavity and to the ether 
outside the shell ; and these are, respectively, 


C' 

Cr and > 


(36) 


where C and C" are constants. 

Now if we assume continuity of displacement from the cavity 
to the substance of the shell, we put r = a in (34) and in the 
first expression in (35) ; and equating these, we obtain C, 

C' 

Similarly putting r = 6 in (34) and equating the result to p, we 
obtain C\ 


But it is obvious that the terms in A and B in (34) may be 
rejected, because, as they give displacements satisfying the 
equation 

(A+m)^ + mV% = 0, 


and two similar, they contribute nothing to the gravitative action. 

it 

Hence, then, the values of are 


— 6 JTa V inside the cavity, 

in the substance of the shell, 

— ii (i^ q- 5 <a; 3 j _ external ether. 

Inside the substance of the shell, if A and B are the principal 
stress components, we have 

^ =_(6\ + 6M)Jfr*-10AJS:^, (36) 

.S=-(5A + 2#*)i5>2-10(A + /i)Z^. (37) 

Inside the cavity there is uniform hydrostatic pressure equal 
to — 6 (3 A. 4- 2 ;x) while in the external ether we have tension 
and pressure of the types (29), (30), merely replacing in those 
equations by ( 5 a 8 + j 3 jj 2 ^ There is therefore discontinuity of 
stress at both bounding surfaces, as before. 
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Take, as a final example, the case of two homogeneous spheres 
the radius and density of one being a and p, those of the other h 
and <r, and the co-ordinates of the centre, of the second with 
reference to the centre, of the first being (a, )3, y). Taking P 
inside the first, we have 

+ + + (38) 

where /= PP. From this we have easily 

u = -K(r^x-5U^^^), (39) 

similar values holding for v and w. 

The expression (39) indicates that the displacement of the 
ether at P consists of two components, viz. a motion along PA 
towards A^ and a motion BP from B, This latter motion is 

equal to 5 jST- 4^, which is the same for all points inside the 
P 

sphere A and the same whatever - be the distance between the 
spheres A and B — a result which seems absurd. But to get rid 
of this absurdity, we observe that any constant may be added to 
the value (39), so that we might take, if AB = 

+ (40) 

the added term indicating a motion of translation of the ether 
inside the sphere A parallel to the line AB, Thus when AB is 
very great, the term in u depending on the sphere B is in- 
finitesimal. 

It may, however, be remarked that as it is with differential 
coefiicients of v, to we have to deal in calculating stress, we 
need not take the trouble of thus correcting their values. 

In all these cases in which the stress is discontinuous, the 
gravitative effect is due solely to the stress of the ether surface 
which is immediately inside that of the body, as is easily seen 
thus. Multiply both sides of (18) hydxdydz and integrate 
through the volume of any surface S surrounding the body con- 
sidered. Then we shall have, if P, Q, B are the components of 
stress on the element dS of this surface, 

/(lP + mQ + nR)dS ^ f/f pXdxdydzy (41) 

(/, m, n being the direction-cosines of the normal to the surface,) 
provided that experience no abrupt changes of value 
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in any part of the space enclosed by S. But if at a certain 
surfece, within 8 the components experience abrupt changes 
from points within U to points without it, the triple integration 
of the left-hand side of (18) must be taken first through the 
volume of a surface immediately within U, and then through the 
volume enclosed between a surface immediately outside U and 
the given surface 8. Denoting by ( U^) the surface-integral taken 
over the surface just inside U, and by (U^) its value taken over 
the surface just outside t/, we have 

/{lF^mq + nR)d8^{U^)-{-(Ui) ^/pXd^l, (42) 

where dilis the volume element, dxdydz^ of the body considered. 

But it is obvious that y*(/P + + 'hR) d8'^( U^) = 0, because 
of the equilibrium of the ether outside the body ; therefore the 
whole aj-force of gravitation on the body is equal to the surface- 
integral (U^). 


Miscellaneous Examples. 


1. In an irrotatioual strain which is unaccompanied by cubical 

Ax^ + B + z^) 

compression if the strain Potential is ' , where r is a 


radius vector measured from a fixed origin, prove that the lines of 
flow are plane curves of the form 

= + c® sin* 0 cos 0. 


(Mr. Cockshott, Tripos, 1875.) 

Since the pubical dilatation is zero, 


the strain is irrotational, u = 


dx ’ 


&c. 


du dv dw 
dx dy dz 
Hence 


= 0; and since 


V*0= 0, 

or is a solid spherical harmonic. The given form makes </> a har- 
monic of degree —3. Now if 17 is a solid harmonic 'of degree 
— (i+l), we know that is a solid harmonic of degree t, 

Hence Ao^-^-B (2/* + ^^) is a harmonic of degree 2. Expressing that 
V* of this expression = 0, we have A^2B ^ 0* 

Hence, expressing in polar co-ordinates with the axis of x as 
polar axis, we have p 


Now the component displacements along and perpendicular to the 
radius vector being ^ and the differential equation of a line 


of flow is 


dr Td0 
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Substituting in this the value of (f> above and integrating, we have 
the equation of the line of flow as given. (GreenhilPs Solutions of 
the Senate-House Problems, 1876.) 

2 . A spherical shell whose inner radius is a and outer b is subject 
to internal and external pressures of intensities p and -or, respectively ; 
show that the total amount of work done in the small strain is 

where i and /x are the moduli of compression and shear. 

3. Find the intensity of pressure at any point inside a globe of 
homogeneous incompressible fluid held together by the gravitation of 
its parts alone ; and thence deduce the attraction between two hemi- 
spheres of a uniform solid globe. (Part of a problem by Prof. Tait, 
Tripos, 1875.) 

The intensity of pressure at any distance, r, from the centre is given 
by the equation p ^ where a = radius of globe. In- 

tegrating the pressure over any diametral plane section, we obtain 
a result which must he equal to the attraction between the two 
hemispheres. This is ^ y a*. 

4. If the density at any poinf of a solid sphere (centre A, radius a) 
varies inversely as its distance from a given external point, B, find 
the Potential at any given external point, P. 

Am. + + ^ 1 ... I I 

cr 3 ,5 cr 5 ,7 e^r'^ * 2t+1.2t-f 3 *' 3 ’ 

where r AP, c ^ AB, L^y are the Laplacians for the points 

P and B (functions merely of cos LPAB\ A being origin, and h a 
constant. 

[Let Q be any point in the sphere, = P, QP ^ Dy QB := /. 

Then the Potential ^ kf * Expand i aiid i in La- 
placians thus : J n 7 ^ 

1 1 L , P P* P» ) 

Multiply the two together, and observe that in the double inte- 
gration in p/ and </>' all terms except those of the type vanish^ 

while ^ 2 ^+1 function is 

reciprocal for the points B and P — as is d priori evident. If P 
coincides with P, put Zj = = ... == 1 .] 

6 . Find the strains and stresses in a cylindrical pipe of uniform 
thickness, which is subject to given internal and external pressure. 
Proceed exactly as in Ex. 3 , p. 465. 
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ELECTROSTATICS. 

398.] Quantity of Electricity. The reader is supposed to 
be familiar with the elementary facts of Electricity as described 
in any of the current works on Physics. 

Our theory of Attraction has hitherto been concerned with 
distributions of attracting matter^ and those cases in which this 
matter was supposed to form a thin shell are intimately related 
to the branch of the subject which we are now about to discuss. 
Hitherto, however, except when discussing Magnetic Shells, we 
have not been obliged to postulate distinctions of Bign between 
matter and matter, or to deal with repulsion instead of attraction. 
This distinction must be made here also — i. e. we shall assume 
that there is positive^ and that there is also negative^ electricity — 
the distinction indicating nothing more than a difference of 
behaviour among electrified bodies, some of them attracting, 
while others repel, one and the same given electrified body. 

For the quantitative (mathematical) treatment of the phe- 
nomena of Electricity it is not necessary that we should know 
the precise nature of Electricity itself ; it suiEces that we know 
the laws which regulate its fundamental manifestations. We 
may rest satisfied with regarding electrification as merely a state 
of a body — as, for example, some re-arrangement of its molecules 
involving some kind of strain within the body and impressed 
by the l^y on the medium (air or other) surrounding it. But 
it is at the outset necessary to obtain some measure of this state 
as to quantity. 

The first thing to be noted with regard to electrification is 
that it justifies a distinction as to plus and minus, this dis- 
tinction being a wholly conventional mode of representing such 



398 .] QUANTITY OF ELBOTEIOITY. 481 

a phenomenon as the following. Let a piece of glass be rubbed 
against a piece of resin, and another piece of glass rubbed against 
another piece of resin. Then it is found that the electricities (rf 
the two pieces of glass repel each other, as do also those of the 
two pieces of resin ; but the electricity of either piece of glass 
attracts that of either piece of resin. 

The electricity developed on the glass is called positive, and is 
denoted by the sign + , while that on the resin is called negative, 
and denoted by the sign — . 

Now if we imagine two very small equal flat pieces of glass 
(each about the size of a pin-head, suppose) to be rubbed in 
exactly the same way by a piece of resin, so that we can assume 
them to have equal electrifications, and to be then placed with a 
distance of 1 centimetre between them ; they will repel each 
other with a force which can be measured (conceivably) in dynes. 
If the medium between the pieces of glass is air, and their force 
of repulsion is exactly 1 dyne, each piece of glass is said to have 
a unit charge of electricity. The total quantity on the two 
together is two units, and thus we get an idea of a charge con- 
sisting of any number of units of electricity. 

If we imagine a body of very small dimensions to be charged 
with e units of positive electricity, and to be placed at a distance 
of r centimetres from another very small body which has a charge 
of / units, the medium between them being air, the force of 
repulsion exerted by either on the other is 

^ dynes, (a) 

as Coulomb proved by well-known experiments with his Torsion 
Balance. 

In the attraction of matter we should obtain exactly the same 
expression for the attraction of two condensed spherical particles 
with a distance of r centimetres between their centres by making 
y equal to unity in the expression (a), p. 236, i. e. by choosing 
the unit quantity of matter as indicated in p. 275. 

Formally, then, the electrostatic unit of quantity is that charge 
whichy sujpposed to he condensed at a pointy acts on an equal charge 
condensed at another point distant 1 centimetre from the firsts with 
a force of 1 dyne^ the intervening medium being air^ 

Hitherto, unfortunately, no simple name has been devised for 
this electrostatic unit of charge. We shall often use the ab- 

VOI/. II. I i 
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breviatioa ‘e.s. unit ’ to eignify the C.G.S. electrostatic unit of 
quantity. 

^^899.] Influence of the Medium. From the experiments of 
Faraday results the fundamental fact that the force of repulsion 
between two given charges is not the same when the intervening 
medium is sulphur, or any other insulator, as when this medium 
is air. Thus, if the two given charges are 6 and e' units (defined 
as before with reference to air), the force of repulsion between 
them is given by the expression 


ee 




(^) 


when instead of air the separating medium is any other insulator, 
K being a constant depending on the medium, and called its 
specific inductive capacity. 

Our definition of the electrostatic unit of quantity implies, of 
course, that K is unity for air. It has the same value for all 
gases as for air, and a greater value for most known solid and 
liquid insulators. 

If a charge of e absolute units is condensed at a point in a 
medium of uniform specific inductive capacity, which is of 
practically infinite extent, the amount of work, in ergs, done by 
the repulsive force of this charge in removing a charge of one 
unit from a distance r centimetres to infinity is 



If V stands for this amount of work, 




Kr 


(y) 


And, generally, in such a medium if there is any distribution 
of electricity whose amount at any point, A, is de electrostatic 
units, and if P is any point in the field, the amount of work done 
by the forces of the field in removing a unit charge from P to 

1 de 

any position in which the forces are insensible is 

noting PA by r, and the amount of work by F (the Potential 

.tn r = (8) 

the integration being extended all over the attracting system. 
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In the case of attractive forces (i.e. when two elements of the 

same sign attract each other) V at any point is the work done 

hy the forces of the field in bringing a + unit to the point from 

infinity, whereas in Electrostatics V at any point is the work 

done against the forces of the field in this motion. 

Again, if A, E, Z are the components of the repulsive force per 

unit charge at P in the positive senses of the axes of co-ordinates, 

X- dr dV 

^ ^ = 

{x,y,z) being the co-ordinates of the point P. 

Instead of the term ‘ force per unit charge ’ we shall for the 
future use the term electromotive intensity^ which is adopted by 
Clerk Maxwell. 

The nature of the medium will modify the value of the surface-- 

integral of normal electromotive intensity (Art. 324) over any 

closed surface described in the medium. Describe any closed 

surface surrounding a point A at which a charge of de units is 

condensed ; let P be any point on the surface, and let PA = r. 

Then, with the notation of Art. 316, the surface-integral of the 

electromotive intensity due to the charge de is 

(?e fcos'^,„ 4itde 
-J ^ dS, or 

and if is the total charge inside the surface, we have 

K/NdS=47te,, (0 

Just as in Art. 324, the surface-integral of normal electro- 
motive intensity due to any external charge is zero ; and if a 
charge e^ is distributed on the surface, as an infinitely thin layer, 
KfndS’=:^2-neQ^ (i?) 

where n is the normal electromotive intensity at a point strictly 
on the surface. Inasmuch as, in this case, the small electrified 
element of surface at the point does not contribute to n (see 

2 TT <T 

Art. 322) n = A — where o- is (next Article) the surface- 

density at the point, so that (rj) could be deduced from (f). 

400.] Volume-density, surface- density. If at any point P, 
a very small element, d^l, of volume is taken — this being 
measured in cubic centimetres — and if within this volume there 

d e 

is included a charge of electrostatic units, the ratio is 
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called the volume-density^ p, of the charge at P. The volume- 
density at P is thus the charge per unit volume at P. 
de 

The ratio may be infinite, as in the following case. Suppose 
d S2 

the charge to be distributed as an infinitely thin layer on a 
surface on which P is any point. Then if on a very small element, 
dS^ of area of the surface at P there are ^dS units of charge 
where o- is a finite quantity, the volume-density at P is infinite, 
because if dn is a small elementary length at P along the 
normal to the surface, dSl dS . dn, so that 

de ^ (T 
do. dn^ 

which = 00 when dn is infinitely diminished. 

When the charge is thus distributed as an infinitely thin layer 
on a surface, the surface^density at P is the limiting value of the 
ratio of the charge on any small element of area of the surface 
at P to this element of area ; that is, it is the charge per unit 
area — so many electrostatic units per square centimetre. 

401.] Conductors and Insulators. A perfect conductor is a 
body in which electricity cannot be in equilibrium while there 
exists electromotive intensity at any point within the substance 
of the body. If electrification consists in some kind of strain, a 
conductor is thus a body which is incapable of supporting the 
electrical strain. In such a body this strain instantly disappears, 
and can be renewed only by a fresh application of the process of 
electrification. 

A perfect insulator (called also a dielectric) is a body which 
can support electrical strain, or continue to experience electrical 
force, at any point indefinitely. 

Faraday pictured a dielectric medium as consisting of an 
immense number of small perfectly conducting bodies separated 
fipom each other by a substance through which electricity cannot 
flow — as, for instance, an immense number of small shot imbedded 
in a cake of sulphur or shellac ; and on the view that electricity 
is a double fluid, ‘ positive ' and ‘ negative,’ when electric force is 
exerted at any point of a dielectric its effect is assumed to be a 
separation of this double fluid in all the little shot particles at 
the point, whereby the positive fluid is pushed to one end of each 
shot and the negative drawn to the opposite end, the line joining 
the two poles thus formed in each shot being that along which 
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the electrical force acts at the point considered, and the amount 
of ‘ neutral fluid ’ separated into + and — being proportional to 
the electromotive intensity at this point. 

A conductor may be either a solid metallic body or a metallic 
sheet of any thickness, forming either a closed or an unclosed* 
surface. In any case there is no volume-density at any point in 
the substance of the conductor, no matter how, or to what extent, 
the conductor is electrified. For, since there is no electrical 
force at any point in its substance, V is constant throughout its 
substance, so that at each point 0, therefore p = 0. 

Hence the electrification exists only at the points of contact 
of the metal with the air, or other dielectric medium, surround- 
ing it ; or, as it is usually expressed, the electricity resides 
wholly on the surface of the conductor. If the conductor is in 
the form of a sheet, the bounding surface consists, of course, of 
both faces and the edges ; if the sheet forms a closed shell, the 
electricity may reside, generally, on the outer and the inner 
surfaces, but never in the substance between these. 

Since no force can be exerted inside a conducting substance, 
it follows from (/3), Art. 399, that A" = 00 for such a substance ; 
that is, the B])ecijic inductive capacity of a perfectly conducting 
substance is 00 . 

402.] Poisson^s Equation. Take the case of a uniform 
medium of specific inductive capacity, A, and apply the equation 
(0 which expresses that the surface-integral of normal force is 
equal to 4 tt x included charge, to the elementary parallelopiped 
dxdydz. If p is the volume-density at the position of this 
element, we have obviously 


^.d^r d^r d^r. ^ ^ 


(i) 


If A varies from point to point in the medium, the result will 
be different. 

On the first face dydz (that nearest to the origin) the outward 


normal force is A dydz j and on the opposite face the force is 
ax 




* This expression is not strictly correct, because a metallic sheet is in reality 
closed surface, formed by both faces and the edges. 
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Hence Poisson’s equation becomes 

In special cases this equation may be more usefully expressed 
in polar co-ordinates. Thus, supposing the medium to be sym- 
metrical round a centre, T and K will be functions of r alone. 
Then we may either transform (2), or make use of the fact which 
it expresses. Describe a cone of small conical angle &>, and cut off 
a frustum by spheres of radii r and each having the 

vertex of the cone for centre. Then take the surface-integral of 
normal force over this frustum. Its lateral surface contributes 

dV 

nothing. The end near the origin contributes K • to/ and 


the opposite end gives 


j^dV 

— — - { A-^'tor 

dr ^ dr 


dr 


')dT, 


while the included charge is p .(nr^dr. 

Hence Poisson s equation is 

If the dielectric is symmetrical round an axis^ Poisson s equation 
may be used in the following form. Let C be the perpendicular 
drawn from any point to the axis ; then, taking the normal flux 
of electi’omotive intensity over the cylindrical element of volume, 
since K and V are functions of f only, we have 

403.] Equation for V at an Electrifled Surface. In addition 
to the volume equation (2) for F, which holds at any point of a 
dielectric, it is necessary to see what happens to the differential 
coefficients of V at the surface of separation of two dielectric 
media. We shall, for generality, suppose that this surface is 
electrified, by friction or otherwise, and that o- is the surface- 
density of the charge at any point. 

Consider a very small element, dS^ of the surface, and let P 
and Q (Fig. 278, p. 262) be two points on the normal to it, P 
being in the one medium (iT^) and Q being in the other (iTg). 
Regard the force-intensity at P as due to the electrified element 
dS and the remainder of the field. Let this latter produce at P 
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an electromotive intensity liaving components % and t, re- 
spectively, along the normal and in the tangent plane. The 
small plate dS contributes no tangential component, while it 
gives a normal component equal to 2 tt or. Hence the components 
of force at P are n 2 t:(t and t Evidently at Q the components 
are n — 2TT(r and t. Also the normal force measured from the’ 

dV 

surface towards P is —K. ^ — > where dn^ is an element of nor- 

^ dn^ ^ 

mal drawn into the medium in which P is ; and that of Q is 
X. dV 


Therefore 


—Aj = ^ + 27X0-, 






which is the equation connecting the normal variations of T in 
the two media at their surface of separation. 

From this it is obvious that if a line of force meets obliquely a 
non-conducting surface which is electrified, the line will he re- 
fracted in passing through the surface. For, the tangential com- 
ponent of force sufiers no change, while the normal component 
does, in the passage through the surface. At the surface of 
separation of a conductor and a dielectric, if o- is the surface- 
density at any point of the conductor, the surface equation is 


simply 


K -z h 477(7 = 0, 

an 


( 3 ) 


since no force exists in the substance of the conductor. 

404.] Principle of Superposition. The additive property of 
the Potential, which has been already noted (Art. 326), is one 
which must always be kept in view in Electrostatics. In virtue 
of this principle, if in any electrical field we have a system of 
charged bodies, which we may denote by A, and another system 
of charged bodies, which we denote by P, and if we wish to deter- 
mine the total Potential, or the resultant force, at any point due 
to the combined actions of A and P — or their resultant inductive 
(Ai*t. 406) effect on any conductor in the field — we may consider 
the effect of A alone and the effect of P alone, and combine these 
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— by addition if it is the total Potential that we seek ; by vector 
composition if it is the resultant force. 

406.] Potential of the Earth. Defining the Potential at any 

I* d 6 

point, P, in space as / ~ > where r is the distance between P and 

any point in the Universe at which there is a charge de^ it is 
clear that the integration would take in all the electrified bodies 
in the Universe. This integration would give us the Absolute 
Potential at P (on the supposition that the electrified portion of 
the Universe does not extend to infinity). What the value of 
this integration is for points on the Earth it is impossible to say, 
and we are not practically concerned with it. The Potential of 
the Earth is taken as zero — since we are never concerned with 
anything but differences of Potential — and any body which is put 
in metallic connection with the Earth has the zero potential of 
the Earth. It is necessary to explain this statement. 

Every electrified body is, of course, connected with the Earth 
by some means ; and even if it were connected by a wire with a 
slab of marble or of ebonite it would not be ‘ connected with the 
Earth ’ in the sense in which this vague expression is intended 
to be used — i.e. it is not at zero Potential. When a body is 
connected with the Earth, as a matter of fact it is always metal- 
lically connected with a gas or water-pipe — that is, with a con- 
ductor of vastly greater size than the charged body itself, this 
conductor consisting of a whole system of connected gas and 
water-pipes, moist earth, streams, etc. Thus the charged body 
shares its charge with this huge conductor, and (as will appear 
more clearly when we treat of the capacity of a conductor) its 
Potential becomes sensibly equal to that of the Earth at the 
place. 

406.] Induction. A conductor can be electrified in either of 
two ways — viz. either by touching it with an electrified body, or 
by bringing it near such a body without touching it. In the 
latter case it is said to be electrified by induction^ and this process 
may be exemplified as follows. Take a mass of metal of any 
shape, either completely solid or forming a shell ; suspend it from 
a fixed point by a silk thread or any other insulator. Take also 
a small glass ball suspended by a silk thread, and electrified by 
friction, so that it has a certain positive charge. If the suspended 
glass ball is brought tolerably close to the conductor, it will be 
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found that the surface of the latter is no longer in its neutral 
state, the portion of this surface in the neighbourhood of the 
glass ball being negatively, while the more remote portion of the 
surface is positively, electrified. The total amount of electrifica- 
tion on the conductor is zero, the positive and negative amounts 
being equal in quantity, but neither of them equal in quantity to 
the charge on the ball if the conductor is solid or if it is hollow 
and the ball is suspended outside it. If the conductor is hollow, 
and if the glass ball is suspended within it (a small aperture 
being made in the conductor to allow of this suspension), it will 
be found that the outer surface of the conductor is at every point 
positively electrified, while the inner is everywhere negatively 
electrified, the amounts of these charges being equal and each 
equal to the charge on the surrounded hall. 

Thus, whenever electrification is produced by induction, the 
amount of positive electricity produced is equal to that of nega- 
tive ; and this remains true whatever be the mode in which 
electrification is produced. If, for example, electrification is pro- 
duced by the friction of ebonite and catskin, the ebonite and the 
catskin have charges of opposite signs and equal amounts ; and 
if by the friction of a piece of glass, and a piece of resin, the 
+ charge on the glass and the — charge on the resin are equal 
in amounts. All passes exactly as if electrification really con- 
sisted in the decomposition of a perfectly neutml fluid — but then 
this hypothesis is only one among many that might be devised 
for explaining the fact. 

In the case in which the glass ball is suspended inside the 
hollow conductor, we may enquire whether the quantity of the 
charge on the inner, or on the outer, surface depends on the 
position of the ball inside. Now both by experiment and by 
theory we can prove that the quantity of neither charge depends 
on this position. Experimentally it is shown thus. Suppose 
that the glass ball was electrified by friction with a piece of 
resin. Suspend loth the glass and the resin inside in any 
positions whatever, and we find no trace of electrification at any 
point on the outer surface. The glass and the resin contained 
equal charges, and since their effects on the outer surface destroy 
each other completely, the amount and the law of distribution of 
the charge on the outer surface of the conductor are both inde- 
pendent of the position of the surrounded charge. The surface- 
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density of the charge induced on the inner surface at any point 
will depend on the position of the included charge ; and when 
both the glass and the resin are inside the conductor, the inner 
surface will be electrified, its total charge being zero, so that 
the surface-density is + in one part and — in the other part of 
this inner surface. 

We shall presently deduce these results from theory. 

If instead of an electrified glass ball we had used an electrified 
brass (or other metallic) ball, the results would have been quite 
the same ; but in this case if we allow the brass ball to touch 
the inner surface, the results will be that — 

T. The brass ball and the inner surface of the conductor will 
both lose their charges completely. 

The outer surface of the conductor will be charged with an 
amount exactly equal to that which the brass ball had, and of 
the same sign — in other words, the charge of the brass ball is 
simply transferred to the outer surface of the conductor. 

This complete transference of the charge from the brass ball 
to the conductor could not have been efiected by suspending the 
latter outside the conductor and then allowing the two to touch. 
If this is done, the charge is divided between the ball and the 
conductor in a certain ratio depending on their sizes and shapes ; 
but if the surface of the conductor is very large in comparison 
with that of the ball, very little of the charge will remain on the 
latter. 

We have here substituted a metallic for a ‘glass ball, because 
when the metallic ball touches the inside of the conductor, the 
flow of its charge takes place instantly, whereas if the ball were 
of glass and this were a ;perfect insulator, its charge could never 
wholly combine with that on the inner surface of the conductor. 

It is important, then, to observe that if any system of charged 
bodies is completely surrounded by a conductor, the charge 
induced on the outer surface of the latter is always the same in 
amount and sign as the sum of the charges on the surrounded 
bodies, and this charge is accompanied by an equal and opposite 
charge on the inner surface ; whereas if the charged bodies are 
not completely surrounded by the conductor, the amounts 
separated on it are not each equal in quantity to the sum of the 
inducing charges. Moreover, neither the amount nor the law of 
distribution of the charge induced on the outer surface depends 
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on the positions of the inclnded charges ; nor the amount of the 
charge induced on the inner surface, but the law of distribution 
of this charge does. We may therefore move the internal 
charges about in any manner without producing any effect on 
the outer charge on the conductor ; we thus simply produce 
changes in the distribution, or law of surface-density, of the 
charge on the inner surface. 

407.] Fundamental Properties of a Conductor. Suppose a 
conductor placed in any electrical field. Before it was brought 
into the field let it have received any charge ; then when it is 
brought into the field, its charge will modify the distribution of 
electricity on every other conductor, and its own distribution 
will also be modified by the induction of these bodies. 

Now the surface of this conductor is an equipotential surface for 
the whole electrical system in the fields its own electricity included. 
For, since there is no force at any point in the substance of the 
conductor, the Potential due to aU the existing charges must be 
constant throughout its mass. The same is true for every other 
conductor in the field. Hence at every point on a conductor 
the line of force is pei'pendicular to the surface. 

Again, if the conductor does not include within itself any charged 
body, the Potential is the same at all points inside, and equal to 
that on the surface — -just as if the conductor were a solid mass of 
metal, instead of a shell. 

For, let A be the Potential of the conductor, and P any point 
inside, at which the Potential = B, and suppose B< A, Draw- 
ing an infinite number of rays from P, in all directions, to meet 
the conductor, it must be possible to find on each ray a point at 
which the Potential has the value C which is intermediate to 
B and A. These points form a closed surface round P. The 
result follows then by Art. 324, since at every point of this 


dP 

closed surface N, which is -j— , is a positive quantity, and the 

an 

surface-integral cannot vanish. Hence the supposition that the 
Potential varies inside is untenable. Therefore when there is no 
included charge, whatever there may be outside, the whole space 
inside the conductor is at the same electrical level ; and in this 
case there is no charge at any point on the inner surface of the con^ 
ductor, as will be proved in the next Article. 

The inability of any external electrified bodies to produce the 
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slightest force in the interior of a closed conductor is shown 
experimentally in a most striking manner by Faradafs house. 
(See Faraday’s Fxperimental Researches^ § 1174.) 

If a conductor surrounds any charged bodies and has also any 
charged bodies outside it, the amount of the charge induced on 
the inner surface is equal (with opposite sign) to the algebraic 
sum of the charges surrounded by the conductor. 

Let A and B (Fig. 31 1 ) be the outer and inner surfaces of a 
conductor ; let S be any closed surface drawn in the body of the 
conductor ; and let the finely dotted lines at the outside of the 
outer and the inside of the inner surface represent the induced 
charges on these surfaces. 

Take the surface-integral of normal electromotive intensity 

over S, This is zero, 
because the force is 
zero at each point on 
8, Hence = 0 (Art. 
399 ) ; but e. is the 
sum of the suiTOund- 
ed charges and the 
charge on B ; there- 
fore, &c. 

In this case we may 
usefully consider the 
effects of the external 
charges, and the internal charges, E^y separately. By Art. 
407 it appears that E^ produces a certain + and — - distribution 
wholly on the external surface, Ay and no efiect whatever in the 
substance of the conductor, so that no part of the charge on B 
is due to the external charges. 

The charge on the inner surface, By is due wholly to the sur- 
rounded charges, E ^ , and the charge on the outer surface, Ay is partly 
due to E^y this part being equal to E^, Thus the total charge on 
A is due partly to the external and partly to the internal charges, 
while the charge on B is due wholly to the internal charges. 

Again, lines offeree do not exist in the substance of a conductor ; 
they cease at its surface of contact with the surrounding, or 
included, dielectric medium. Defining the positive sense along 

EN 

a line of force as that in which the force acts, since u = > 

471 



Fig. 31 1. 
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at a point either on the outer or on the inner surface at which 
the surface-density is +, the line of force starts from the 
surface of the conductor into the medium ; and at a point at 
which cr is — , the line of force comes into the surface from the 
medium. But lines of force in the space surrounded by the 
conductor (when they exist — as they do when there are charges 
inside) are in no sense to be regarded as continuations of the 
lines of force starting from, or entering, the exterior surface. 
We may express this characteristic of a conducting substance 
otherwise, thus — no electrostatic action can he jpropagated through a 
conducting substance (solid or liquid) ; such actions are pro- 
pagated only through insulating media; whence they were 
called dielectrics by Faraday. 

The charge on either surface of contact of a hollow conductor 
with the dielectric — whether this charge be due to the induction 
of the other charged bodies in the field, or to contact originally 
with a charged body, or to both — is sometimes measured with 
reference to unit tubes offeree (see Art. 340). 

It is manifest that if we fill the whole dielectric space in the 
field (honey-comb fashion) with unit tubes, the number of such 
tubes (fractions included) which Bi 2 i,Yifrom the surface is equal 
to 471 times the total algebraic charge on the surface. This is 
nothing more than a re-statement of the fundamental result 

a = ~, ox adS= — f ms*. 

47r 47rJ 

408.] Inner and Outer Surface-Densities at any point on 
a Conductor. Let AB and CD 
(Fig. 312) be portions of the / 

outer and inner surfaces of a closed ,aj 

conductor ; over the contour of any 
small element of area, dS, at P 
draw normals, thus forming a tube 
of force (represented in the figure 
by the normals at P and Q ) ; pro- 
duce these normals to meet the inner surface, and through the 

♦ The way most in vogue with electricians for expressing the cha^e on one 
surface of a conductor is the following. Imagine all the field filled with lineg of 
force ; then the number of these that intersect the surface in the positive direction 
is a measure of the charge on it. A very inconvenient measure, ‘^ruly. Not only 
is this mode of speaking unjustifiable, but it is mathematically impossible to 
attach the slightest logic^ meaning to it. 



Fig. 31a, 
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inner surface towards the interior. The normals drawn outwards 
at P, Q, . . . are lines of force ; the portions ... of them 

inside the substance of the conductor cannot be regarded as 
lines of force, because no force exists within this substance ; the 
normals drawn inwards at jo, ... are lines of force if the Poten- 
tial is not constant inside, i. e. if there are charged bodies inside 
the conductor — as we now suppose to be the case. 

Draw any normal section, of the external tube indefinitely 
close to PQ ; any normal section, of the internal tube indefi- 
nitely close to pq ; and any normal section, 5, within the 
substance. 

Let or be the surface-density at P, and let N be the electro- 
motive intensity at any point on the section a ; then take the 
surface-integral of normal force over the closed tubular surface 
terminated by the sections a and h. Normal force exists only 
on the section and if (l& is the area of this section, we have 
by Art. 399, ^ ,, ^ 

.*. A . 4 TTO*, (l) 

{K being the specific inductive capacity of the external medium,) 

since in the limit = 1. 

dS 

If F is the Potential of the conductor, and dn is an element of 
the outward-drawn normal at P, we have 


hence 


471 d?i 


Let a' be the surface-density at p, K' the specific inductive 
capacity of the internal medium, dn' an element of inward- 
drawn normal; then integrating over the tube terminated by 
the sections h and t?, we have 

r__^dr 

4ir dn' 

From ( 3 ) we have at once the result mentioned (see p. 491) in 
the last Article; for if F does not vary towards the interior, 
dF 

^ = 0, therefore o-' = 0 at every point. 

409.] Fundamental Theorem. On a conductor removed from 
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the influence of all electrified bodies a charge of given amount can he 
distributed in only one way. 

Suppose a charge of amount e given to the conductor by 
contact with a charged body which is then removed, and let cr 
be the surface- density at any point, P. If possible, let the 
charge e be spread over the surface in another manner so that (t 
is the surface-density at P. Let the first distribution produce 
a Potential A on the conductor, and the second a Potential A\ 
Reverse the second distribution in sign and superpose it on the 
first ; this superposition gives a new state of equilibrium with 
surface-density cr — or' at P and a Potential A^A' on the con- 
ductor, with a total charge equal to zero. This is impossible. 
For, let G be any magnitude between A--A' and zero. Then 
since at all points at infinity the Potential due to the charge is 
zero, it is possible to surround the conductor with a closed 
surface, /S', at every point of which the Potential is C. Taking 
= P in Green’s equation, apply this equation to the surface S 
and the included space. Thus we have 

Jr^’‘r.daz=cJ^dS-Jii^da, (i) 

where B is the resultant force at any internal point. 

Now V^V.dQ, is zero at all points inside S, except points 
on the surface of the given conductor, and it is easy to see that 
at P, if dS is an element of area of the surface of the conductor, 
V^F.dH^ — 4 TT (o- — 0 -') dS. Hence (1) becomes 

-4n{A-A'}J((r-<r')dS = Cj H^dSl. ( 2 ) 

But the left-hand integral is zero, since the total charge on 
the conductor is zero. Again, by Art. 399, the first integral on 
the right-hand side is zero ; hence the remaining integral = 0, 

i? = 0, 

at every point inside /S, and therefore at every point, P, on the 

B 

conductor. But (Art. 408) cr — o-' = — > therefore o* = (/ at every 

point, and the two distributions are identical. 

This very important result may be thus stated — if we know 
any one poBsihle mode of distributing a given charge on a given con^ 
ductor which is removed from the influence of all electrified bodies, 
we know the only one joossible. 
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Thus, for instance, if a sphere of radius a centimetres re- 
ceives a charge of e units, one (and therefore the only) mode of 
distribution consists in spreading the charge uniformly over the 
surface, so that at each point 

e 

a = o’ 

4TTa^ 


In the same way it can be proved that in a system of insulated 
conductors placed in given positions, if the total charge on each 
of them is zero, the only possible distribution is one in which 
each conductor is in its natural state. 

For, if possible, let there be a distribution in which the poten- 
tials on the conductors are, in order of descending magnitudes, 
Fj, Fg, F3 , Then it is evidently possible to describe round 
the conductor whose potential is Fi a closed surface which will 
not meet any of the other conductors and on which the potential 
has a constant value, a, < Fj, and > Applying equation (1) 
to this surface and its enclosed volume, we have 


J'R^da=zaJ~dS+ 



'Now /pd SI = 0, by hypothesis; therefore, as before, = 0, 
and the first conductor is in its natural state. Proceed to the 
second, &c. 

If each conductor, instead of having zero charge, has a 
charge of given amount, there is only one law of distribution on 
each conductor^ the relative positions of all the conductors being 
supposed fixed. For, if there be a second possible distribution, 
reverse it and superpose it on the first ; then each conductor has 
zero charge, and is, by what has just been proved, in its natural 
state at every point. 

This result will be useful when we deal with Capacities, 

410.] Free Charge on a Conductor. If an insulated 
conductor is touched by an electrified body which is then 
removed so far as to produce no influence on the conductor, the 
portion of the charge which has been taken up by the conductor 
spreads over its outer surface after the manner of a thin layer of 
gravitating matter with thickness varying from point to 
point — or with variable surface-density. This layer is, of course, 
in equilibrium under its own repulsive forces ; it produces con- 
stant potential all over the conductor and aU through its interior. 
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It is called a free charge. Since it is self-equilibrating, i^ would 
be more expressively called an idiostatic charge. 

Let its amount be e electrostatic units. Then, from what has 
been proved, it cannot, while self-equilibrating, be spread over 
the surfaee in any other way. Let v be the Potential which it 
produces on and through the conductor, and <r its surface-density 
at any point P. Let another charge also equal to e be given to 
the conductor, so that the total charge on it = 2 ; then the 
Potential = 2t?, and the surface-density at P = 20-. Hence if 
the chai’ge on the conductor is made ne^ the Potential = at?, and 
the surface-density Bit P a. 

Thus, then, if the total charge on an insulated conductor 
removed from the influence of all charged bodies is P, and the 

P 

Potential on it is P, the ratio is constant for all values of P. 

This ratio is, for example, equal to the number of e. s. units 
(Art. 398 ) which must be given to the conductor in order to 
raise its Potential from zero to one erg per e. s. nnity or it is the 
reciprocal of the Potential which will be produced by imparting 
to the conductor a charge of one e. s. unit. 

A free, or idiostatic, charge is contrasted with an induced, or 
‘bound’, charge. If an electrified body is brought near the 
outside of a conductor, a charge will be induced on the outer 
surface of the conductor, with + and — surface-densities in 
diflerent portions. But this induced charge is not self-equili- 
brating; it disappears the moment the inducing charged body 
is withdiawn, and it was kept in equilibrium partly by its own 
attractive and repulsive forces and partly by those of the 
inducing body. 

A ‘ bound ’ and an idiostatic charge may both simultaneously 
exist on the same conductor, by superposition. Thus, if the 
conductor had received an idiostatic charge previously to the 
approach of the inducing body, we might in imagination com- 
pletely separate the two charges and regard the idiostatic chatge 
as existing all the time, with the other simply superposed. 

From what has been said (Art* 406 ) about the effect of 
charges surrounded by a hollow conductor, it may yeadUy be 
conjectured that the charge which they induce on the outer 
surface {A, Fig. 311) of the conductor is idiostatic ; and that this 
is so we shall presently prove* 

VOL. n. K k 
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The law of sm&ce-density, according to which an idiostatic 
charge distributes itself over a conductor, is the same as the law 
of thickness of a uniform shell of attracting matter spread over 
the surface so as to produce no attraction at any internal point 
(p. 267); and therefore for an ellipsoidal conductor the surface- 
densiiy at any point is directly proportional to the central per- 
pendicular on the tangent plane at the point. 

411.] Capacity of a Conductor. The constant ratio which, 
as has been proved, any idiostatic charge on a conductor removed 
from the influence of all charged bodies and from the presence of 
other conductors, bears to the potential produced on the con- 
ductor by the charge, is called the capacity of the conductor. 
Thus, if G is the capacity of a conductor whose charge is B and 
Potential r, B^CT. (1) 

The value of C depends on two things — the figure of the 
conductor, and the medium in which it is placed. 

If C is the capacity of the conductor when it includes and is 
surrounded by air, and if the air is replaced by a uniform 
medium of specific inductive capacity JT, the new capacity will 
be KC. 

For, if P is any point on the conductor, and Q any other 
point on it at which the surface-density is o*, and PQ = r, we 
have, when air is the medium (Art. 399), 



and when the other medium replaces air, 




1 r ^ds 

kJ~/ 


the Potentials of the conductor in air and in the medium being 
denoted by ^ and Hence 

But E = Cfai therefore P = KC . and E is the same in 
both cases. Hence generally 

E^KC.7. (2) 

The electrical capacity of a conductor is analogous to the 
capacity of a vessel for water. Thus, suppose a number of 
cylindrical vessels placed side by side on the table and let a 
mark be made on each of them, the marks being all at the 
same height. Let each be filled with water up to this height. 
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Then the volume of water which must be poured into any 
cylinder is greater the greater the area of its base ; a very broad 
cylinder may require several litres of water, while one of- very 
small capacity (a narrow tube) will be filled to the required 
height by a few drops. The height or level of the water is the 
analogue of V, the electrical level of the conductor, and the 
volume of the water is analogous to B, the electrical charge. 

Again, if a conductor of capacity at Potential is con- 
nected by a wire with one of capacity at Potential both will 
assume a common Potential equal to 

Gif'x + Cj^t 
C7i + C73 • 


For, the total charge to be redistributed is + and the 
capacity of the compound conductor is (7j + 

Hence if Cj is vastly greater than C^, the new Potential of 
both conductors is simply This is the theory of the con- 
nection of any conductor with the Earth (Art. 405). Analogy 
with water level : if a glass tube, filled to any height, is con- 
nected with a lake, the level of the lake is unaltered, and the 
level of the water in the tube becomes equal to that of the lake. 

The capacity of a sphere for an idiostatic charge is obviously 
equal to its radius ; for, if B is the charge, the Potential at the 
E 

centre E sn aV, therefore capacity in absolute electro- 


static measure = number of centimetres in the radius. 

Into the discussion of the relations between the Potentials and 
charges of a system of conductors occupying given positions and 
influencing each other, we do not enter. [See Clerk Maxwell, 
vol. 1, pp. 100, &c.] 


Examples. 

1. A conductor placed in air is subject to the action of any electri- 
fied bodies ; if o' is the surface-density at any point on the conductor, 
prove that the force exerted on the electricity of the conductor per 
unit area at the point is 

^ 2710 -*. 

The electromotive intensity at the point, P, considered is nor mal 
to the conductor. This force may be considered as due to the action of 
a very small element, dS, of area at P (forming a small utaifbrm plate) 
and the remainder of the field; the first part is (Art. 318) 2ir<r; and 
since the force just inside P in the substance of the conductor is zero, 

Kk 2 



600 


ELECTEOSTATIOS. 


[41 1. 

the electromotive intensity due to the remainder of the field is 27r<r; 
just as in Art. 322. Hence the force produced on the quantity 
<rc 2 /y by the remainder is 27 r<rX(rdS, or 2ir(T^ dynes per square 
centimetre if <r is measured in e.s. units per square centimetre. 

This quantity, 27 r(r®, is what Sir W. Thomson calls the electric 
diminution of air pressure an the surface {Papers on Electrostatics 
and Magnetism, p. 254), for the following reason: — each element 
of surface of an electrified soap-bubble being repelled by the force 
2 ' 7 r<r* per unit of surface, the bubble expands, just as it would do if 
the air pressure diminished, and when discharged it contracts. Hence 
the electric diminution of air pressure at any point of a conductor is 

2 ir(T», or — , (a) 

N being the electromotive intensity produced by the whole field in 
the air just outside the conductor at the point. 

Moreover, this force per unit area, acts from the conductor 

towards the dielectric whether the surface-density at tM point is 
positive or negative. 

2 . If a tube of force starts from the surface of one electrified 
conductor and meets the surface of another conductor, the charges 

on the portions of surface intercepted on the two 
conductors by the tube are equal and opposite. 

Let A and B (Fig. 313 ) be portions of the two 
conductors, and let a tube of force, of any cross 
section, great or small, start from any portion of 
A and terminate in B, Produce the tube into 
the substance of each conductor, and close its 
ends. Kow since there is no force at any point 
on either end, the theorem of Art. 324 gives the 
result that the total charge inside it is zero — which proves the 
proposition. 

If the surfaces A and B are very close to each other at P and Q, 
the surface-densities at P and Q are equal and opposite, since if we 
make the tube very narrow, the two elements of area which it inter- 
cepts are equal. 

[Observe that though a tube of force may be produced into the 
substance of any conducting body, it there loses its function as a tube 
of force — no lines of force existing in the substance.] 

3. Two parallel metallic plates, whose areas are very great compared 
with the distance between them, are kept at given Potentials, V and 
F'; find the charges on their adjacent surfaces. 

The Potentials being measured in ergs per e. s. unit, let h centi- 
metres be the distance between the plates, and K the specific 
inductive capacity of the insulator between them. Then, except 
near their edges, the surface-density on each wiU be constant; there 
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will be a uniform field of force between them: the value of ? 

an 

at any point on the first, measured outwards towards the second, 
F'— 7 

will be practically — — j and therefore the surface-density on the 

face of the first opposite to the second will be 

K F-F' 

' > 


47r A 

BO that the bound charge, E, on this plate is given by the equation 

Z>S(F~F') 


( 1 ) 


( 2 ) 


where S is its area in square centimetres, an equal and opposite charge 
existing on the opposite face of the other, if their areas are equal. 

This case is approximately that of a Leyden Jar, the two plates 
being cylinders of tinfoil, having glass as a dielectric between them. 

It is also the case of an Absolute Electrometer, consisting of two 
large plates very close to each other, with air between them. 

In this case, if a portion of one plate consists of a moveable area, or 
trapdoor, of area a square centimetres, since the force per unit area 
experienced by the surface of either plate (Ex. 1) is 27ro*^, the total 
force experienced by the trapdoor is 2Tta\8 dynes, or 

sjjr^ry 


The quantity E given by (2) is only the charge on that face of the 
plate which is adjacent to the other plate ; in addition, there is a 
charge on the other face of each, the quantity of which is very small 
compared with E, 

Thus the capacity of a system of two parallel plates is 

KS 

4'7rA* 

so that if we wish to obtain a very large capacity, it will be advisable 
to use plates with a very large surface, separated by a very small 
distance, and to fill the space between them with a dielectric of very 
high specific inductive capacity. 

The quantity of electricity at a given Potential, F, which can in 
this way be accumulated on a plate is vastly greater than the quantity, 
at the same Potential, which could be accumulated on it if it were 
merely connected with the source at Potential F — such as one pole of 
a given battery — without having the second plate close to it, because 
(see Example 6) the capacity of the system of two plates is vastly 
greater than that of one of them for an idiostatic charge. Thus, if 
the separating medium is air and each plate is a circle of radius 
1 decimetre, the distance between them being 1 mm., the capacity 
of the system is 250 in electrostatic measure ; while the capacity of 

20 

either plate for an idiostatic charge is only — • 
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An electric ‘vessel' of this kind is called Aecvmulator, The 
Accumulators (called also Condensers) actually in use consist of 
hundreds or thousands of sheets of tinfoil, > ®ach a 

few square decimetres in area, placed parallel to each other and 
each separated from the previous and following one by sheets of 
thin paraffined paper, the whole being pressed into a compact mass. 
The plates (a^, Oj, a^, ...) are then all metallically connected together 
at a point, or pole, A, and the intermediate plates (a 2 > 
also metallically connected together at a point, or pole, B, and the 
Accumulator is filled by connecting the poles A and B with the poles 
of a battery or other source. 

4. Find the work done in the discharge of a Leyden Jar, or of the 
system of parallel plates in last example. 

If in any electrified system V is the Potential at any point, and 
de the element of charge at this point, the work of the forces of the 
system in completely destroying all electrification is (Art. 331) 
^ f Yde, the integration extending all through the system ; and the 
work done in transforming it from one state to another is \ fVde in 
the first state —\J'Vde in the second state. 

In the present case \/Vde in the first state is i VE--\ V'E, or 

The value of the integral in the second state is zero, because when 
the plates are connected, the contrary charges combine so that each 
plate is in its natural state. Hence the work is 

Ks{v- vy 

Sirh 

This work of dissipating the electrification would be equal to the 
work done by the operator in charging the Jar or the system of plates 
(by friction of glass plates against rubbers, for example) if none of 
the work of charging succeeded in passing into heat (of axles against 
bearings, &c.) — by the Principle of the Conservation of Energy. 

6. A condenser is formed of two concentric spherical conductors of 
radii a and c, separated by two dielectrics bounded by a concentric 

sphere of radius 6. Prove that if in one dielectric A" = ^ and in the 

fjf , ^ 

other the capacity of the system' is 


/ (6— a)+ft(c— 6) 

(Mathematical Tripos, 1885.) 

Employing Poisson's equation (3), p. 486, since p = 0 at each point 
in the dielectrics, we have 

dr 

where A is a constant which may be different for the two media. 



4>i.] 


EXAMPLES. 


fi08 


Let be the Potential of the inner conductor, a, and <r its surface- 
density. Then by (/3), p. 487, wo have at this surface 

4'7ra®(r 0 

( 1 ) 


— — = —4^0*, 
dr 




fA fi 

if Q is the whole charge on the sphere. Integrating, we have 

r=i;-|(.-4 (2) 

Similarly, if </ is tBe surface-density on the conductor e, 

/ dr ^ , 

w 

... r=r.-^{.-r). ( 4 ) 

where Q' is the whole charge on this sphere. 

At the surface of contact of the two dielectrics we have from (a), 

6«dr ^6* 'dr ' ~ 


dV . dV ' 

where — is given by (1), and {^) hy (3). This gives 

Q+e'=0. (6) 

Since V is always continuous through space, the values (2) and (4) 
are equal when r ^ b, that is, at the surface of separation of the 
dielectrics. 




the value in the problem. 


which gives for the capacity, 

h '2 

The solution is equally simple if we assume K and if' to be any 
functions of r. 

6. To find the capacity of a circular plate for an idiostatic charge. 

Bp 

Considering first an ellipsoidal conductor, o* = = - -- ^ , E being 

the charge on the conductor. 4waoc 

When this conductor becomes a plate, e = 0, and we must find 
P 

the limiting value of — for each point on the surface. 

f=a/'-54-. 

If a = 6 the plate is circular, and if r is the distance of any point 
on it from the centre, 

pa E 

c 4irav^a®— r* 
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The Potential of the plate is the same at all points, therefore it 
will suffice to find its value of the centre. This is obviously 


[ TT f (rdr, 


including both surfaces of the plate, for both are identically charged. 

Hence ~ ttJB 2 a 

V = -- — , G = — • 

2a TT 

The result could have been deduced from the Potential of an 
Ellipsoidal Shell. If the semi-axes, in descending order of mag- 
nitude, are a, 6, c, the Potential, F, at the centre (and therefore on 
the surface) is given by the equation 




v'a*-c“-(a»-6*) sin’*d’ 


where o) = sin”^ 


The capacity of the ellipsoid is the reciprocal of the coefficient 
ofJE. 

For an elliptical plate, put c = 0, and if C is its capacity, we 
have ^ 


1-i p 

C~aJo Bing'd’ 


e being the excentricity of the ellipse. 

We may observe that i f the ellipsoid is of revolution round the 
axis a, and ifl= Va^— c® = distance of centre from focus of generat- 


which is precisely the Potential due to a uniform bar stretching 
between the foci (see p. 295, and next Article). 

7. A sphere receives a charge Ey and it is surrounded by a 
spherical shell to which a charge is given ; find the Potentials 
on the two surfaces. 

Let a and h be the radii of the sphere and shell. Inside the sphere 
(whether it is hollow or solid) the Potential is constant (Art. 407), 
and therefore equal to its value at the centre. The electrified inner 
sphere will act inductively on the shell, generating a charge = — E 
on the inner, and a charge = ^ on the outer, surface of the shell. 
Hence if the surfaces are separated by air, the Potential, F, of the 
whole field at the centre is given by 


F= 


E E' 

a'^r 


( 1 ) 
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Now take any point on the shell. The Potential of the sphere 
JE 

at this point is (p. 298) and the Potential due to the shell itself 

is • Hence if F' is the Potential of the shell, 

0 


h 


( 2 ) 


Of course if it is the Potentials that are given — the inner sphere 
being connected with one pole, and the outer with the other pole 
of a battery — and the charges to be determined, these charges satisfy 
(1) and (2), and are deduced from these equations. 

We have ^ ah 


(F-n 


for the charge on the inner, so that this charge can be made very 
large by diminishing ft— a. Thus, the condenser might be made 
by coating the inside and outside of a very thin indiarubber ball 
with some conducting substance, and then blowing the ball out to 
a great size ; or the inside might be filled with acidulated water and 
the outside coated with a conducting layer ; and the capacity would 

te ^ where K is the specific inductive capacity of the india- 

rubber. 

The tubes of force between the two surfaces exist in the separating 
dielectric and cease on the outer surface of the inner sphere and the 
inner surface of the outer ; and, in accordance with Example 2, the 
quantities at the ends of these tubes are equal and opposite. From 
the outer surface of the outer sphere new tubes of force proceed out- 
wards into the external air ; and from the inner surface of the inner 
no tubes of force proceed in any direction — illustrating the principle 
that no lines of force exist in the substance of any conducting body. 


8. Find the capacity of a very long cylindrical conductor for an 
idiostatic charge. 

Except near the ends, the surface-density of the charge will be 
sensibly constant. Let it be <r. Also the Potential is constant every- 
where inside (whether the cylinder is solid or hollow) and therefore 
equal to its value at the middle point, 0, of the axis. 

Take this point as origin, and consider the electrified ring cut ofP 
from the cylinder by a plane at a distance x and one at a distance 
X‘\‘dx from the centre, both being perpendicular to the axis. If r is 

2Tr pa dx 

the radius of the cylinder the Potential of this ring at 0 is 


therefore if I is the length of the cylinder, 




F = 4ir«frlog,-, 

T 

I being assumed to be very much greater than r. 
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The total charge, E, on the cylinder is i'tsrla ; hence 


F = 


2E 

I 



<7 = 


I 

Z — 

2 log.- 


Hence if r is exceedingly small in comparison with I, G is practically 
zero* The cylinder in this case is simply a wire; so that when 
a wire is used to connect two electrified conductors, we may neglect 
the portion of the charge which is taken by the wire. 

Consider the case in which a very long cylindrical conductor (as, 
for instance, a wire or strand of wires) is surrounded by a dielectric 
(as gutta-percha) which also forms a cylinder, this dielectric, again, 
being surrounded by another conductor (the ocean). This is obviously 
the case of an electric cable, in which the outer conductor is always 
at zero Potential. 

It is required to find the capacity of this system for a statical 
charge, the inner conductor being kept at Potential K and the outer 
at 

We may find V at any point in the dielectric by the equation in 
cylindrical co-ordinates (Art. 329) which is simply 

IdV 

= constant; 

CdC 

.•. F=wilogC+wi'; 

and since F = Fj when C = and F = when ^ ^ = radius of 

outer cylinder, m and m' are found. Hence 


F=F,-h 




At the surface of the inner o* = — 


47r(if ’ 


r , r 

47rrloge — 


when C = r ; therefore 


The charge on a length I of this cylinder is, then, 


Kl 


2l0ge 


1: 

r 




9. Calculate the surface-tension of an electrified soap-bubble. 

When a membrane is acted on by forces of any kind, there will 
be along every line traced on the membrane a tendency of the two 
portions separated by this line to tear away from each other; in 
other words, one of these portions exercises on the other a set of 
internal forces along the line of separation. 
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In the neighbourhood of any point P of the membrane (Fig. 314) 
consider a very small rectangular portion, ABO By of the membrane 
isolated from the remainder. Then 
there will be forces exerted on its 
sides at their middle points, w', 
by the removed portion. These 
forces will, if the rectangle A BOD 
is chosen at random, be oblique to 
its sides ; but it is always possible to 



I’ig. 314- 


choose the rectangle at P so that these forces are at right angles to 
the sides on which they act. Suppose this done. The amount of 
force exerted on AB is, of course, proportional tO' the length AB ; 
so that if is the amount exerted on A B per unit of length, the 
force at m in the sense m'm is t^xAB, Similarly, if is the force 
per unit of length on ADy the force on , 41 ) is <2 X The quantities 
and <2 are the surface-tensions at P perpendicular to AB and AD» 
For the equilibrium of the rectangle resolve forces along the normal 
to its plane at P. Then, if and are the radii of curvature of 
the curves mm' and rm'y and N the amount of external normal force 
exerted at P per unit area, we have 


N.ABy.AD = t.AB'^+t^.AD 

* A* * 


^nn 


or 

r, rj 

In a soap-bubble and are evidently equal, and this equation 
becomes 2« 


where t is its surface-tension and r its radius. 

Now in an electrified bubble N consists of two parts — one an excess 
of air pressure inside over the air pressure outside, and the other the 
repulsion of the electricity on itself (Ex. 1). Denote by p the intensity 
of the excess of air pressure and by cr the electrical density at P, and 
we have 2< 

p+27ror® = — • 
r 


10. A spherical soap-bubble is electrified in such a manner that the 
internal pressure remains constant ; find the relation between^ the 
densities of electrification when its volume has become n and m times 
its original value. 

(Mr. Orchard, in the Educational Times^ 

The external pressure presumably remaining constant, there will be 
a constant excess of pressure, p. Equate tiie work done by this 
pressure in enlarging the volume to the potential work of the electri- 
fication. Now if V is the volume of the bubble at any instant, the 
work done by the pressure in altering the volume by ^ is pcfo. .Hence 
if = original volume, the work done in the first electrification must 

^ • p(«-i)a 
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But if F is the potential of this electrification and Q the charge, 
the energy of the electrification is (p. 286) \VQ ; and evidently 
0 

F = — , if r is the radius of the bubble. Also if a* is the density, 
r 

Q = 4wr*a-; 

But ^7rr* = wf2; 

Similarly, l) = 6w7r 

if 0 -' is the density of the second electrification, 


or 


V 


— 1) 


11, A spherical soap-bubble is electrified in such a manner that it 
is just in equilibrium when the pressures of the external and internal 
air are equal. Calculate the surface-tension in terms of the potential. 
(Mr. Orchard, Educational Times.) 


Ans. 


F" 

167rr 


12. Two spherical soap-bubbles are caused to unite into a single 
spherical one. Show that a diminution of surface takes place, and 
calculate the charge of electricity which must be given to the single 
bubble in order to draw out the film to its former superficial extent. 
(Mr. Greenhill, Trijpos, 1875.) 

Let T be the surface-tension, in dynes per cm., of the water-air 
surface at the temperature existing during the process (see p. 177); 
let -CDP be the intensity of atmospheric pressure in dynes per square 
cm. ; let a and h be the radii of the bubbles in cm. ; p and p' the 
intensities of pressure of the air inside them ; P the intensity of air 
pressure inside the compound bubble, and x its radius. 

Then we have 

2T , 2T ^ 2T 

tsr = ; n— -07 = — P-^zj = 

a b X 


Also, assuming no change of temperature, p changes to and 
p to jp ~ 3 , in the compound bubble; and P = the sum of these. 


Hence so that we have 


= 0, (a) 


to determine the radius of the compoun4 bubble. 

Now is vastly greater than Ti for, an intensity of pressure 
denoted by a barometer of the normal height, 760 mm., is 1‘014 x 10® 
dynes per sq. cm., while T for the temperature 20°O. is about 81 
dynes per linear cm. Hence the value of x wHeh annuls the coefiicient 
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of -Bcr in (a) must be very nearly the value which satifies the equa- 
tion. Assume^ therefore, 

a5 = (a®+6®)i + m, 

where w is a small quantity. From (a) we get the approximate 
value 2yc a*+6* 

which is obviously a positive quantity* Hence cc®>a® + 6®, that is, 
the volume of the compound bubble is greater than the sum of the 
volumes of the constituents. Also we find easily that v?<a^^h\ 
which shows that the reverse is the case for the surfaces. 

How let a charge with surface-density <t e. s. units per sq. cm. be 
given to the compound surface so as to make = + then, if 

2 T 

P' is the enclosed air pressure intensity, P'+ 27ro'’^— cr= , and 

we have (w- 2 ir<r^)a!» = w (a' + 6=), 

which gives or, since x is given to be 6®* 


13. When conductors of given shapes occupy given 

relative positions, and their Potentials T^,... are given, their 
charges , Q 2 > • • • determined from a system of linear equations, 

Q 2 ~ 3^21 ^ 3^28 ^ "b • • • • 

Apply the theorem of Gauss (p. 287) to prove that 
generally, qmn — qnm- 

Since the coefficients depend merely on the shapes and 

relative positions, we may consider the case in which is connected 
with a source at a given Potential, P, all the others being connected 
with earth, i,e. at zero Potential. Then the charges will be given 
by the equations 

Denote this distribution by (a). 

Now reduce them all to the natural state, and produce another 
state, (a'), by raising A^ to the Potential P, and connecting all the 
others to earth. The charges now are 

Ql=q^2^9 

Now apply Gauss’s equation = to these two states 

or systems, (a) and (a'). The left-hand side of this equation is the 
product of each charge in (a) and the Potential at its position pro- 
duced by (a'). It is, then, simply . P, or 

^ 21 -^. 

The right-hand side is simply Q/. P, or 

Hence ^21 = ^ 12 * Similarly for the other ’ g^'s with two distinct suf- 
fixes, which are called the coefficients of induction of the given system. 
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This simple proof is due to M. Bertrand (see Mascart and Joubert’s 
Lemons sv/r VMectricit^ et le Magnitismef p. 56). 

14. If a given charge, e, is held at a point P outside a given con- 
ductor which has no free charge, and which may be insulated or not, 
and if P' is any other point outside the conductor, prove that the 
Potential at P' produced by the induced charge on the conductor 
is the same as that which would be produced at P by the conductor 
if the charge e were placed at P^ 

^ This is also, as shown by M. Bertrand, a simple result of the equa- 
tion of Qauss. 

Suppose the conductor connected with Earth, e being at P. Let 
Q be the charge induced on the conductor, V the Potential at P, and 
Gpp^ that at P'. Denote this system by (a). Remove e to P', let Q' 
be the new induced charge on the conductor, V' the Potential at P', 
and Gpfp that at P. Denote this state by (a'). 

Now apply the equation 2wiF'= 2 m' F to the two states (a) and 
(a'). The left-hand side is simply e x Gp^py while the right is e x Gpp'» 

^pp ^pp» 

The function 6pp> is known as Green's Function. 

Exactly the same proof applies if the conductor is insulated. In 
this case its total charge is zero. 

15. Show that an idiostatic charge on a conductor must be of the 
same sign at all points. 

^ 16. Several Accumulators (‘ Condensers '), Aj, ... of capaci- 
ties Cj, Cg, ...Cn are placed in series ; a pole of and a pole of An 

are connected with the poles of a battery which are at Potentials 
F and F' ; find the charge in any given Accumulator of the series. 

Let (F, be the Potentials of the poles of ; (a?j, x^) those of 
the poles of A^ ; and so on. Then 

2 2 . 

each of which is, therefore, equal to 

F-F' , 

— Tj — , or ky suppose. 

si 

c 

Then the difierence of Potential of the poles of Ay. is and the* 
charge is the same in all, viz. k, 

412.] Case of Green’s Equation. Let M and Jf' (Fig. 315 ) 
be any system of n^asses gravitating according to the law of the 
inverse square of distance (the case in which they are electrical 
distributions is, of course, included); let Fbe their Potential at 
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any point, P ; and in Green’s Eqimtion choose for TJ the function 

where r is the distance of P from any fixed point, 0. Now 

draw any closed surface, 5, surrounding Jlf' and apply equation 

(^), p, 334, to the volume enclosed 

by this surface, the point 0 being any m 

point this surface. The points 

P included in the integration being f 

all internal to 5, or on its surface, o I wm y 

T is never zero, therefore - = 0. 

^ Fig. 315. 

Also = — 47rp, where p is the 

volume-density at P, which will be zero except for points inside 
the mass M\ Thus the equation becomes 


_4:r fr- 

Jr J r an J i 




Now / ^ is the Potential at 0 due to the mass If', and this 

J ^ 

we shall denote by Also 

where 0 is the angle made with the normal to the surface at any 
point by the line joining this point to 0 ; and this expression is 
therefore equal to doi (Art. 316) where day is the conical angle 
subtended at 0 by dS, 

If the matter is self-repulsive, instead of attractive — i.e. if 
the force between two elements of the same sign is repulsive — 
the nonnal force-intensity at the position of dS due to the whole 
dV 

system M\ is —^5 so that ( 1 ) gives 

m = h . ( 2 ) 

* 47rJ'^ r ' r ^ ^ 

Now the right-hand side of ( 2 ) is the Potential at 0 due to a 
layer of attracting matter spread over 5 with surface-density 

4ir r ' ' ' 

Hence the Potential at any point, 0, due to M* may le produced 
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hy a layer epread over any muface eurrounding W and having 0 
outside it ; so that if a layer is spread over the surface equal, but 
with opposite sign, to (a), the attraction of this layer would 
annul that of Mf at all points outside the surface. 

A case of special simplicity and importance occurs when 8 is 
an equipotential, or level, surface of the system M\ In this 
case V comes outside the integral, and (2) becomes 

r(o= L f 2fds- rf dm 


,<0=±JiW«- 


SO that the density of the layer at any point is 

N 


Denote the Potential produced by this layer at any external 
point, 0, by <t >^ ; then j^i) _ ^5) 

dF 

If the matter is self-attractive, instead of repulsive, ^ , 

iV 

and the layer in question has surface-density equal to — — • 

If is any system of electrical charges, we see that, so far as 
effect outside any closed surface whatever, /S, surrounding M' is 
concerned, if' may be spread as a surface-charge over the given 
surface, with the law of surface-density given by (a). But if 
this layer were actually produced, and all the other electricity of 
the field removed, it would not, in general, be self-equilibrating, 
unless the surface /S is a non-conducting surface. 

Secondly, suppose 0 to be internal to the surface 8, Then, if 

P actually coincided with 0, would not vanish ; but we shall 

in this case exclude the point 0 by applying Green’s equation to 
the region included between 8 and an indefinitely small sphere of 
radius, c, surrounding 0 and having 0 for centre (see p. 334). 


Thus we have 


d- 

r-Sds 

Jr J r dn J dn 

^fi^dS'+f. Freds', 

J c an J dn 
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in which the last two integrals refer to the surface of the small 
sphere round 0. Now the third integral in this equation 
vanishM. because dS^ = c^dij,d(f)^ fA and <p being the polar angular 
co-ordiliates of any point on the surface of the sphere ; so that 
rdV 

this iu^gral is ---o -^dixd<py which obviously is infinitesimal. 

In the last integral F may be taken outside, since it is practically 
constant at all points on the infinitely small sphere and equal to 
its value at 0 — which we shall denote by ?~this Potential 
being due to both M and M\ Also 


}-£^ — 

Hence (6) becomes (for self-repulsive matter) 

^ TTrt\ c^dS r^cosd,^ ^ f. 

(7) 

in which denotes the Potential at the internal point 0 due to 
the internal mass, M\ But if denotes the Potential at 0 due 
to the external mass, if, we have ^ ; therefore 




F COB d 

r ^ T 


Let iS be a level sm’face of the systems if, i/', and A the 
Potential on it ; then 

JVT 

which shows that if a layer with surfece-density equal to — at 

each point is spread over the surface, and is the Potential pro* 
duced by it at any internal point, 0, 

= ( 10 ) 
Equation (5) gives the result that, so far as all points external 
to the given level surface are concerned, the internal mass^ i/', 
may be replaced by the layer on the surface ; and, of course, if 
the surface-density of this layer were reversed at every point, we 
should obtain a layer whose action at all external points would 
exactly annul that of the internal mass. 

Equation (10) shows that this layer destroys the effect of the 
external mass, Jf, at all points inside the level surface, since 
VOL. II. L 1 
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in whatever direction x is measured: and, 
dx * dx ’ 

moreover, if there are no external masses, this layer produces a 

constant Potential inside, and therefore no force at any internal 

point ; for in case = 0, therefore = A. 

The quantity of this superficial layer is equal to that of the 
internal mass, since (Art. 324) fNdS ^ 4iT:M\ for repulsive 
forces, and fNdS = — 4 tt J/' for attractive forces. 

Thus, for example, consider the case of a thin uniform bar 
(p. 296). The level surfaces are a system of confocal ellipsoids 


of revolution, and N : 


— — — sin~) where = APB^ and y 
y 2 ^ ^ 

the perpendicular from P on AB ; and the bar may be spread 
over any one of them with surface-density = sin with 


the result that at all points outside this surface the attraction of 
the layer is the same as that of the bar, while it produces con- 
stant Potential throughout the interior. When, as in this 
instance, there is no external mass, the layer on the surface 
follows exactly the law of an idiostatic distribution of electricity 
pn the surface. Hence, as the equipotential surface of the bar is 
an ellipsoid, and as we know (Aiij. 410) that in an idiostatic 
layer the surface-density at any point is directly proportional to 
the central perpendicular on the tangent plane at the point, it 
follows from the uniqueness of the law of idiostatic distribution 
ykp . 

Art. 409) that^- sin ^ must be proportional to this perpen- 

dicular. The truth of this is easily verified, and we find this 
expression equal to yckp 


where p is the central perpendicular, a and b are the semi-axes of 
the ellipse, and c = Va^'- b?. 

413.] Application to Conductors. The results in the last 
Article have a direct and important application to the case of 
conductors. We shall now speak of charges of electricity instead 
of ‘ masses.’ Take the case of a single hollow conductor, and let 
Fig. 31 1, p. 492, represent the inner and outer surface charges 
on the conductor, and also the external and included charges. 
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Then the surface S in the substance of the conductor is a lev^l 
surface for these four electrical distributions. At every point oni 
8 we have iV = 0, so that no layer is to be spread over^, and 
(6) of last Article shows that at every point outside 8, the included 
chai-ges together with the inner surface charge produce a con- 
stant zero Potential ; or, in other words, this system produces 
no force anywhere outside the conductor. 

Also from (10) we see that the Potential everywhere inside 
due to the external charges together with the outer surface 
charge is constant and equal to that on the conductor ; con- 
sequently this system produces no force anywhere inside. 

In other words, the internal charges together with the inner 
surface charge on the conductor form a self-equilibrating system 
producing no external effect whatever ; and the external charges 
together with the outer surface charge form a self-equilibrating 
system producing no internal force, the only internal effect 
which they produce being to establish a uniform Potential 
throughout the whole interior, equal to that of the conductor — 
so that if the conductor were kept constantly at zero Potential 
(by an earth connection) this electrical system, however it were 
varied, would produce no internal effect whatever (either of force 
or of Potential). Thus we have proved the results referred to 
in Art. 410. 

A conductor is thus shown to act as an electrical screen for 
everything inside it from the action of external charges ; and 
this is why delicate instruments, such as electrometers, are, in 
accurate experiments, sun'ounded by cages of wire-gauze, which 
are practically closed surfaces. These cages are usually connected 
with earth in order to prevent external electrifications, whether 
permanent or transitory (such as are due to accidental rubbings 
of insulators or other bodies), from even uniformly altering the 
Potential of the protected instruments*. 

414]. Theory of Electric Images. Given an insulated con- 
ductor and an external electrified system, to determine the surface- 
density of the induced charge at any jooint of the conductor. 


* From the preceding theory it will be seen that for the complete protection of 
such instruments from external influence it is necessary that a condu,cting surface 
should immediately separate them from the external bodies which are, or may be 
accidentally, electrified. Hence it is a mistake to surround them, as is often done, 
by glass, which is a non-conductor. 

L 1 2 
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Let M (Fig. 3i5)> represent the given electrified system, 
and then let the closed surface represented be that of the in- 
sulated conductor. Denote it by 8. Now if the charge on M is 
E, the total charge on M and 8 v&E\ and, with the positions of 
M and 8 fixed, there is only one way in which this charge can be 
distributed (A.rt 409 ) ; so that it will suflSce to find any manner 
in which the charge E can be distributed so as to be in equi- 
librium. 

But one method is the following: determine any internal 
electrified system, If', which with M would make 8 a level 
surface, with any constant Potential, Ay suppose ; then spread the 
charge, E\ of the system, JT, over the surface according to the 
N 

law <r = — i where N is the electromotive intensity due to E 

and If at any point of 8, This surface charge together with E 
will produce the constant Potential A on 8 and throughout its 
interior, since their joint Potential inside is and, as 

before proved, 

= Ay 

and the amount of this surface charge is jS'. 

Hence this surface charge together with E would not produce 
force causing any further charge given to 6^ to move along 8y so 
that if this further chaige was idiostatic, it would still be in 
equilibrium. Let, then, this further charge be equal to — -E', so 
t^t the total charge on S' = 0, and we shall have succeeded in 
distributing the total amount E as required. 

This solution of the problem requires, therefore, two distinct 
things — 

1. The determination of the auxiliary system E*\ 

2. The determination of the manner of distributing an 
idiostatic charge on the conductor. 

Each of these subsidiary problems is, in general, one of great 
diflGiculty, and they have been solved in only some simple cases. 

The system M is called the electrical image oi Min the given 
sur&ce 8^ and this method of images is due to Sir W. Thomson. 
Usually M is determined so that 8 shall be a surface of zero 
potential. 

If (7 is the capacity of 8 for an idiostatic charge, the Potential 

If If 

of the conductor will be finally or A + -^, according ae the 
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image system, M\ is determined so that 5 is a surface of Poten- 
tial zero or of Potential A. 

The image of a given electrical system external to a conductor 
may be briefly defined as an internal system, such that for the two 
systems together the conductor is a surface of constant Potential, 

For clearness, we give formally a statement of the method of 
images, showing the precise mode and order of thought in the 
process. 

Given a closed conductor in presence of any electrical system, 
either inside or outside it ; to determine the law of distri- 
bution of the induced chaige. Regard, at first, the surface, 5, of 
the conductor as a mere geometrical surface — not a metallic one ; 
find any electrical system, M\ at the side opposite to that at 
which M is placed, in such a way that 8 would be an equi- 
. potential surface for M and M' together; calculate N, the 
normal electromotive intensity at any point on the surface (due 
to M and M') ; finally, dispense with the system make 8 a 
metal surface, and cover it with a charge having at each point 
N 

the surface-density — • 

An idiostatic charge may have to be superposed on this to 
satisfy any condition as to the total charge or the Potential 
which the conductor may have had assigned to it originally. 

415.] Combination with Inversion. If in any case we have 
deduced a law of distribution of charge on any surface or surfaces 
by the method of images, we can* immediately deduce from this 
another possible distribution by the method of inversion (see 
Art. 334). 

Assuming the thin shells treated of in Art. 334 to become 
surface electrifications, the products pr and p' / become the given 
and the derived surface-densities, <r and a' ; and therefore 

^ = 73 ^- 

It is necessary to point out, however, that in applying the 
method of inversion to an electrified conductor there is introduced, 
by the peculiar nature of a conductor, a condition of which the 
general theory of inversion for fixed masses takes no cognisance — 
the condition, namely, that not only is the given surface M 
{¥ig. 283 ), p. 311) one of constant Potential (being a conductor), 
but the derived surface, M% if it is to be the sur&ce of a conductor, 
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must also be one of constant Potential. Now -in the general 
theory the inverse of a sm’face of constant Potential in the old 
distribution will not be a surface of constant Potential in the 
new distribution ; for if the point J (p. 311) is any point on J!f, 
the value of D will vary (unless M is a sphere and 0 its centre), 
so that if F is constant, F' will not be constant. However, if 
the old distribution is such as to make M a surface of zero 
Potential, the inverse surface will be equipotential, also with zero 
Potential. Hence a conductor at zero Potential, under the in- 
fluence of any distribution, will always invert into a conductor 
at zero Potential, under the influence of the inverse distribution. 
If If is a conductor at any Potential, c, the inverse, M, will 

Jcc 

be a surface, the Potential at any point, Q', of which is > 

which is the Potential at due to a charge he placed at 0, the 
origin of inversion. Hence, if we place a charge — yfc at 0, in 
addition to the inverse of the whole original field, the inverse of 
the given conductor becomes a conductor at Potential zero. 

Sometimes it is desirable to choose the origin of inversion at 
the position of an electrified point, at which there is a finite 
charge <?. The inverse point, at which there is a new charge in 
the new system, is then at infinity, and the new charge, e\ is of 

k 

infinite amount, because ^ where r = 0. But it is easy to 

show that this infinite and infinitely distant charge produces a 
finite Potential of constant value at all points in the new dis- 
tribution. For in Fig. 2 %^, p. 311, let there be in the old 
distribution a charge ^ at a point B indefinitely close to 0 ; 
k 

then / = and the Potential of / at 0 is 

oF’ ^^obToW'^’ V 

which is finite, and is the Potential produced by / at all points 
(not infinitely distant) in the new distribution, since it evidently 
produces the same Potential at all such points as at 0. Hence, 
if the original conductor, M, was at zero Potential, and we invert 
from any point at which there is a finite charge, the Potential of 
the new conductor due to everything in the new distribution. 


omitting the infinitely distant charge, is — | • 
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Examples of Imaoes and Ikyebsiok. 

1. A given charge is condensed at a point outside an insulated 
uncharged spherical conductor ; find the surface-density at any point 
of the conductor and its Potential. 

Let P (Fig. 277, p. 267) be the position of the given charge e; 
then the sphere can be made a suiface of zero Potential for e and 
for a charge — e' placed at the inverse point, P', if the distances,^ 
r, r', of any point on the sphere from P and P' are connected by the 
equation , 




which gives 


To find or Qy “Q-y either take the value of V at 

any point, due to («, — e'), viz. 


T r 


and differentiate it ; or imagine a -f- unit at Q and find the resultant 

e * e' 

of a force -r acting on it from P to Q and a force -75 from Q to P\ 

T T 




Thus iV = — ^ — —3 ~ ~ (measured outwards) ; therefore the surface- 

density of the first charge (that which would he induced on the 
conductor if, in presence of e, it were connected with earth) is 

— . On this we have to superpose an idiostatic charge of 

amount e ' ; and this is, of course, a uniformly distributed layer, with 

surface-density ^ - y; • Hence, finally, 


47raZ> 


__ ^ /I P*— 


where Y is the Potential of the conductor. 

The Potential at any point in space outside the conductor is 
that due to a charge « at P, a charge — J at P', and the idiostatic 

charge on the conductor. It is therefore — — where r, r', 

are the distances of the point considered from P, P', and 0. 

The case of the spherical shell discussed in example 8, p. 301 is 
therefore that of a spherical conductor connected with earth and 
influenced by a charge fixed at an external point P. 
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If the influencing charge is internal^ at P', the problem is solved 
in exactly the same way ; the image is a charge — s', or ^ e, at P. 

2. Find the distribution induced on an infinite plane conducting 
surface by a charge condensed at a given point. 

The plane may be regarded as a closed surface — closed by a portion 
of surface at infinity. 

Let P be the inducing point. Then for zero Potential on the 
plane the image of P is a point equidistant from the plane on the 
opposite side, and on the perpendicular from P ; also the charge at 
P' must = — «, if 6 is that at P. 

Since the capacity of an infinite plane is infinitely great, the surface- 
density of the idiostatic charge is infinitely small at each point, so 
that Ae distribution is simply that of a negative charge (if 6 is -f ) 
on the face next P with surface-density 


_ 

27rr^' 


where p is the perpendicular from P on the plane. 

It is easy to verify that the total amount of this charge is — 

This problem can be at once deduced from Example 1 by inversion. 
The inverse of a sphere from any point on it is a plane. Take then 
the sphere in last example at zero Potential ; in other words, take a 

J)9 ^2 

charge e at P, and a layer with surface-density = — : 7 . e on the 

47rar® 

sphere, and invert the whole from the extremity A of the diameter 


h 

through P. The charge to be placed at the inverse of P is . e 
dm' k 

(from the equation Art. 334), and the surface-density at 


any point on the plane is inversely as the cube of its distance from 
this inverse point. 


3. Two infinite plane conducting surfaces terminate in a common 
edge and intersect at right angles ; an electrified point is placed any- 
where between them ; find the induced surface-density at any point 
on either plane. 

Begard the planes as mere geometrical surfaces. 

Through the inducing point, P, draw a plane at right angles to 
both planes cutting them in two lines Ox, Op, the point 0 being on 
Ae e^ge of intersection of the two given planes. To determine the 
image-system draw a perpendicular from P on Ox and take the point 
A on this perpendicular at the opposite side of the plane Ox at o, 
distance equal to that of P from Ox, 

Then if e is the charge at P, a charge — e at A combined with e 
at P would make the plane Ox a surface of zero Potential ; but these 
charges would not make Op a surface of zero Potential. Take the 
P, of P in Op, and also the image, <7, of P in Ox. The point 
C is also the image of A in Op. 
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Then, if at -4, 5, C we place charges — e, — e, e, these togefter 
with e at P mil make both planes surfaces of zero Potential, since the 
Potential at any point whatever, Q, due to this system would be 


where r, /, /" are the distances of Q from P, A, B, C. 

The two^ given planes may be regarded as a surface closed by a 
surface at infinity ; P is inside this surface, and the image-system 
outside it. 

Then if a and are the perpendiculars from P on Ox and Oy, 
respectively, we have for any point, Q, on Ox 

and for any point, on Oy 

Now regard the planes as metallic, dispense with the image-charges 
at A, B, C, and we shall have an induced charge with surface-density 

— at each point. 

From this we can derive a new distribution by inversion from any 
point. Suppose that we invert the whole system from P. Then the 
inverse of the plane Ox is a sphere whose centre, a, is on PA, this 
centre being the inverse of A ; the inverse of the plane Oy is a sphere 
whose centre, 6, is the inverse of B • the inverse of 0 is the point, c, 
in which the line ab cuts PC, these lines being perpendicular to each 
other } the two spheres intersect at right angles, and PO passes 
through their intersection. If their radii are a and b, 

“ 2a’ ^~2b’ 

and if are the charges to be placed at a, b, c, respectively, 

a _ b ab 






Again, if Q is any point on Ox, and gj the corresponding point on 
the sphere (a), the surface-density, o', at q is, from (1), equal to 
ae . 1 1 . F 

2n^Fi^ cor 

which, when expressed entirely in terms of the new distribution, is 

^ obviously inverse points with re- 
spect to the sphere (a), and a, e are inverse with respect to (6), so 


that cq = 




, bq, and we have 
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for the density at any point, on the sphere (a), where denotes 
the distance of this point from 6, the centre of the other sphere. 

A similar expression gives the density at any point on the other 
sphere. 

We may, of course, reverse all signs in the new distribution, and 
take and plus while e is minus. 

It is merely for the purpose of exemplifying the process of inversion 
that we have thus solved this case of two orthogonal spheres. Ob- 
viously the problem could have been solved much more simply as 
a case of Example 1. For, since h and c are inverse points with 
respect to the sphere (a), proper charges placed at them, together with 
any charge whatever at a, the centre of this sphere, will make the 
surface equipotential. Similarly, proper charges at a and 0 , with any 
charge at 6, will make the other surface equipotential. Thus, let 
these unknown charges be a?, y, z at a, 6, c, respectively ; let c denote 

the distance ah. Then (Ex. 1) - a?, and also « = - ~ y, therefore 

ah ^ ^ a? 

x\y\z^ a:h: and the Potential of both spheres is — , as we 

c ® 

see by calculating it for the point P. 

Dispensing with the image-system, at a, 6, c, make the surfaces 

metallic, all at the Potential ^ (due to the infinitely distant charge) ; 

then the charge, with its law of distribution, which must be applied 
in order to produce this Potential, is that which we have just 
determined. 

/ 7 ah .e , 

The total of the internal charges = — (a + 0 — ^ , and 

they produce a Potential — r compound surface, so that the 

, ah 

capacity of such a conductor is a + 6 . • 

V + hr 

For an exhaustive treatment of this problem see Clerk MaxwelFs 
JElecPricity and Magmtism, Art. 168. 

4. In the space between two uncharged insulated and concentric 
spheres, A and B, is placed a charge e at a point P ; determine the 
surface-density at every point. 

Let d be the distance between P and the common centre, 0; 
let a and h be the radii of the spheres; draw the line OP and 
produce it indefinitely. The spheres may be regarded as forming 
a closed surface in the space enclosed by which the charge e is 
placed; and this double surface. A, B, can be made one of zero 
Potential by placing proper charges at a succession of inverse points 
derived from P. Thus, take the inverse, Uj, of P with respect to A. 
Then the charge c at P together with a numerically greater charge, 

— ^ e, at Oj would make A a surface of zero Potential, but not B. 

However, if we take the inverse, o^, of cq with respect to P, and place at 
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Oj a charge equal to — x charge at cq, this, together with the charge 

at C4, would mate B a surface of zero Potential. Take, again, the 
inverse, Og , of Ug with respect to A ; and so on. 



Again, start with /9j , the inverse of P with respect to P, and take 
^2 i the inverse of with respect to A ; and so on, ad infin. 

For clearness of figure we have drawn the a images slightly 
above the line OP, and the /3 images slightly below it. 

We shall form a table of the distances of the images and the 
charges to be placed at them ; thus : 


Points 

Distances 

Charges 

Points 

Distances 

Charges 

p 

d 

e 



• 



a 

A 

6" 

6 


d 


d 

d* 



h 



a 

“2 

a" ! 

-e 

a 

^2 


V 




ft 



Og 

1 

Vd 

'^hd^ 

a^d 



b* 


ft 


a® 

1 

-id 


— d 

b* 



The law of continuation ad inJin. is obvious. 

To get the surface-density at any point, on il, group the points 
in pairs thus : 

(P , Oj), (Oj, Oj), (a^, cig) (ctjnj 5 ^ 2 )* (^8> ^ 4 )* ••• • 

If r is the distance §P, the first pair give a surface-density 
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equal to ^ — r— • 7^ : therefore if r.« is the distance of Q from Oj*, 
t*® 47ra 

= charge at a^„, and cfj* = distance of 0,11 from 0, we have the 
surface-density at Q due to the general pair of a points equal to 

a’— 

r’jw ’4ira’ 
i 6 * 

But d,„ = (-) . d, and e,* = (-) ,e; therefore the surface-density 

(I (t 

arising from the whole set of a points is 


e 

47ra 


2: 


h 



i 


n receiving all integer values from 0 to oo. 

Similarly, the surface-density at Q arising from the /3 points is 


. iz\ — 

_ V > .h* 

The total charge on the sphere B is equal to the sum of the charges 
at Og, ^1,^8,..., which is 


a— d h 
a—b d ^ ’ 


and of course — e = charge on 4 + charge on B, 

If 0 is at infinity, the spheres become two infinite parallel planes 
with a charge between them at P ; and if p and g are the perpen- 

dicnlars from P on A and 5, the charge on the plate J! is — ^ e, and 

that on -d is — I where h is the distance between the plates. 

5. Find the law of distribution of an idiostatic charge on a con- 
ductor generated by the revolution of the lima^on 

r = m+7icos0 


about its axis, n being < w. 

Invert the distribution on a prolate ellipsoid of revolution (p. 514) 
from one of its foci. 



NOTES. 


A. 

The Equation op Capillabity. 

M. Besal (Physiqv/e Mathernatiquey p. 22) gives a very simple proof 
of tlie fundameDtal equation (p. 180) for the surface of separation of 
two fluids, on the supposition that the density of each is constant in 
all layers adjacent to this surface — a supposition which is rejected 
by M. Mathieu. 

Let AB (Fig. 259 , p. 134) be the surface of separation of two 
fluids Fy Fy the former being at the upper and the latter at the lower 
side of in the flgure. Draw the tangent plane, Amy at the position 
of any particle, Ay of the surface, and consider separately the action 
of the meniacua of fluid contained between AB and this plane. 

Imagine the upper fluid, Fy to be prolonged down to the tangent 
plane, and then subtract the effect of the meniscus, regarded as con- 
sisting of fluid F, Denote the meniscus of fluid F by (/a). Similarly, 
the action of F' on the particle at A may be considered to be due 
conjointly to that portion of F which lies below the tangent plane 
and to the meniscus {yf) of fluid F. Now, obviously, the forces exerted 
at A by the fluids F and F, supposed terminated by the tangent plane, 
are normal to the plane. Also the resultant force exerted at A by 
the external forces (if any) and the fluids Fy F' they actually exist 
is normal. Hence the resultant force due to the external forces, the 
positive meniscus (yf), and the negative meniscus (/x) must be normal ; 
i.e. the Potential due to these must be constant at all points A on the 
surface. 

It is assumed that the capillary forces are exerted only between 
molecules whose distance is less than an extremely small length, €, 
called the ‘ radius of spherical activity.' In the figure let Am ha < c, 
and let a small element, dS, of area at m on the tangent plane be 
drawn by taking two planes through the normal An including an 
indefinitely small angle, dO, then, describing a cylinder round An with 
radius Am = r, and a concentric cylinder with radius r-f (fr. Thus 
the element dS = rd/rdO, and the little prism standing on dS and 
included between the surface AB and the tangent plane, hah for 
volume Bm x rdrdB^ 

If R is the radius of curvature of the section of the surface AB 
made by the normal plane drawn through An, we have 

2 R . Bm = Am?y 
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Now all tlie particles in the prism Bm may be considered as distant 
by T from A, Let </)(r) express the Potential at A due to unit mass 
at m, the form of </> being quite unknown. Then the Potential pro- 
duced at A by the prism Bm is 

( 1 ) 


Integrating this from r = 0 to r = e, and keeping $ constant, we 
obtain the Potential due to all those particles of the meniscus which 
are included between the two close normal planes defined by the 

azimuth 6. Now / r^<f>(r)dr is a constant depending solely on the 

^ i/ 0 ^ 

nature of the fluid Ff and not on the position of A. 

Denote this constant by G. Then the Potential at A due to the 
whole meniscus (/u) is 


0 

2 Jo 


( 2 ) 


But if and JR^ are the principal radii of curvature of the surface 
at Aj and 6 is measured from one principal section, 


1 cos^^ sin^d . , 

and the Potential (2) is obviously + 

The meniscus (fx') gives a similar term, so that if V is the Potential 
of the external forces at A, the equation of equilibrium is 


^ir((7'—C)(-^+-^)+F= constant, (4) 

Xlj XI2 

This equation is deduced without assuming unchanged density near 
the surface by M. Mathieu {Theorie de la CajpUlarite, Chap. I) by 
means of the Principle of Virtual Work. 

See also M. Mathieu’s treatise (p. 65) for the proof of the funda- 
mental theorem that the three surface-tensions at any point of meet- 
ing of the surfaces of three contiguous fluids satisfy the conditions of 
equilibrium of three forces — a very simple result, almost invariably 
assumed as obvious, or based on some such ‘proof* as this: since 
there is equilibrium, the three tensions must be proportional each to 
the sine of the angle between the other two. 

Now, inasmuch as there is no one particle which is acted upon by 
these three tensions, this ‘ proof * has no relevancy whatever ; and the 
theorem is, as M. Mathieu justly says, ‘ admis sans raisons suffisantes 
dans les Ouvrages de Physique.' His own demonstration proceeds 
by the Principle of Virtual Work. 
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B. 


Potential of a Homogeneous Ellipsoid. 


The following investigation of the Potential produced at an external 
point, P, by a homogeneous solid ellipsoid has been given by Colonel 
A. R. Clarke (see the Phil, Mag,, December, 1877). 

Take the principal axes of the ellipsoid as axes of co-ordinates ; 
let X, y, z be the co-ordinates of P ; let Q be any point inside the 
mass at which an element dm is taken ; let a/, sf be the co-or- 
dinates oi Q] 0 the centre of the ellipsoid, OP = R, OQ = r, and 
xf/ = cos POQ. Then, p being the mass per unit volume of the body, 


dm 




(1) 

( 2 ) 


where JFJ, ij,... are the Legendrian coefficients, as in (y), p. 349, or 
at p. 358, with xj/ written instead of jut. 

But since i^, ij, ij,... are each of the form xlr/(xj/^), the terms in 
them vanish because of the complete symmetry of the figure, so that 


Now 


V' 


ccaj'-f- yy' '\‘zJ 
tR 


T 


A 

r 


> suppose, I, m, n 


being the direction-cosines of OP, Hence from the values of the 
Legendrians, p. 358, we have 

P^r^ = }(3 A^-r^); P,r* = |(35 A*-30r*AH3r*); 

P,r'' = yV(231 A«-315r2A*+105r*A^~5r«). 

The results of performing the integrations in (3) as far as 
are very remarkable. 

Thus, it will be found that if a, 5, c are the semi-axes and il the 
whole volume of the ellipsoid, and if we put 

= d^^ ; c^-a" = d^^; = d^, 

and also denote by the value of the Legendrian when I is put 
for fx ; by ifj, the value of when m is put for fi ; and by the 
value of P^ when n is put for fi ; with similar meanings of M^, 
with reference to ij, &c., we shall have 
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J pydm= - g {l,{d*-d’‘)+M,{d»-d») + NM'-d,^)}^ 

J P,r*dm= - ^ {L,d,'d*+M, d*d,^+N, d*d*^, 

j P,r»dm= + 

+N, d^'d^\d,^-d*) + Kd*d^H,^}, 

oqi 

where in the last ir= -— (P— (n*— P). 
lb 

In these expressions for the terms in (3) the sequence is, as Colonel 
Clarke observes, remarkable, ‘ and suggests the idea that possibly an 
expression might be obtained for the general term.’ 
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tion of, 1 5 1. 
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281. 

Coulomb’s law of torsion for cylinder, 
442 - 

Couples, transformation of, 3. 
virtual work of, 6. 
stress, of bent and twisted wire, 218. 
Crust, planetary, stresses in, 461. 
Curvature, resolution of, 212. 

Cylinder, circular, potential and attrac- 
tion of, 299. 

elliptic, attraction of, 269, 283. • 
torsion of, 451. 
strain and stress in, 479. 

Cylindroid, definition of, construction 
of, 19, 20, 23. 
reciprocal of, 38. 

Displacement of a rigid body, 103. 
Dilatation, areal, cubical, 387. 

Earnshaw’s theorem for a particle, 311. 
Earth- connection, 488. 

Elastic wire, 164, 199. 
curves, 204, 

central line of wire, 215. 
symmetry, cases of, 464, &c. 
Elasticity, constants of, 463. 

Electrified surface, equation for V at^ 

486. 

Electrometer, Absolute, 501. 
Electromotive intensity, 483. 
Ellipsoids, attraction of, 319, 527* 
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Elongation, quadric of, 380. 
resolution of, 406. 
of bar caused by its weight, 440. 
Equilibrium of a rigid body, conditions 
of, 47. 

deduced from equations of stress, 
426. 

particular cases of, 48. 
stability of, 91, 123, 135. 
continuous, 128. 

of heavy body on rough surface, 135. 
Equipotential surfaces, 275. 
of two attracting particles, 294. 
when confocal ellipsoids, 331. 
of two different distributions, 337. 
Erg. def. of, ii6. 

E. S. Unit, 482. 

Films, minimum property of, 186. 
Flexible inextensible surface, 169. 
Flow, lines of, example of, 478. 

Flux of normal force through a surface, 
264. 

Force, replaced by a force and a couple, 

6 . 

in terms of Potential, 276. 
moment of about a line, 14. 
libes and tubes of, 316. 
abrupt change of at electrified sur- 
face, 487. 

intensity, definition of, 263, 

Forces, parallel, 8. 
centre of, 9. 

general reduction of, 13. 

Gas, isothermal and adiabatic trans- 
formations of, 117. 

Gauss, theorems of, 264, 287, 306. 
Generalised co-ordinates, 124. 
Gravitation, constant of, 236, 262. 

propagation of, 468. 

Green’s equation, 332, 510. 

remarkable consequence of, 340, 495. 
function, 510. 

Greenhiil, Prof, on elastic curves, 233. 
solutions of Cambridge problems, 479, 
508. 

Hooke’s law, 160 , ’ 

Hydrostatic arch, 209. 


Idiostatic charge on a conductor, 497. 
Images, method of, 515. 

Induction, 488. 
coefficients of, 509. 

Initial position, in Astatic equilibrium, 
78. 

Instantaneous centre and axis, loi. 
Internal forces of a system, 113. 
Inverse square, law of, for spherical 
shell, 360, 267. 

Inversion, method of, 311, 375 > 
Isothermal transformation, 117. 

Isotropic body, 430. 

Jellett on inextensible surfaces, 172. 

Kinetic analogue of bent wire, 21 1. 

Lagrange’s method of Virtual Work, 
105. 

observations on, 162. 

Laplace’s equation, 280. 

secondary solution of, 307. 
Laplacians, def. of, table of, 343, 358. 
Larmor, proof of Minding’ s theorem, 
89. 

on kinetic analogue of strained wire, 
232. 

Legendre, theorem of, 341, 359. 

coefficients of, 349, 358. 

Level, or equipotential, surfaces, 275, 

309 » 337 - 

Leyden Jar, work of discharge of, 502. 
Lines of force, 316. 
flow, 400, 478. 

Magnetic solid, astatic equilibrium of, 
94. 

shell, 2 87* 

Minding’s theorem, 83. 

Minimum property of a string, 16 1. 
Modulus, Young’s, and of shear, 431. 
Moments, Three, equation of, 447. 

Neumann’s Formula, 293. 

Newton’s law of attraction, 334. 

Frincipia, examples from, 271. 
Nodoid, 184. 

Osculating plane of tortuous curve, 154. 



INDEX. 


531 


Parallelopiped, equilibrium of in strain, 
410, 427. 

Pitch of a screw, 17. 

Planetary crust, stress in, 461. 

Plate, circular, attraction of, 255. 
potential of, 362, 374. 
elliptic, attraction of, 272. 
rectangular, 268. 

Plateau’s films, 178. 

Plates, two parallel electrified, 501 . 
Plumb-line, deviation of by table land, 
375 ' 

Poinsot’s central axis, 15. 
property of, 42. 
vector equation of, 68. 

Poisson’s equation, 280. 

in dielectric medium, 485. 

Polygon, of forces, equivalent to couple, 
50- 

Potential, definition of, 273. 
differential equations of, 279. 
of magnetic shell, 288. 
approximate value of at distant point, 
307 ' 

cannot be maximum or minimum in 
empty space, 310. 
continuity of, 314. 

completely known if known all over 
closed surface, 341 . 
of Strain and Stress, 401, 428, 438. 
Potential Work, 1 20. 

general properties of, 141. 
of strained wire, 221, 226. 
of self-attracting system, 285, 335. 
Prism, rectangular, torsion of, 453. 

Eeciprooal screws, 26. 
lines, 43. 

Rectangular block, uniform, attraction 
of, 375. 

Resultant, graphic representation of, 2. 

condition for single, 45. 

Revolution, central solid of, theorom 
on, 34 t, 359- 

Rigidities, torsion-flexure, of wire, 220. 
Rod, elastic, 199. 

Rotation, components of, in strain, 393. 
surface-integral of normal, 403. 


Screen, electrical, theory of, 515. 

Screws, composition of, 18. 

Shear, resolution of, 407, 424. 

Shell, spherical, uniform, attraction of, 
257, 297. 
magnetic, 287* 
potential of, 297. 
of variable thickness, 301 . 
strain and stress of, 455, 462, 479. 
ellipsoidal, 319. 

Solid of max, attraction, 268. 

Specific inductive capacity, 482, 502. 

Sphere, homogeneous, attraction of, 26 1 . 
potential of, 299. 
stress in, 456. 

Spherical Harmonics, 335. 
deduction of from Zonals, 349. 
fundamental property of, 352. 
expansion of function in, 352, 355. 

Spherical projection, method of, 54,56,64. 

Spheroids, potential of, 369. 

Spiral wire with given twist, 222. 

Spring, plane, 203. 

Stable configurations, general property 
of, 142. 

Stability of equilibrium, 91, 123, 135- 

Static energy, 285. 

Strain ellipsoid, 389. 
shearing, 394. 
biaxal reduction of, 398. 
work done in, 422, 438, 479. 
determinateness of, 449. 

Stress intensity, 409. 

shearing, plane of greatest, 425. 

String, inextensible, 157, 19 
extensible, 160, 197. 

Surface, flexible inextensible, 169. 
tension of a liquid, 177. 
electrified bubble, 508. 
density, 483, 495. 
integral of normal force, 264. 

Table-land, deviation of plumb-line by, 
375- 

Tait, Prof., proof of Minding’s theorem, 
85. 

Tetrahedron, of forces, 44, 47. 
equilibrium of in strain, 413. 
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Thomson, Sir W., on attraction of 
spherical shell, 303. 
on stress in terms of strain, 436. 

Torsion, of a circular cylinder, 442. 
an elliptic, 451. 
rectangular prism, 453. 

Tortuous curve, 154. 

Tortuosity, measure of, 212. 

Traction and Torsion, 400. 

Transformation of strain, 388. 
stress, 418. 

Transverse of strained wire, 214. 

Tubes of force, 316, 493. 

Twist, in theory of screws, 25. 
of a wire, 214. 

Unduloid, equilibrium of, 184. 

Variation of a function, 152. 

Vector, alteration of by rotation, 66. 

Virtual coefficient of screws, 26. 
work, 98. 
in strain, 427. 


Vortex lines, 400. 

Wire, elastic, 164. 
twist of, 314. 

general equations of equilibrium of, 
229. 

Work, definition of, 114. 
diagram, 116. 

Potential, 120. 
coefficients, 125. 

of removing portion of self-attracting 
matter, 331. 

potential of self-attracting system, 
285, 335- 

of magnetic shells, 292. 
done in strain, 422. 

Wrench, 17. 

resolution of, along six screws, 30. 
of max. pitch, 82. 

Young’s Modulus, 431. 

Zonal Harmonics, 349, 358. 
exercises on, 363. 
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